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1 Introduction

Earlier literature mostly consists of development of the models on the assumption of
either time and/or stock and/or cost dependent demand but rarely dependent on selling
price as well as an unrealistic assumption were made about infinite life cycle of goods, as
such most of the goods by dropping their initial value undergoes deterioration over time.
Deterioration reduces the quality and physical quantity of inventory and so,
simultaneously system is burdened by an additional cost. As such selling price of a
product is a very crucial factor in uplifting customer’s demand of a product which is
directly influenced by customer’s satisfaction level. Now a days, recent studies includes
selling price dependent demand rate and much emphasis on deterioration is drawn to
highlight the shorter life cycles of goods. Therefore, accurate inventory control of
deterioration of items is considered to be an important issue to elaborate.

Gupta and Vrat (1986) developed model for stock dependent consumption rate. An
EOQ model was developed by Padmanabhan and Vrat (1990) with stock dependent
consumption rate and exponential decay. Datta and Pal (2001) investigated an inventory
system with stock dependent and price sensitive demand. Goyal and Giri (2001)
developed modelling of deteriorating inventory by reviewing studies of deteriorating
items in recent trends which includes wide range of Inventory control systems with
various other properties. A model for perishable products with price dependent demand
was proposed by Singh (2006). Wu et al. (2006) describing the suitable deterioration
pattern of various products. An optimal replenishment policies for non-instantaneous
deteriorating items with stock dependent demand was introduced by Chang et al. (2010).
Under the effect of learning and imprecise demand rate for an optimisation policy of
inventory model was developed by Yadav et al. (2011). For price sensitive stock
dependent demand under progressive payment scheme for obtaining an optimal ordering
and pricing policy read (Shah et al., 2011).

Recently, in the area of operation research and revenue management, much emphasis
is drawn on work comprising of joint pricing and inventory control of deteriorating items.
Hou et al. (2011) proposed an inventory model for deteriorating items under partial
backlogging under inflation and with stock dependent selling rate. Two warehouses
inventory model for non-instantaneous deteriorating items were introduced by Singh
et al. (2011) for stock-dependent demand. Initially, a two period life time product having
demand of each period as a random price dependent function was investigated by Jia and
Hu (2011). The similar situation was handled by Chen and Sapra (2013), in two different
inventory setups: first-in-first-out (FIFO) and last-in-first-out (LIFO).

An EOQ model with preservation technology investment under two level of trade
credit with demand depends on selling price and credit period by Singh et al. (2013). Two
level storage and partial backlogging under inflation were studied by Kumar et al. (2013)
for an inventory model with learning effect. Ahmed et al. (2013) obtained inventory
models with ramp type demand rate, partial backlogging and general deterioration rate.
Amutha et al. (2013) established an inventory model for deteriorating items with three
parameter Weibull deterioration and price dependent demand. Guria et al. (2013)
proposed and inventory model for an item with inflation induced purchasing price, selling
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price and demand with immediate part payment. Singh and Rathore (2014) proposed an
inventory model for deteriorating item with reliability consideration and trade credit.
Parekh and Patel (2014) developed an inventory model for deteriorating items with linear
demand, time varying holding cost under inflation for two warehouses. A model dealing
with cooperative advertising in a closed-loop supply chain to encourage customers to
return their used products was proposed by Geranmayeh et al. (2017).

Optimal price and inventory policies with permissible delay in payments for
non-instantaneous deteriorating items were studied by Soni and Patel (2012). Then
elaborating the earlier model, Soni and Patel (2013) included inaccurate deterioration free
time and credibility constraints. An inventory model describing non-instantaneous
deteriorating items was proposed by Shah et al. (2013) which consists of demand as a
function of selling price and the frequency of advertisement. Further, the concept of
non-instantaneous deterioration was highlighted by many other authors like Panda et al.
(2013), Zhang et al. (2015), Ghoreishi et al. (2014) and Maihami and Nakhai (2012a,
2012b).

