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1 Introduction

Inflation products have been developed in the mid ‘90s. Over the past decade, the market
has increased in size and volume. After the credit crunch and the fear of recession,
investors have been very pushy for inflation linked derivatives, the major buyer being the
pension funds. Some interests have been expressed for real rate pure exposure. The
inflation market is based on two major liquid instruments the Year on Year and the Zero
Coupon swap. The last one providing the compounding ZC rate against a fixed payment
at maturity whereas the YoY swap is based on a exchange between a fixed leg and
floating payment composed by the just-set annual inflation rate. The option market on the
two products gives views on different volatility regime; the YoY on the forward volatility
and the ZC on the CPI variance over the maturity of the swap. The consistencies between
the two markets have been a huge quantitative challenge. If most of the literature focus
on the index CPI modelling (see, for instance, Mercurio and Moreni, 2006; Wimmer,
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2006; Hinnerich, 2006), Kenyon (2006), Belgrade et al. (2004) and Mercurio and Moreni
(2010) modelled the index ratio. We will describe a methodology for the pricing of real
rate swaption under LMM SABR (Mercurio and Morinni, 2010).

2 Notations

The inflation market is defined first of all by different index definition. We consider a
inflation index, by /(¢) we denote the value of the index at time ¢.

e [(#), value of the index at time ¢.

. I,-f (¢), T-forward inflation index at time ¢. 1, ,f ) =EF[1()]

. ZCII[(t, K, T,), the value of the zero coupon inflation indexed swap at time #. At time

. . . (T, .
T,, the seller inflation gives N x{%— 1} to the buyer who gives in exchange

N x [(1 + K)"—1]. Where K is the contract fixed rate and N the contract nominal. K
has been determined to cancel the inflation leg at time

w_q=gn | L0 _
o([(1+1<) 1] ET[I(O) 1D

o YYII (t, K, (T;)o<i<n) the value of the year-on-year inflation-indexed swap at time #. At
) 1}
I(T) |

each fixings date T, the seller inflation gives to the buyer Nt; {

e [ICap — IIFloor (t, k, (T;)o<i<x) the value of inflation indexed cap and floor at time z.
At each fixings date T, the seller inflation gives to the buyer

(1) '
Nz | w 1) -1-k (w=1 for a Caplet and —1 for a Flooret).
i-1

e  ZCIlIOption (t, k, T,) the value of inflation indexed zero coupon swaption at time ¢.

+
At time T, the seller inflation gives to the buyer N {w(%— 1- kj }

(w=1 for a payer inflation and —1 for a receiver).

e LPI(t, C, F, T, the value of a limited price inflation swap at time z. There are many
types of LPI, the most common is the following payout:

NH ”71 ;. Min [Max (ﬁ,l + Fjl + Cj which can be rewrite as

(T

M T T{—I(E) +(F+l— I(T")j —[ 7)) —1—Cj }
= I(T) I(T-) I(Tio)
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e  RRSwaption (t,k, T;, T, Libor‘s) the value of the real rate swaption at time ¢. The
underlying at expiry T} is a zero coupon swap. The seller pays the 1 + Libor’
compounded until maturity 7,, and receives the index ratio weighted by a fixed rate

I(T,)

I(T)

1 + k compounded. (1+k).

I(T)
volatility of the floating (Libor leg) it is a inflation indexed zero coupon option at expiry

T;, the wvalue of the floating leg is one in 7;, With an adjusted strike

-, T, N . It is a forward starting inflation indexed zero
1+ k) (1+k)

coupon option in the first order. In the second order, it is a forward starting spread option
on a forward ratio inflation index and a zero coupon.

1(T,) o e i ’ M i L +
N[w(m(l+k) —H»}_:M(Ha Lj)” N|:W(](7; (1+k) Pf’(T,-,T,,)”

)
1(7,)

=N[w[—(l+k)"-i —BA(z,n)J+}

. +
The option payoff at T, is N{w(@ A+ k)" —Hniil (+07L; )j } If we ignore the
Jj=i

ZClIOption (t,

(1)

3 Pricing model

3.1 SABR LMM market model

The intuition of the Mercurio SABR LMM is the following: the T;-forward inflation
index is a lognormal process

ar’ (1 =1/ { Z i (z)dz,f’fl

J=B)
avi@=vim[vaw/]
pilydt = dw;/dz}"

with 7 Brownian motion under the Qr, forward measure and Z/ Brownian motion
under the QO forward measure and defined recursively as follow:
r.z OL oy
oL (t)
and YYFloor, we derive the dynamic of the inflation index ratio as the forward index ratio
plus a convexity adjustment.

