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Abstract: To solve the vibration problem caused by the coupling of the 
powertrain and the mount system composed of the vehicle frame, the 
12-degree-of-freedom mount system is used as the research object. Firstly, the
natural frequency, decoupling rate and powertrain displacement response of the
6 and 12 degrees of freedom mount systems are solved. Secondly, the spectral
radius of the coupling matrix of the 12-degree-of-freedom mount system is
solved. The coupling matrix is shown to converge, and the vehicle frame
centre-of-mass displacement response equation is solved by the coupling
matrix without considering the road excitation. Finally, a multi-objective
genetic algorithm is used to optimise the mount system with the maximum
decoupling rate and the minimum vehicle centre-of-mass displacement
response as the optimisation objectives. The numerical values show that the
decoupling optimisation method better solves the coupling problem of the
mount system and decreases the powertrain and vehicle frame displacement
vibration response.
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1 Introduction 

The development of the automotive industry and the light weighting of automobiles have 
brought more serious problems of automotive vibration and noise (Wang, 2010). Engine 
reciprocating inertial force excitation and road excitation, while the vehicle is running, 
are the main sources of vehicle vibration (Lee and Choi, 1981). How to cope with the 
light weighting of automobiles and design a high-performance powertrain mount system. 
Effectively solving the problem of increased vibration and deterioration of NVH quality 
has become an important issue and an urgent need to improve the NVH quality of 
automobiles. The vibration isolation characteristics of the powertrain mount system 
directly affect the ride comfort of the vehicle. And a favourable engine mounts system 
can reduce the transmission of vibration to the vehicle frame, reduce interior noise, 
improve ride comfort, and at the same time well protect the powertrain (Swanson, 1993). 
By component type powertrain mounts can be divided into rubber mounts, hydraulic 
mounts, and by control method passive, semi-active and active mounts (Rivin, 1985; 
Mita and Ushijima, 1986; Yoon and Singh, 2011). However, a multi-degree-of-freedom 
powertrain mount system has inter-coupling effects. Therefore, decoupling optimisation 
of the mount system and improving the mount system vibration isolation are means to 
improve the NVH of the vehicle (Michael, 1994; Takano and Kojima, 1988; Colgate et 
al., 1995). Mount system decoupling is studied for 6-degree-of-freedom decoupling 
without considering vehicle frame influence, and the other one is 12-degree-of-freedom 
system decoupling considering vehicle frame influence. The decoupled optimal design of 
the 6-degree-of-freedom powertrain mount system assumes that the mounts are connected 
on a rigid basis. Qatu (2012) developed the dynamics equations of a 6-degree-of-freedom 
powertrain mount system to optimise the design of the three-way stiffness. Moreover, it 
is experimentally verified that the powertrain NVH performance is improved under the 
engine idle condition excitation. Erdelyi et al. (2013) proposed a method for decoupling  
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the coupling problem of rigid frame mode mount systems in torque axis systems, and 
implemented in the corresponding software by the proposed method. Sun and Jin (2012) 
developed a 6-degree-of-freedom dynamics model of the bus powertrain mount system 
for the bus vibration problem. With the objective of maximising the decoupling rate of 
the 6-degree-of-freedom mount system, the energy decoupling theory is used to optimise 
the mount system. Jeong (2000) proposed the TRA decoupling condition for the 
powertrain rubber mount undamped system based on the torque axis (TRA) decoupling 
principle, and the decoupling condition was verified analytically. For the engine vibration 
problem caused by idle speed, TRA decoupling based on a 6-degree-of-freedom mount 
system is used to effectively solve the vibration problem caused by engine torque 
excitation (Dai et al., 2013; Erdelyi et al., 2013; Park and Singh, 2007). The decoupling 
theory of 6-degree-of-freedom powertrain mount system is based on the fact that the 
mount connection is on a rigid basis, ignoring the interactions between other subsystems. 
Considering the decoupling of a 12-degree-of-freedom system with vehicle elasticity is a 
theoretical extension and complement to the 6-degree-of-freedom. Hu and Singh (2012) 
analysed the effect of the vehicle frame on the decoupling of the torque axis from the 
perspective of the eigen solution and frequency response based on the conditions for 
decoupling of the torque axis proposed by Jeong and Singh. Then, the mathematical 
formula is derived to solve the complete decoupling of the torque axis considering the 
vehicle frame. Wu et al. (2018) used a robust design approach using Isight and MATLAB 
to decouple and optimise a 12-degree-of-freedom mount system based on Hu’s theory of 
complete decoupling of the torque axes considering the vehicle frame. Lee et al. (1995) 
discussed the effect of flexible foundations on the force response of powertrain mount 
systems. Then, the modal information obtained from finite element analysis or 
experimental modal analysis is used to represent the dynamic elasticity of the foundation. 
By solving the derived equations, the natural frequency and forced vibration response of 
the powertrain mount system are accurately simulated. There are also studies on vibration 
isolation of suspension systems from the control point of view. These include Mahil and 
Faris (2014) vibration isolation control study of a 6-degree-of-freedom mount system 
using integral derivative (PID) and linear quadratic regulator (LQR), respectively. 