An investigation by Soni (2013) was undergone including optimal replenishment
policies for deteriorating items with price and stock sensitive demand under permissible
delay in payments. The demand was also including to the inventory level by Lu et al.
(2016). Tayal et al. (2015) established an EPQ model for non-instantaneous deteriorating
item with time dependent holding cost and exponential demand rate. Pal and Maity
(2015) derived an inventory model for deteriorating items with price dependent demand
and delay in payments under stochastic inflation rate. Mishra (2016) proposed an
inventory model of deteriorating items with revenue sharing on preservation technology
investment under price sensitive stock dependent demand. Mandal and Islam (2016)
studied a fuzzy inventory model for deteriorating items, with time dependent demand,
shortages, and fully backlogging. Singh et al. (2016) developed an EOQ model for
deteriorating products having stock dependent demand with trade credit period and
preservation technology. An EOQ model for deteriorating items with selling
price-dependent demand rate with learning effect was proposed by Goyal and Chauhan
(2016). Shah et al. (2016) proposed an integrated production-inventory model with
preservation technology for time-varying deteriorating item under time and price
sensitive demand.

The highlighting point in this article which makes it a unique one, is time and price
dependent market demand rate for non-instantaneous deteriorating items with learning
effect, shortages and preservation technology while many researchers like; Goyal and
Chauhan (2016), Pal et al. (2015) and Mishra (2016) includes price dependent demand
rate only. Singh et al. (2016) utilises stock dependent demand rate with preservation
technology for deteriorating products.

This paper addresses an operating system for non-instantaneous deteriorating items
including the learning effect on various costs on the total average of the system and the
preservation technology investment to reduce the deterioration rate. The system includes
time and price sensitive demand. The objective is to maximise the total profit per unit
time by finding optimal joint selling price, replenishment cycle time, the preservation
technology investment per unit time, ordering quantity and the shortage period. A
numerical example is presented to validate the policy investigated in this paper. Further,
the sensitivity analysis about the key parameters is conducted to obtain the managerial
insights.
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2 Notations and assumptions

2.1 Notations

Li(?) the inventory level at time #0 < ¢ < 7)) in units

L(?) the inventory level at time #(7,; < ¢ < T}) in units

L) the inventory level at time #(7 < ¢ < T) in units

P selling price per unit in dollars

Du(t, p) demand rate as a function of the selling price p and time ¢

u preservation technology investment per unit time to reduce deterioration
rate u > 0

T length of replenishment cycle

n number of replenishment cycle

T, the time at which inventory level becomes zero

O(u) the deterioration rate coefficient under preservation technology
investment u, with, 6(0) = 6, the deterioration coefficient under natural
conditions

T, the time after which deterioration occurs

0, initial inventory level at the beginning of each cycle

0, backordered quantity during shortages

0 total ordering quantity

the purchasing cost per order in dollars

B the rate of backlogging

A, the constant part per order of the ordering cost

:Tzl the variable part of ordering cost which decreases in each cycle due to
the effect of learning

h the constant part per order of holding cost

nhjz the variable part of holding cost which decreases in each cycle due to the
effect of learning

@ shortage cost per unit

a constant demand rate co-efficient; a > 0
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b elasticity of inventory level at time z, b > 0
c selling price dependent demand rate co-efficient, ¢ > 0

TP(T, p,u, T)) the total profit per unit time of the inventory system in dollars.

2.2 Assumptions

1  Single deteriorating item is involved in inventory system.

2 The deterioration starts after a fix time, i.¢., the deterioration in the products is
non-instantaneous in nature.

3 Let the demand rate for the item is D#(t, p) = a(1 + bt — ¢£*)p ", a function of time;
with p as the selling price per unit, where, a > 0 is a scale demand, 0 < » < 1 denotes
the linear rate of change of demand with respect to time, 0 < ¢ < 1 denotes the
quadratic rate of change of demand and 7 are mark up for selling price, where, 77> 1.

An infinite planning horizon is considered.
There is no replacement or repair of deteriorating items.

Shortages are allowed and the occurring shortages are partially backlogged.

RN Y B N

Holding cost and ordering cost per order is partly constant and partly decreases in
each cycle due to the effect of learning.

3 Mathematical modelling

A mathematical model of inventory problem for non-instantaneous deteriorating items
including learning effect on several costs having selling price and time dependent
demand rate is proposed here. The replenishment cycle is set a 7T time units. The
inventory level is maximum at time ¢ = 0. During the time interval [0, 7,] the inventory
decreases due to demand only, since the products are non-instantaneous in nature and
until # = T, there is no deterioration in the products. After t = T}, the inventory depletes
due to combined effect of demand and deterioration in the products.

Figure 1 Inventory time graph for retailer
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At t = T the inventory level becomes zero and after that shortage occurs. The occurring
shortages during [T}, T are partially backlogged. The inventory graph for the retailer is
demonstrated in Figure 1.