Z/ =z - To determine the price of the year on year option, YYCap



24 C. Kamtchueng

(T
1L ()

riy [
_ I,-‘ ®) e-[o D(s)ds
Iif—l (t)

fiy g
1@ ejo D(s)ds
Il'{] (t)
=Y(1)

Therefore, the price of an year on year is given by the Black and Scholes formula

YYCaplet (t, T, T;, K =1+ k,w)=wP(¢t, T;) [ Y; (1) N(wd1) — KN (wd2)]
1n()3£0j+;02(K)(7} ~1)
(KT ~1
Yoy 1, . _
d2=ln( Kj S0 (K)(T; ~1)
o(KWT; —t

dl=

with o(K) the volatility from the Hagan SABR formula. In order to price the zero coupon
inflation indexed option, we match the variance of the inflation index over the expiry as
function of the year on year V' parameters. We suppose the inflation rate /() driven by
the following dynamic:
dl(t)=1(t)[Vdz,]
di(t) =V (0)[udW;]
pdt =dW,dZ,

In Merton (1976a), Mercurio described some possible proxies for the inflation index
SABR parameters

N ) T, AT;
V(0)= V70V (0)pf; :
oo _ T AT AT AT,
Y= \/ Z V/oy! (O)Vk (O)Vl (O)Pi{/pfk jTVij p;/,k
ijkd=1

N
v(?) =\/ z VI 0k oy (0)pf/Pkaij Ly<tat, /\T[/\T}c}p}/’k

ij.k,I=1

N J Ui Ik z v
E i,i,k=1V OV (O (0)pf; v Li<t amy At} Pj 4
p= :

\4
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Therefore given the approximations chosen, Hagan formula can be used to recover our
zero coupon inflation indexed market smile. We have to notice that depending on the
liquidity and the choice of calibration; one can decide to fit perfectly each year on year
inflation indexed option then calibrate the correlation to retrieve the market price of the
zero coupon inflation indexed.

3.2 Forward zero coupon swaption
For a forward zero coupon swaption, we have to approximate the forward market

volatility. We want to find the SABR parameters of the forward ratio 1)

I(T})
K L(TJ}EI Lf(z-)}
— ]hf O] eJ.,T” Dy i (t)dt
1/ ()

1 (1)
/(1)

1

We defined R™ = . By applying Ito formula we have

dR" = R {D””’ Oydt+ Y VI (t)dZ/‘”}

J=it+l
Ry =
17 (0)

We have Y™ such that

V) A _
— = Vi@)dz™"
Yt ' ng
Yn,i _ Inf (0) J.ITnDn.i(t)dt
0 T ¢
17 (0)

We have Y” such that

M _yryg,
Y;n,z
Yon,i — YOn,i

dvy =v'vYdwt
pldt=d <W,Z >,
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Therefore, Y™ follows a SABR dynamic,

SH T AT =T;)
VY (0)= Vi)W (0 Z.(—’
(0) \/kz OV Ot =
,j=i+l
- - — — — Ty AT, ATy AT, —T;
ZENEDY 707 O O Oyt ot LLEAT AT
B, kel =it L, -T,

Vi = \/ Z VIO (O (O (0)pf ; pfv Vi liu<tiont atiatis P

h,jk,l=i+1

P o=C10

\/Zh,j,k:m HOIEE (0)/’!{/‘}/'/’;/,/(
p =

v

We have been able to compute the forward SABR dynamic of the forward ratio, at time
T;, we can rewrite the payoff as follows

(1) L (L) 1+k)
N{w(a[(ﬂ)—l—kj }_a]\{w[l(]})_7] }
(1@ Y

- {W{Mﬂ)_l_kj }

= N w(rmi (1,)-1-51)"]