In summary, the decoupling optimisation theories for both 6 and 12 degrees of 
freedom mount systems are relatively mature. However, this study focuses on the 
powertrain response and ignores the vehicle frame vibration response. The specific 
research objectives of this paper are as follows: 

1 Derive mathematical equations for 6 and 12 degrees of freedom mount systems, 
respectively, and compare the effect of considering the vehicle frame elasticity 
problem on the mount system or not. 

2 Solve the coupling equation of powertrain and vehicle frame, and solve the vehicle 
displacement response by the coupling equation. 

3 A multi-objective genetic algorithm is used to optimise the design of the  
12-degree-of-freedom mount system with the maximum decoupling rate in the first 
six orders and the minimum frame displacement response. 
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2 6 degrees of freedom and 12 degrees of freedom mount system formula 
derivation 

2.1 6-degree-of-freedom mount system 

Assume the generalised coordinates qe of the powertrain, where xp, yp, and zp denote the 
powertrain moving flat along the coordinate axis and ,p p

x yθ θ  and p
zθ  denote the 

powertrain rotating around the coordinate axis, respectively. In this study, the number of 
mounts n = 3, and the established 6-degree-of-freedom mount system is shown in  
Figure 1. 

Figure 1 6-degree-of-freedom mount system (see online version for colours) 

 

The local stiffness Kmi and damping Cmi of the ith mounts in the three principal axis 
directions are: 

0 0 0 0
0 0 , 0 0
0 0 0 0

ui ui

mi vi mi vi

wi wi

k c
K k C c

k c

   
   = =   
      

 (1) 

With the known angle between the local coordinate system of the mounts and the 
powertrain coordinate system, the stiffness matrix Kmi and the damping matrix Cmi of the 
local mounts can be converted into the powertrain coordinate system through the rotation 
matrix T. From them, the stiffness matrix and the damping matrix of the mount in the 
powertrain coordinate system are obtained. 

,
xx xy xz xx xy xz

T T
i mi xy yy yz i mi xy yy yz

xz yz zz xz yz zz

k k k c c c
K TK T k k k C TC T c c c

k k k c c c

   
   = = = =   
      

 (2) 

Since the mounts are directly connected to the ground, the displacement of the ith mount 
is ( )e

iq t  can be expressed by the powertrain displacement qe(t). Therefore, the 
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translational displacement of the ith mount is ( ) ( ) .p p pe p p p e
x y zi iq t x y z θ θ θ P= + + + + + ×  

Where e
iP  is solved as shown below, 

1 0 0 0
0 1 0 0
0 0 1 0

e e
i i

e e e
i i i

e e
i i

z y
P z x

y x

− 
 = − 
 − 

 (3) 

where , ,e e e
i i ix y z  are the positions of the ith mount relative to the centre-of-mass of the 

powertrain. 
Based on the above derivation, the force ( )e

if t  and moment ( )e
iT t  acting on the 

powertrain for the ith mount are: 

( ) ( )e e e
ii if t K P q t= −  (4) 

( ) ( )e e e
i i iT t A f t=  (5) 

where 

0
0

0

e e
i i

e e e
i i i

e e
i i

z y
A z x

y x

− 
 = − 
 − 

 (6) 

The final solved vibration equation (7) for the powertrain mount system is shown. 