The differential equations governing the transition of the system are given as follows:

L(6) = —Di(t, p),0<1<T, (1)
() = —0@) 1 (1) - Dit, p); Ty <t <T, 2)
L) ==Di(t, p); [ <t<T 3)

With boundary conditions:
L(T)=0,L(1)=0,1(T;)=1(T;) “4)

On solving the equations using boundary conditions we get the following inventory
levels.
For

(OSISTd)
(1, _t)+§(sz —)-5(17 1)

(B(1 ~Ty)+ (77 — 1) + (14 bT; =T} ) (1 070 )
+
Ou

L(t)=(ap™ 5
1 (ap ) +((2C)(ﬂ—Td)+(b—26Td)((e’(’”(Tl*Td))_l)) )
Ou?
2¢(1— e ou@i-Ta))
g 7
Ou®
For
(Ty<i<T)
1(b(Ti—1)+c(2 =T12)+(1+ Ty —cT} ) (e ™ T0)
% _(e—ﬁu(rrrd))
L(t)=(ap™)| + (o) (T 1)+ (b= 2¢T) (i) — (&1 (6)

Ou?
Zc(e—eu(z—Td) _e—0u(T1—Td))

Ou?
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For

(1<t<T)

L(t)=ap™ ((r—ﬂ)+§(r2 —Tﬁ)—g(ﬁ - ))

Using the initial condition, /,(0) = O, we get,

O =(ap)

(1)+3(17)-5(17)

(b(T 1)+ (T2 1)+ (14T, — T2 ) (1w Ta)))
" Ou
((20)(TI ~T;)+(b=2cTy )((e’(’”(Tl*Td) ) _1))
Ou?
2c(l—e’9“(T1*Td))
g

+

Ou?

The total profit of the operating system involves the below stated components:

1

Sales revenue:

The total ordering quantity:

0=0+0,

Sales Revenue (SR) = selling price * total ordering quantity

Purchasing cost

(1)+3(17)-5(17)

(0(T ~Tu)+ (T2 1)+ (1407, — T} ) (1-oTiTaD)
+

(7

®)

Ou
N ((20)(71 ~T;)+(b—2cT, )((e_ﬁ“(Tl‘Td) ) _1))
Ou?

2e(1- e T0)
+
Ou?

—%Bacp‘” (73 —T13)+%Babp_’7 (T2 -T12)+ Bap™ (T -T;)

Purchasing cost (PC) = purchasing cost per order x total ordering quantity

= (0 +2)

As, from equation (8)

)

(10)
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(1) + 2(m2)-<(17)
AR R
(b(T Ty )+ (T ~T2) + (14+8T; — T2 ) (1—e0TiTaD))
+
Ou
0 =(ap™)
| +((2c)(T1 ~T;)+(b=2¢T; ) ((e™Ti7)) 1))
Ou?
2c(1—e™h-Ta))
+—
Ou?
And
T
0. = [ B(Dite, p))r (D
h
Therefore
Purchasing cost (PC) =
_ , -
(1) +2(17)-5(77)
(b(T ~Tu)+ (T} 1)+ (14T, T} ) (1 -7 )
+
(ap‘”) Bu
ol |, (o -T)+(b-2T) (e 1) 1)) 12
Ou?
2c(1—e™hi-Ta))
+—
Ou?
—%Bacp‘” (13 —T13)+%Babp"7 (7> -T2)+Bap™ (T -T,)

Ordering cost
Ordering cost (OC) = Constant part of OC
13
+variable part of OC = 4, +A—21 (13)
na
Holding cost

h

Ty
Holding cost (HC) = (hl +h722j J' Lt + J' Lt (14)
n
0 i
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_ (hl +f722j@(ap—v)((rd ()= S -r)

(b(Tl ~Ty)+c(T7 =T) +(1+bTy —cT?)(1— 0 Ti-Ta) ))
’ Ou
((25)(E -Tu )+(b—2CTd)((e_eu(Tl‘Td))_l))
Ou?

2¢(] = e~ =Ty) g _ 1
+%Jdﬁj(@ N (bTi-i)vel -7) (4

Ty
+(1 +bTy —cT} )(e’(’“(l*rd) ) —(e-mn-1a) ))
((20)(T1 —1)+(b=2¢T) ) (e Ti-T)) — (g0nt=Ta) )))
Ou?