3.3 Real swaption and payoff transformation

Given those SABR parameters, we have the real swaption which can be seen in first
approximation as a zero coupon forward start option. The payoff is the following at T;
expiry date of the option:

N{W[ﬁ?ﬁ; by -Hfm<1+6fLi»>j }
= ! Tn) n-i |_ n" i +
_N{W(l(ﬂ) (+0) J H_/:t*+1(1+5 LJ') }
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_ 1(7,) nei Ly
'N{W[[I(z-)(”k) (_P(Ti,mj J]

— n—i w I(T;’l)_ 1 "
_(1+k) N|: ([(T,) P(T,-,Tn)(l"'k)n_ij :l
gy v LT BATTL)Y
=(1+k) N{ (I(T,-) T ] }

we can also consider a first order approximation for the bank account (indeed by ignoring
its volatility).

1(T;) P
N{W[I(]})(l+k) BA(T,,Tn)”

B i I(T,) .1, , 1 )
~0 NM[(E) b [BA(E’E)]OM)""H

By ignoring the volatility of the zero coupon, we miss-price the option, indeed the
volatility of the spread can be lower or higher depending on the correlation between the
forward ratio and the discrete bank account. The second order approximation considers
the real swaption as a spread option between a forward ratio inflation index (dynamics
derived in the previous section) and the discrete bank account. For the last one, we have
the following dynamics under the Qr, forward measure.

* . 67 ?
. 51_ ‘ 1 n (O-_lé.lLi)
dh (T.Ty)=P(ILT,)| )~y dW 4 ) 5 di
e ,; 1+9'L, 2 jZ‘il (1+0/L;)

6/8/L; o*é*L;
J J ¥ kdt:|

+P(T;,T,)| 2 : ~
( ){ 1+6/L; 1465 L, Pr

" +1< j<k<n”
.
n

0; . )
dBA(T;,T;,)=BA(]:,T;1)[ Z 1+5ijA L./a.deJ]
J

J=it+

3.3.1 No strike case

In case of no strike, we can use a classical closed form for the spread option with no
strike under Black and Scholes assumption.
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SpreadOption (T,K =0, s1,55,01,02)=E/" [W(S} - 87 H

=szBS[T,1;S—1, G =4/o} —2poi0, +022j

§2

— n Ih (T;') n—i
S = EtT |:m:|(l+k)

s, = E" [ BA(T;,T,)]
We use a freezing technique to compute the volatility of the bank account. What can we
do in the non-null strike case?
3.3.2 Strike case
In this section, we will consider the following payoff:
1(7T,)
(7))

The pricing of this option will need more works as the change of numeraire technique can
not be applied. We proposed the following numerical methods:

.
SpreadOption™#™* (I, K) = E[" Ma +ﬂBA(Tf,Tn)—KJ }

e moment matching
e integration
e normal proxy.

The methods above will be described in Appendix.

4 Conclusions

We derive analytical proxy for forward volatility of the ZC swaption and real rate option.
We extend Mercurio and Moreni (2010) LMM SABR in order to price the forward
starting inflation option. We have shown the link between this option and the real rate
swaption. After deriving the equation under LMM-SABR, we decide to approximate the
bank account by a lognormal process via a freezing method. The result of our assumption
is that the pricing of the real swaption can be interpreted as a spread option between a
bank account weighted and forward ratio inflation index. We have implemented different
types of correlation parametrisation and two types of proxies:

e one ignoring the bank account volatility, e.g., real swaption is seen as a forward
starting inflation index zero coupon option with a strike corresponding to the forward
bank account (or invert of the forward zero coupon)

e one considering the bank account as lognormal process thanks to a freezing method
e.g., the real swaption is seen as a spread option.
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We give to the user indication of the mathematical consistent value which can be
perturbed to match market quotes. However, care must be taken with the correlation
parametrisation as a projection algorithm has to be applied.