( ) ( ) ( ) ( )e e e e
e e eM q t C q t K q t f t+ + =   (7) 

where 

0 0 0 0 0
0 0 0 0 0
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e

e e e e
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e e e
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M
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I I I
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 
 
 
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− − 
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 

− −  

 (8) 

3 3

1 1

,T Te e e e e e
i ii i i i

i i

K P K P C P C P
= =

= =   (9) 

2.2 12-degree-of-freedom mount system 

The 12-degree-of-freedom mount system is shown in Figure 2, where the elastic base 
consists of a rigid vehicle frame and four bushings. Assuming the generalised coordinates 

( ) [ ]c b b b b b b
x y zq t x y z θ θ θ=  of the vehicle frame, the equations xb, yb, and zb 

indicate that the vehicle frame is moving flat along the coordinate axis and , ,b b
x yθ θ  and 

b
zθ  indicate that the vehicle frame is rotating around the coordinate axis, respectively. 
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Assume that the ith suspension acts on the vehicle frame with force ( )b
if t  and moment 

( ).b
iT t  The vibration equation of the mount system considering the vehicle frame base is 

obtained as follows. 

( ) ( ) ( ) ( ) ( )c c c c c cl c cl c c
cM q t C q t K q K q t C q t f t+ + + + =    (10) 

where Mc is the mass matrix of the vehicle, Kc1 and Cc1 denote the stiffness matrix and 
damping matrix of the vehicle caused by the mounts, respectively, and , ,b b b

i i ix y z  denote 
the relative coordinates of the ith mount to the centre-of-mass of the vehicle. Where the 
expressions Mc, Kc1, Cc1 are shown below. 

3 3
1 1

1 1

,T Tc c c c c c
i ii i i i

i i

K P K P C P C P
= =

= =   (11) 
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 
 
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 (13) 

Figure 2 12-degree-of-freedom mount system (see online version for colours) 

 

Solve for the forces ( ), ( )e c
i if t f t  acting on the powertrain and vehicle frame for the ith 

mount according to Figure 2. 

( ) ( ) ( ) ( ) ( )e e e e e c c c c
i i i ii i i i if t K P q t C P q t K P q t C P q t= − − + +  (14) 

( ) ( ) ( ) ( ) ( )c c c c c e e e e
i i i ii i i i if t K P q t C P q t K P q t C P q t= − − + +  (15) 
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The moments ( ), ( )e c
i iT t T t  of the ith mount acting on the powertrain and the vehicle 

frame. 

( ) ( ) ( ) ( )e e e e e e e c c c c c c
i i i ii i i i i i i i iT t A K P q t A C P q t A K P q A C P q t= − − + +  (16) 

( ) ( ) ( ) ( ) ( )c c c c c c c e e e e e e
i i i ii i i i i i i i iT t A K P q t A C P q t A K P q t A C P q t= − − + +  (17) 

where 

0
0

0

b b
i i

c b b
i i i

b b
i i

z y
A z x

y x

− 
 = − 
 − 

 (18) 

The local stiffness matrix kc and the damping matrix cc for the four bushings in vehicle 
frame coordinates are solved as follows. 

4 4

1 1

, , ,T Tc c b c c b c c c c
c ck ik ik k ik ik k k

k k

K P k P C P c P K K C C
= =

= = = =   

where , ,b b b
ik ik ikx y z  denote the relative coordinates of the ith bushing with respect to the 

centre-of-mass of the vehicle frame. 

1 0 0 0
0 1 0 0
0 0 1 0

b b
ik ik

c b b
ik ik ik

b b
ik ik

z y
P z x

y x

− 
 = − 
 − 

 (19) 

0 0 0 0
0 0 , 0 0
0 0 0 0

xi xi

c yi c yi

zi zi

k c
k k c c

k c

   
   = =   
      

 (20) 

According to the above equation, the vibration equation of the 12-degree-of-freedom 
mount system can be obtained as: 

( ) ( ) ( ) ( )Mq t Cq t Kq t f t+ + =   (21) 

where Ke→c, Ce→c, Kc→e, Cc→e are the coupling stiffness matrix and damping matrix 
between powertrain and vehicle frame; fe(t), fc(t) are the engine excitation and road 
excitation. The matrices M, C, K are shown below. 