2¢ (e—Hu(t—Td) — o (T =Ty) )
+ dt

+

+

Ou’
Shortage cost

Shortage cost = shortage cost per unit * market demand

T T
SC=¢ J'Dz(z, Pt |=¢ Ia(l+bt—clz)p‘”dt (16)
n n
Lost sale cost
T
Lost sale cost=LSC = j (1-B)(Du(t, p))dt (17)

T
where, B represents the rate of backlogging.
Preservation technology investment
Preservation technology investment = P71 = uT (18)
The total profit per unit time is calculated by

Purchasing Cost + Ordering Cost
o 1 + Holding Cost + Shortage Cost
Total profit per unit time = —| Sales Revenue- .
T +Lost Sell Cost+Preservation

Technology Investment

TP(p,T,u, Tl):%(SR—(PC+OC+HC+SC+LSC+PTI))
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In order to increase the total profit of the system and cash flow to acquire optimal
scenario we maximise the total profit by applying the following necessary and
sufficient condition:

6TP(p, T,u,Tl) o aTP(p,T, u,T}) o aTP(p, T,u,]})

> 5

op or ou
aTP(p,T,u,Tl)
o,

(20)

Adopting below stated algorithm for the solution:

Step 1  Allocate hypothetical values to the inventory parameters.

Step 2 Solve equations in (20) simultaneously by mathematical software Maple X VIII.

Step3  Check second order (sufficient conditions).

aZTP(p,T,u,Tl) o 62TP(p,T,u,T1) o 62TP(p,T,u,T1)

< < <0,
op* or? ou’
62TP(p,T,u,T1) <0
or?

Step 4 Compute profit per unit time by using (19), ordering quantity from equation (9).

Optimum selling price from equation (20) and optimum replenishment cycle
length by using equation (20).

The objective is to make total profit per unit time maximum with respect to selling price
(), cycle time (7), preservation technology investment (u#) and time at which inventory
becomes zero (77). Now, we examine the working of the model with numerical values for
the inventory parameters.

4

Numerical example and sensitivity analysis

In this section, we provide a numerical example to illustrate the above mathematical
model.

Example 1: Assume the following inventory parametric values to validate the model.

a = 20,000 units, b = 62%, c =T75%,n=1.2,
¢ =850/ unit, T; =1.5 days, by =$0.1/ unit

hy, =$0.1/ unit, 4, =$500/ unit, A, = $150/ unit,
C =3%30/unit,0, =0.2,a, =0.2,

B=0.1,0,=0.0999, ¢ =0.9999, n =4



Inventory model for non-instantaneous deterioration 71

Solution:

By following the above algorithm, we obtain the below stated optimal values:

the optimal cycle time is 7= 2.2497 days

the optimal retail price is p = $115.6841 / unit

the preservation technology investment is u = $49.7880 / unit
the time at which inventory becomes zero is 77 = 1.9297 days
the corresponding total profit is TP = $3,915.3526

the order quantity Q = 98.8993 units.

The concavity of total profit is shown from Figure 2.

Figure 2 Concavity of total profit (see online version for colours)

Now, for Example 1, we are examining the effects of various inventory parameters on
total profit, decision variables selling price, cycle time, preservation technology
investment, time at which inventory becomes zero by varying them as —20%, —10%, 10%
and 20% as shown in Figure (3) to Figure (7) and Table 1 shows the impact on decision
variables on varying various inventory parameters.
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Figure 3 Replenishment cycle verses variation of various inventory parameters (see online
version for colours)
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Figure 4 Selling price verses variation of various inventory parameters (see online version
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Figure S Preservation technology investment verses variation of various inventory parameters
(see online version for colours)
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Figure 6 Time at which inventory becomes zero verses variation of various inventory parameters
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Impact on decision variables on varying inventory parameters (see online version

for colours)

Table 1
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Figure 7 Total profit verses variation of various inventory parameters (see online version
for colours)
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5 Conclusions

In this article a system for non-instantaneous deteriorating items including the learning
effect on various costs on the total average of the system and the preservation technology
investment to reduce the deterioration rate is considered. The system includes time and
price sensitive demand. The objective is to maximise the total profit per unit time by
finding optimal joint selling price, replenishment cycle time, the preservation technology
investment per unit time, ordering quantity and the shortage period. It is calculated, how
a vendor can get the optimise policy and analyse the changes in the policy behaviour, as
the various parameters changes.

A numerical example is presented to validate the policy investigated in this paper.
Further, the sensitivity analysis about the key parameters is conducted to obtain the
managerial insights. This model can be generalised for multivariate demand function and
for different conditions of trade credit.
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