The calibration process subjectivity — which market information should be the most
relevant in our pricing framework — should reflect our hedging strategy. Indeed, if the
YoY volatility is already a forward variance information, the spread of ZC swap can also
capture the forward variance of the ZC swaption.
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Appendix

Forward inflation index ratio dynamics under the Qr-forward measure under the
Mercurio SABR model

00.00.0000
dr/ (ty=1/ [ D> v (t)dZ,j’i1
J=B()
i i—1 i—1 B
dr’ \(t)=1I 1{ or (f) Vit)pl dt+ Vi(t)dz{*!
1+oL (t) J=B() J=B()

avi@=vim[vaw/]
dL/ (t) = F/(t)a[ dWI

where both Z/¥ and Z!*™' are Brownian motion under the O’-forward measure. By a

classical freezing drift method, we have the forward inflation index ratio which can be
rewritten as follows.
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dx, = d(’f(t)j
1(t)

I' ()] x ; i
=—— Vi(tydzZ{" -
Iz:)il(t) |:j§t) ©

i

S vt

J=B(0)

AON
1400 ()

i—1
+ > Vidz) “

J=B()

i—1

JHOIRS
+—
PP

i—1

D Vi@t (r)pf,(dt}

VIOV (t)p?dt

J=BW) k=p(t)

@ oL@
T | 1rern”

Z Vil di-vie)
J=B)

Z VE(t)p? dz+V1(z)dZ“}

k=p(t)
SL(?) v
din (X,)—{ z Viipldi-vi)
1400 () =
i—1 i 2
Z vt de— 0 (’) dt1+V' ()dZ}"
k=B(t)
7| =
I/‘/—I(Ti—l) i- l(t)
T 5L’(t) FZ i—1
D(T)= ,. Z VIOpFde=vie) Y. VE(t)phdt
0 1+00()" 4 = =
. T oL (0) = s » i—1
D)= | ——"—a" ) V/(0)p;;"dt-V'(0 VE(0)pZ, dt
) 0 1+(5L"(0)U’ Z )i, ( )Z (0)p7

J=B() k=p (1)

Proxy computation for ZCII option in SABR LMM model

>

ar’ (1 =1/ {

avi)y=vi)|vi
Pyt =

J=B()

dVV,delj’

Vi (z)dZ/’i}

dml]

i

we would like to describe the /(7") as a SABR:
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dl(t)=1(t)[Vdz, ]
dv )=V (6)[vdw,]
pdt = dW,dZ,

In order to find ¥, we match the quadratic variation of 7/

d<1,, >t=V(t)2dt

t

n

= 2, LV Vo
Jh=p(0)

n

=SVO)= Y, phV OV"(0)
Jh=B0)

this is the first proxy. By considering

7, VT, _
E ij vade | =2 0)) =1
T, Jo V2T,

n n

e —1

lim, o V2 (O){ } =72(0)

V2T,
In another hand, we have thanks to (1)

E|:TLJ‘OT»1 Vzdt:| = E|:iJ’TH i pgth (t)Vh (t)dt:|

" n "0 B

1 (5 ,
=E—I Z VI (W (Olyer ap o dit
{Tn O;Ip,,h OV (Olyer, i

1S (B,
=— ZE|VIEOV (@) |Liyar, ar, dt
720 ], PLED OV Ol

" jh=

_L o, J (A
2, Rl

~ 1 n T; AT, Z 10 Vh 0 ﬂf,hv,'vhtd
T _[0 piaV’ O (e dt
1

" j.h=

_ 1 < 71 \ eﬂj,thvh(T_,vATh) _1
T z PV (0)V"(0) (—

n =l Pj.nViVh

31



32 C. Kamtchueng

thTn -1 /),,hvj-v;,(T,'/\Th) _
lim, o V2 (0){—}_11111“ 0 — Z pL V7 (O)Vh(O)[e—
T, T, n il Pj.nViVh
T, AT
=Y oo e

J,h=1

T, AT

ro=Y priopoleh
Jj.h=1

To retrieve a vol of vol proxy v

ded{\/ z pith(t)V"(t)]

Joh=p(t)

1 - )
=§d[ > pf,,meVh(z)J

Jh=p()

Y [z PV OV (Oar, g, J

J,h=1

Z PEad (VI OV Oy, )