1 1

0
, ,

0

e e c e e c
e

c e c c c e c c
c

M C C K K
M C K

M C C C K K K

→ →

→ →

− −    
= = =     − + − +     

 (22) 
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1 1

,T Te c c e e c e c e e e c
i ii i i i

i i
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= =

= = = =   (23) 
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 
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 

 (24) 
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3 Characteristic analysis of 6-degree-of-freedom and  
12-degree-of-freedom mount system 

3.1 Mount system parameters 

The parameters of the 12-degree-of-freedom mount system include the powertrain  
centre-of-mass coordinates, mass and inertia parameters, the coordinates, stiffness and 
mounting angles of each mount in the overall vehicle coordinate system, the frame 
centre-of-mass coordinates, the mass and inertia parameters of the frame, and the 
stiffness and damping of the four bushings. 
Table 1 Powertrain and vehicle frame related mass and inertia parameters 

Name m (kg) Ixx 
(kg.m2) 

Iyy 
(kg.m2) 

Izz 
(kg.m2) 

Ixz 
(kg.m2) 

Ixy 
(kg.m2) 

Iyz 
(kg.m2) 

Powertrain 168.8 14.036 5.8191 10.579 0.428 0.394 0.155 
Car body 892.2 264.7 1658.5 2219 –253.2 235 226.40 

Table 2 Position of powertrain centre-of-mass, vehicle frame centre-of-mass and each mount 
in vehicle coordinates 

Coordinate Powertrain mass 
centre 

Body mass 
centre Left mount Right mount Rear mount 

X 1,400 0 1,090.1 1,983.4 272.4 
Y –20 0 –150.2 –72.7 337.6 
Z 140 0 355.8 174.1 –114.1 

Table 3 Installation angle of each mount (deg) 

Local coordinates 
Left mount  Right mount  Rear mount 

X Y Z  X Y Z  X Y Z 
U 0 90 –90  0 90 –90  0 90 –90 
V –90 0 90  –90 0 90  –90 0 90 
W 90 –90 0  90 –90 0  90 –90 0 

Table 4 Installation position and stiffness of each bushing 

Bushing X/mm Y/mm Z/mm Stiffness/(N/mm) 
Left front bushing 538.80 –748.30 22.80 21.20 (X, Y, Z) 
Right front bushing 538.80 748.30 22.80 21.20 (X, Y, Z) 
Left rear bushing 3,041.10 –741.50 –3.44 20.20 (X, Y, Z) 
Right rear bushing 3,041.10 741.50 –3.44 20.20 (X, Y, Z) 

3.2 Natural frequency and decoupling rate calculation 

Damping is generally not considered when solving for the natural frequency of the 
powertrain mount system, so equations (7) and (21) are simplified to an undamped 
vibration system with the following vibration equations, respectively. 
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( ) ( ) 0e e e
eM q t K q t+ =  (25) 

( ) ( ) 0Mq t Kq t+ =  (26) 

The natural circular frequencies of the 6-degree-of-freedom and 12-degree-of-freedom 
mount systems can be obtained from [K(e) – ω2M] = 0. Assuming that the solutions of 
equations (25) and (26) can be expressed as then the principal vibration type A of the 6 
and 12 degrees of freedom mount systems can be obtained from equation (27) as follows: 

[ ]( ) 2 0e
iK ω M A− =  (27) 

In this paper, the decoupling rate of each order of the mount system is calculated using 
the energy decoupling method. When the 6-degree-of-freedom system consisting of the 
rigid frame of the powertrain and the elastomer of the mount system vibrates at the ith 
order natural frequency, the kinetic energy assigned to the kth generalised coordinate is: 

( ) ( )21
2k kl i ii l kT ω m= φ φ  (28) 

where 

ω the ith order natural frequency of the system 

mkl the mass matrix of the mount system in its k rows and l columns elements 

φi the ith order formation of the mount system 

(φi)l(φi)k the lth element and the kth element of the ith order formation of the mount 
system. 

Then define the kinetic energy assigned to the mount system at the kth generalised 
coordinate as a percentage of the total kinetic energy of the system as: 

( ) ( )

( ) ( )

12(6)

1
12(6)12(6)

1 1

100%
kl i il k

k

kl i il k
l k

m
T

m

=

= =

= ×




φ φ

φ φ
 (29) 

The total kinetic energy at each order of the natural frequency in the mount system is 
100%, and the range of values of T is 0~100%. If the value of Ti is 100%, the 
corresponding ith order mount system is completely decoupled. 

3.3 With or without considering the influence of the vehicle frame on the 
characteristics of the mount system 

According to equation (28), the natural frequencies and decoupling rates of the 6 and 12 
degrees of freedom mount systems are obtained and compared as shown in Figures 3 and 
4, respectively. 
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Figure 3 Natural frequencies of 6 and 12 degrees of freedom mount systems (see online version 
for colours) 

 

Figure 4 Decoupling rate of 6 and 12 degrees of freedom mount systems (see online version  
for colours) 

 

From Figure 3, it can be seen that the 6-degree-of-freedom and 12-degree-of-freedom 
powertrain mount systems have the greatest influence in the Z-direction and Y-direction. 
The natural frequencies of the 6-degree-of-freedom mount system in the Y-direction and 
Z-direction are 8.414 Hz and 8.081 Hz, respectively, while the natural frequencies of the 
12-degree-of-freedom mount system considering the role of the vehicle frame increase to 
9.781 Hz and 9.564 Hz in the Y-direction and Z-direction, respectively, with an increase 
of 16.25% and 18.35%. Figure 3 shows that considering the effect of the vehicle frame, 
the natural frequency of the mount system in the other four directions also has a 
corresponding increase, but the effect is less than the Y and Z directions. Similarly,  
Figure 4 shows that the 6-degree-of-freedom mount system has a high decoupling rate at 
all orders. However, the coupling between the orders of the 12-degree-of-freedom mount 
system considering the vehicle frame is very severe. In the same conclusion as in  
Figure 3, the 12-degree-of-freedom mount system considering the vehicle frame 
influence has the highest degree of coupling in the Y and Z directions, with the 
decoupling rate decreasing from 95.706% to 61.745 in the Y-direction and from 96.225% 
to 69.463% in the Z-direction. The decoupling rate of the other four directions in the 
mount system considering the influence of the vehicle frame also decreases accordingly. 
As a result, the vehicle frame has a significant impact on the natural characteristics and 
decoupling rate of the mount system. 
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Figure 5 Analysis of frequency response function of 6-degree-of-freedom and  
12-degree-of-freedom mount system (see online version for colours) 

  
(a)     (b) 

  
(c)     (d) 

  
(e)     (f) 

Figure 5 shows the variation of powertrain displacement response for the same  
Y-direction excitation. As can be seen in Figure 5, the difference in frequency response 
between the 12-degree-of-freedom and 6-degree-of-freedom mount systems considering 
the vehicle frame is significant at below 5 Hz. The difference is due to the influence of 
the natural frequency of the vehicle frame (between 1 Hz and 3 Hz). Therefore, for the 
decoupling analysis of the powertrain mount system, it is necessary to take the elastic 
base vehicle frame into account. 
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4 Optimisation of 12-degree-of-freedom mount system 

4.1 Vehicle frame vibration response 

The Laplace transform of equation (21) solves for the displacement response of the 
powertrain and vehicle frame as follows: 

12

1 1 2

e e e e c e c e
e

c c e c e c c c c c
c

q K iC ω M K iωC f
q K iωC K K iωC iωC ω M f

−→ →

→ →

+ − − −     
=    − − + + + −     

 (30) 

To rearrange equation (30), equation (31) is obtained. 