Jj,h=1

2V

z p Vi (t)Vh(t)[vde +VthVh]1{t<T ATh} +...dt

jh

~j Ak
=Vzl{’<Tf/\T/r}p/Z,hV OV (O)v;dW; +...dt

=
n ij )
dz, = z7dz ’
J=1
=DV Olyyeryd2;
=
So
d<V>=V? Liier, Az ai AT,}P‘,Z,;,P/(ZJV" OV @ VOV (O ip;adt
Johkd=1
=V2y

using a classical freezing method, we can deduce this two following proxy for v:

|
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= \/ Z Lyier, atyami am) Pih PkZJVi )" (0)v; VEO! (0)v Pk

Jahk =1
2 - = — — T, ATy AT AT
v =\/ X PLantaV OF O, 7O Oy ==
Johk,I=1 n

T; AT
Vo = z pj hthV](O)Vh 0)—~—— c

Jj.h=1

Vo is a proxy from our first computation of the quadratic variation of the variance. Given
v, we want to be able to approximate p

c s ssh o
d<V,Z>=< Vz 1{[<Tj/\Th}p_]Z,hV (v (t)vde/,ZV (f)l{z<Tj}dZ}' >
j=1

o=l

=V Z 1{1<T,AT,,AT,}P,Z,1,I7‘i OV OV (Olg P,Z,}Wdt

Johil=1

= pWvdt
So, we can deduce p as function of ours proxies forV; and v:

2w Li AT AT

T,
T; AT,

W Pl 7" O, 71(0)p7
p=

VoD Pl fal ()=

Vl

Z/’,h,/ P, ZV (O)Vh(O)vle(O)l{KT /\Th/\T}}p/ v

) S Pl O (0)

Proxy computation for real swaption in SABR LMM model

As described in the section, the real swaption can be considered as a forward start zero
coupon inflation indexed option, we will derive the equation which allows us to

I(T,)

i

determine a consistent dynamic of the forward ration inflation index first of all,

we have to determine the convexity adjustment of the ratio:
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S
X = d{ln (r)j

I (1)

—["f}(’){ Z vindzi" -

I (0| 45,

N oL (1) l [ ; F.z
{z‘m“ 2, Vel

I=i+1 Jj=p()

+ z Vi (t)dZ/’"“

J=B)

I &~
+ f() D VIV pF
IO 150

A ; VIi@V*E(t)p#,dt
D3 p|

J=B®) k=)

WA
1/ (@)

D, (t)dt + z Vitydz)" }

Jj=i+l

N - B0 NI < IS
Dn,l‘(l) = Z{mo}l Z V/(l)psz'i‘ z Vl(t)Vk(t)p/ZJ:l

I=i+1 Jj=B(1) k=p(1)

n i i i
D,(T) = Z{%o—ﬂ > O+ Y V’(O)V'f(())pi,}
S| 1oL (0) J=B(0) k=p(1)

This calculus should be adjusted in case where the underlying rate for instance three
months Libor has not the same frequency to the market observed inflation index for
instance year on year.

Axi" = d[lhf:(t)j
1/ (1)

_I;,f(t) - ; in L 3 SL (1) Py - j F.Z
_Ii"(t){ 2, vz {Z 1+oL(0)" 2, Vol

J=B@) I=i"+1 7=
i . II ()| < .
+> Vf(z)dz,f’"ﬂ+”.—{ > VI ()t
f Js
J=B0) O] 150

- Zn: ZI: Vf(t)Vk(t)pikdl}

J=B® k=B()
I
17 (1)

{13,,,,- (t)dt + z Vi (t)de””]

Jj=it+l
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— A O
Duy= Y 220t 3y
I=i"

!
< 1+0L (1) S
D IDINLCIACY S
I=i+1k=p(1)
n* 5L (0) r n i
D,(T)= Z T S o+ Y Y FOrt o
J=B() I=i+1k=/(t)

First, we consider the following process ¥, :

d%: > vidz!”
Y ’ J=i+l
¥ = I/ 1 (0) )

17/ (0)

then we want to find the associated SABR Y " such that

Ynl
d =rtdz,

[

Yon,i — YOn,i

dvY =v'vrdw,
pldt=d <W,Z >,

:\/ z pLY IOV (Olcr, aziy

Joh=i+1

n

V.