( )
( )

( )( )
( )( )

12
1

122

2
1

1 2
2

e e ee
e

c c cl c cl c
c

e e e c e c
e

c cl c c c e c e
c

I A K iC ω M fq
A I q K K iωC iωC ω M f

A K iC ω M K iωC
A K K iωC iωC ω M K iωC

−

−

→ →

→ →

 + −    =    
     + + + − 

= − + − +

= − + + + − +

 (31) 

Bessac et al. (1996) assumed a complete decoupling of the 12-degree-of-freedom mount 
system. The displacement of the powertrain when the engine alone is excited 

2 1
0 ( )e e e

e eq K iC ω M f−= − −  and the displacement of the centre-of-mass of the vehicle 
frame when the road alone is excited 1 1 2 1

0 ( )c c c c c c
cq K K iωC iωC ω M f−= + + + −  can be 

obtained. Thus, equation (31) can be organised into equation (32). where qe and qc are the 
powertrain displacement and the vehicle frame centre-of-mass displacement of the  
12-degree-of-freedom mount system. Here the matrix D is the coupling matrix between 
the powertrain and the vehicle frame of the 12-degree-of-freedom mount system (Hu and 
Singh, 2012). 

01

0
(1 )

ee

ec

qq
D

qq
−   

= −   
   

 (32) 

where the coupling matrix D is represented as follows. 

1

2

0
0
A

D
A
 

=  
 

 (33) 

A sufficient condition for equation (32) to have a solution is that the matrix (I – D) is 
invertible. Combining the data provided in Tables 1–4, solve for the spectral radius P(D) 
of the coupling matrix. Figure 6 shows the spectral radius of the solved coupling matrix 
D. The coupling matrix has a spectral radius P(D) > 1 only within the natural frequency 
range of the vehicle frame and powertrain mount. The spectral radius of the coupling 
matrix P(D) < 1, is greater than the natural frequency range of the vehicle frame and 
powertrain mount. Again, since P(D) ≤ ||D|| < 1, the coupling matrix (I – D) is  
non-singular. So, the approximate solution of the powertrain and vehicle frame 
displacement response can be obtained as follows: 

0

00

N ee
n

cc
n

qq
D

qq =

  
≈   

   
  (34) 
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Figure 6 Spectral radius of the coupling matrix of the 12-degree-of-freedom mount system  
(see online version for colours) 

 

In this study, only engine excitation is considered and no road excitation is considered. 
Therefore, the displacement response 0

cq  = 0 of the vehicle frame when the  
12-degree-of-freedom mount system is completely decoupled. Thus, the vehicle frame 
displacement response expressed by the coupling matrix under engine excitation is 
derived as follows: 

0
0

N
c n e

n

q D q
=

=  (35) 

When the engine is excited around 100 N/m in the Y-direction, the displacement response 
of the vehicle frame vibration at n = 2 and n = 100 can be solved according to  
equation (35), as shown in Figure 7. As can be seen from Figure 7, the displacement 
response of vehicle frame vibration is almost the same when n = 2 and n = 100. For 
calculation simplicity, n = 2 is chosen to get the vehicle frame vibration displacement 
response. As a result, the vehicle frame vibration displacement response qc can be 
obtained, and its equation (36) is shown. 

2cq I D D= + +  (36) 

4.2 12-degree-of-freedom mount system optimisation 

The optimisation of the mount system is to achieve an increased degree of decoupling in 
the direction of excitation force action and a reasonable configuration of the modal 
frequency. To this purpose, the vibration displacement response of the powertrain and 
vehicle frame are reduced and the vibration isolation performance of the system is 
improved. In the following, the objective function design, the selection of design 
variables, the setting of constraints, and the selection of optimisation algorithms are 
described. 

 



   

 

   

   
 

   

   

 

   

   14 Z. Lin et al.    
 

    
 
 

   

   
 

   

   

 

   

       
 

Figure 7 Displacement response of n = 2 and n = 100 vehicle frame vibration, (a) X-direction  
(b) Y-direction (c) Z-direction (d) θxc direction (e) θyc direction (f) θzc direction  
(see online version for colours) 

  
(a)     (b) 

  
(c)     (d) 

  
(e)     (f) 

4.2.1 Design of the objective function 
The object of this study is for a four-cylinder engine with the maximum 6th order 
decoupling rate of the powertrain and the vehicle frame vibration displacement response 
as the objective function. The specific objective function is designed with the following 
equation. 