J=i+l
n /\/
= 2V Olerdzy
=i+l
To retrieve the SABR parameters, we will as before workout the matching of the
quadratic variation
d<¥m™ >,
Yn,i
t

VY (t)>dt

D Vi@Vt

Joh=i+1

In another hand, we have thanks to (1)
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1
E{(Tn—

}: { z Vl(t)Vh(t)dt]

Jrh=i+l

= E{ 5V OV (O, An,}dt}
Jh=i+l

1 n
= PEHEV IOV ()1 e, gyt
(T,-T)) /;H.[ h {t 1

Ti

- LS (T e ool

n Tj/\
:ﬁ P A OO

J.h=i+1
1 Lo ePinvim(TinGi) _q
= pEVIOWh(0) ———m8
(T,-T;) j;‘il ! PjnViVi

eV (T=T)

-1
lim,—o V2 (0)| — |=lim,;_,
0 ()|:V2(T;1_7;):| 1,...,vi =0

> o V/(o)V"(o)[eij(W) _lj
Pi, -
(T" T) Joh=i+1 ' / /

Pj.nViVh

T/\ThT

Z PV OV O= 1

J,h=i+l

T,—T
V7 (0) = 2 yi oy (0) 0T =T
= sV OO T

Joh=i+1

To retrieve a vol of vol proxy v

dv? =d{ \/ z p‘/Z,th(t)Vh(t)J

Jrh=1+1

J.h=t+1

=2VY [ Z Pz, V/(t)Vh(t)]+ .t

-— [Z LV IOV (Ot o ]+ di

Jyh=i+l
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l n

= 5 v z pJZ,hd(V/(I)Vh(t)l{t<Tj/\T}y})+dt
v J h=i+1
1 n , ) h
=30 Z pEV IOV @) [v;dW; +vidWy |y, gy + - dt
Jrh=i+1

n ~j ~h
=y Z Vet aty P2V OV (0)v;dW; +..dt

Joh=i+1
n .
d<V?>=rr 1 z Zﬁ"tl?htﬁktﬁlt vt
t {1<T; AT AT AT} PPl OV @V @V Ovipj
ok I=i+1
=2

By using a classical freezing method, we can deduce this two following proxies for v:

n ~j ~h ~k Al
V:\/ z 1{t<T//\Th/\Tk/\T[}pihka,IV OV 0y, ¥ (0)V (0)vip;

Johk I=i+1

n _ _ _ T ATy AT, AT T,
DI A A O O O O e
JohokeI=i+1 T
y =N T: AT, —T;
o= 2 plaplal OO0
J.h=i+1 w—1;

Vo is a proxy from our first computation of the quadratic variation of the variance. Given
v, we want to be able to approximate p

d<V¥,dZ >=<V" z Vet agy P2V (OV" (t)v,dW,,ZVI (OlgyerydZ} >

Joh=i+l j=l1
n

=V g anamp P2V OV (O 7 ()1 7 dt
JohI=i+l

= pV'vdt

Therefore, we can deduce p as function of ours proxies for ¥/ and v:

y n 7 ~J ~h 4’\1 zw T/’/\Th/\Tl
. W2 i Pl O @)V @ =0t
- " T AT -T,
Y Z oV i (o)Lt T
o Zj,h:mpﬁ"pf”'V 070 T,-T,

Z Johl=i+l plzh viow" (0)v; v (0)1{1<Tj ATy ATH} pi}W

- n ~Jj ~h
D phnh O (0)

Jjoh=i+l

In order to use our derivation adequately, we want to consider the following payoff
representation in case of Libor market model:
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1(T,) wi _T " JTs ' - n-i 1(7,)
N{w[l(ﬂ)(Hk) HFM(H(S L‘,)j }—(Hk) N|:W(1(E)

1 1Y
P(T,-—Tn)(1+k)""']
_ N {w[a’(mmp(z,m—KH

I(T})
a=1
1
aenT
N'=(1+k)y" N

We have a basket option between a forward bond and an inflation forward ratio.