( )1

2

( ) 6

( )

e e e e e e
x y z θx θy θz

c

MinF x T T T T T T

MinF x q

= − + + + + +

=
 (37) 
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In the equation, , , , , ,e e e e e e
x y z θx θy θzT T T T T T  are the decoupling rates of the 6th order vibration 

of the powertrain of the 12-degree-of-freedom mount system considering the influence of 
the vehicle frame, qc the body displacement response. 

4.2.2 Design variables 
Changes in both the stiffness of the mounts and the installation position result in changes 
in the value of the objective function. Therefore, the stiffness and mounting position of 
each mount is selected as the design, while the number of mounts n = 3 in this research. 
The selection of specific design variables stiffness and installation position parameters 
are shown below. 

• Left mount: 1,080.1 < x1 < 1,100.1, −160.2 < y1 < −140.2, 262.4 < z1 < 282.4. 

• Right mount: 1,973.4 < x2 < 1,993.4, −82.7 < y2 < −62.7, 327.6 < z2 < 347.6. 

• Rear mount: 1,339.5 < x3 < 1,359.5, 164.1 < y3 < 184.1, −124.1 < z3 < −104.1. 

• Left mount: 28 < Ku1 52,112 < Kv1 < 208, 109.2 < Kw1 < 202.8. 

• Right mount: 59.5 < Ku2 < 110.5, 116.2 < Kv2 < 215.8, 73.5 < Kw2 < 136.5. 

• Rear mount: 27.3 < Ku3 < 50.7, 123.2 < Kv3 < 228.8, 117.6 < Kw3 < 218.4. 

4.2.3 Constraints 
The subject of this paper is a four-cylinder engine which has an idle speed of 750 r/min. 
The excitation frequency at idle speed can be calculated to be 25 Hz, so the natural 
frequency around the crankshaft direction is less than 12 times of the idle excitation (Yu 
et al., 2001; Endur and Tun, 2020). Therefore, the natural frequency around the 
crankshaft direction is less than 17 Hz. At the same time, each order of the powertrain 
mount system should avoid the vehicle rigid frame mode (1–3 Hz) and the under-spring 
mass jump frequency (15–18 Hz). Therefore, the modal range of the first six orders of the 
12-degree-of-freedom mount system is controlled between 5 and 15 Hz (Alzahabi et al., 
2003). At the same time, the order frequencies cannot overlap with each other. Therefore, 
the interval between the modal frequencies is controlled to be more than 1 Hz. 

In summary, the mathematical model for the decoupling optimisation of the  
12-degree-of-freedom mount system is obtained as follows: 

( )1

2

( ) 6

( )
s.t. 5 15 , , , , ,

e e e e e e
x y z θx θy θz

c

i x y z

MinF x T T T T T T

MinF x q
Hz f Hz i x y z θ θ θ

= − + + + + +

=
< < =

 

4.2.4 Optimisation method 
Genetic algorithms (Deb, 2001) are computational models of biological evolutionary 
processes that simulate the mechanisms of natural selection and genetics. It has the 
advantage of fast convergence for multi-objective optimisation problems. The  
12-degree-of-freedom mount system objective function is optimised for the design 
variables in the following steps. 
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1 Preparation of computational procedures for solving the decoupling rate and the 
natural frequency of the 12-degree-of-freedom system and the vehicle frame 
vibration displacement response. 

2 Setting of input and output variables, constraints, optimisation objectives, and 
optimisation algorithms in the software. 

3 NSGA-II is selected as the optimisation algorithm to obtain the maximum value of 
the 6th order decoupling rate of the powertrain and the minimum value of the vehicle 
frame vibration displacement response. 

The initial population size N = 100, the number of iterations G = 500, the crossover 
probability Pc = 0.9, the variation probability Pm = 0.5, and the distribution indices of 
crossover and variation nc = 20 and nm = 20, respectively, were chosen for the run. The 
main cycle of NSGA-II is shown in Figure 8. 

Figure 8 Flow charts of NSGA-II’s main cycle section 

 

4.3 Analysis of optimisation results 

From Figure 9, the decoupling rate in the foreaft direction improves from 79.99% to 
80.505%; decoupling rate in the lateral direction from 61.745% to 70.594; bounce 
direction decoupling rate from 69.463% to 70.438%; similarly, the decoupling rate in the 
roll direction increased from the original 88.927% to 90.013%; the decoupling rate in the 
pitch direction is improved from 93.902% to 98.017%; in the Yaw direction the 
decoupling rate is improved from 77.445% to 95.407%. Since the 12-degree-of-freedom 
mount system involves coupling between the powertrain and the vehicle frame,  
there is more severe coupling in the lateral and bounce directions. However, the  
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12-degree-of-freedom mount system based on the multi-objective genetic algorithm was 
improved in all orders of decoupling rate. 

Figure 9 Comparison of decoupling rate of each order of mounts before and after optimisation 
(see online version for colours) 

 

Figure 10 shows the optimised and unoptimised powertrain centre-of-mass displacement 
responses using the multi-objective genetic algorithm. From Figure 10, it can be seen that 
the centre-of-mass displacement of the powertrain is decreasing after optimisation.  
Figure 10 shows that the displacement of the centre-of-mass of the powertrain between  
0–5 Hz is poorly optimised in the Y-direction and θye direction, which is mainly due to 
the resonance of the natural frequency of the vehicle frame within 5 Hz and the coupling 
between the powertrain and the vehicle frame. 

Figure 11 shows the displacement response of the vehicle frame centre-of-mass 
considering the engine torque direction excitation. The red solid line is the unoptimised 
vehicle frame centre-of-mass displacement response, and the green dashed line is the 
vehicle frame centre-of-mass displacement response curve optimised by a multi-objective 
genetic algorithm. As can be seen from Figure 11, resonance with the vehicle frame 
natural frequency in the low frequency region 0–5 Hz is less effective in the Y, Z and 
around Z directions. However, the displacements of the centre-of-mass of the vehicle 
frame larger than 5 Hz were all better improved after optimisation. It can be seen that  
the optimisation method is applicable to the optimal design of decoupling the  
12-degree-of-freedom mount system considering the influence of the vehicle frame. 

This section explores and investigates the basic requirements for the optimisation of 
12-degree-of-freedom mount system. A multi-objective genetic algorithm is used to 
improve the first sixth order decoupling rate of the mount system and minimise the 
vehicle frame centre-of-mass displacement response as the optimisation objectives, using 
the mount stiffness and installation position as design variables. The optimised  
12-degree-of-freedom mount has improved the decoupling rate of each order and reduced 
the displacement of the vehicle frame centre-of-mass, which has laid a theoretical 
foundation for achieving the vibration isolation requirements of the mount system. 
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Figure 10 Comparison of displacement response of optimised and unoptimised powertrain 
centre-of-mass, (a) displacement in X-direction (b) displacement in Y-direction  
(c) displacement in Z-direction (d) displacement in θxe direction (e) displacement in θye 
direction (f) displacement in θze direction (see online version for colours) 

  
(a)     (b) 

  
(c)     (d) 

  
(e)     (f) 

5 Conclusions 

In this paper, the 12-degree-of-freedom mount system is decoupling and optimised 
considering the interaction effect between the powertrain and the vehicle frame. 

1 Derive the equations of motion for 6 and 12 degrees of freedom, respectively, and 
solve for their natural frequencies and displacement responses to verify the necessity 
of decoupling the 12-degree-of-freedom mount system. 
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2 Use a multi-objective genetic algorithm to decouple and optimise the design of a 12-
degree-of-freedom mount system, which effectively improves the decoupling rate of 
the mount system and reduces the displacement response of powertrain and vehicle 
frame, and improves the vibration isolation performance of the system. 

Figure 11 Comparison of displacement response of optimised and unoptimised vehicle frame,  
(a) displacement in X-direction (b) displacement in Y-direction (c) displacement in  
Z-direction (d) displacement in θxc direction (e) displacement in θyc direction  
(f) displacement in θzc direction (see online version for colours) 

  
(a)     (b) 

  
(c)     (d) 

  
(e)     (f) 
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