Moment matching
Considering an option with the following payoff

(aAr, + BBy, —K)"

Basket: op> 0

We define S the process lognormal representing the basket as follows.
S, =(a4,+ BB,)
ds, =S, (a5dw,)
S, =§
and we retrieve by matching the two first moments
EtTO” [STH ] =5
= ok [ 4, ]+ BE; [Br, ]
=04, + BB,

2
o {E (o, +m]}
o> = In
T;,—to S2

ED [(ads, + BB,) | = 0B [ 42 ]+ BED [ B [+ 20PED [By, AT, ]

3 (1 (7~ A7~
=2 42" 0) 1 B2 B2 o5 (1) 4 20 BB, A, eoanP(Ti=t0)

For our purposes, we will consider a freezing method to have o3 the vol of the bond and
the SABR lognormal volatility at strike adjusted by the forward of the bond. The major
issue is to approximate the p parameter.
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Zn , N Lol .
J Jon z t oj
_ < j=z‘+1V (t)dzt ’ j=i"+1 1+5L{ dwr’ >

p= :
n* 5L/0-t”/ i n . i
\/< > _ AW ><ZFM Vi()dzi" >

J= 4 8L

Spread: of < 0

The potential negativity of the spread push us to consider a three moments matching. We
define C a lognormal process and a constant process D;:

S, =(ad4 + fBB,)

S, =C,+ D,
dc, =C, (o2aw;)
G, =c
V>0,
Dt=d<0

And, we retrieve the missing parameters by matching the three first moments
El Sy, |=c+d
=aBy [ 45, |+ BE; [Br, ]
=4, + BB,
Ej [S% ] = c2e7” i0) 4 2¢d + d?
EX | (a4 +BB,) |=02El [ 42 |+ B2ED [ B2 1+ 20BE" By, AT, ]
i\ (ady, + BB,)" |= 0 E]: [ATJ+ﬂ ; [ T”]+ afE]" By, AT,
— azAtz 71 (Ti—t0) +ﬂ23;2 &5 (Tu—0) +20a3B, AtOeHAHBﬁ(Tn—lo)
0 0
EtTo [S;ﬂ ] = 330 (1=0) 4 320 (Ti=00) 4 20d? + 3
3
B (ot +p5.) | = a8 [4 ]+ 58 [} ]
+302 BE By, B [ 42 |+30°E]: | B} |EV [4r, ]
= o3 A3 37 (Th—10) +ﬂ3B3 303 (Ti—to)
to to
+36¥2ﬂA§J B, ea(Ti=T) 204057 (Ty—t0)
+3a,BZAt0 Bt?) e”ff(T” —to)e—ZJAo,gf)(Tn —to)
For our purposes, we will consider a freezing method to have o the vol of the discrete

bank account and the SABR lognormal volatility at strike adjusted by the forward of the
Bond. The major issue is to approximate the p parameter.
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n . . n* 5UO_r,j .
S = r,
< Zj:iﬂ Vi0dz; ’Zj:m 1+0L/ awrs >
p= _
n O6Lia]’ L n ) i
\/< Z dwJ ><Z:j:i+1 Vi(dz)" >

J=i+1 14+ 6L

Integration
EP [ady, + BBy, K| =ED [ads, + BBy, — K|By, ()]
:rwBS(I?,Tn ~Ti; A, 1#,54) fagw) dw

2
B 1T roBw

K =K-fbe 2
g* =03 (1-p?)

04 =05k (K)
2 A2
2 _|_04 o
=|—+oypw+— (T, - T,
u [ S ToapwE = }( )
The key point is that conditioned to the w” value 4 is still a lognormal process.

Normal proxy

We convert the lognormal volatility to a normal one. Then, we can leave the correlation
as a freedom for the broker to feet the market or calibrate it. We consider two processes

A and B Gaussians:

A =Ep [4,]

dA, =6 ,dWA
By = El By, ]
dB, = GpdW,?

Therefore, the spread S, is Gaussian as well with:
S, =ad + pB,
50 = ax"io + ﬂg()
63 =[a?6% + P26} +2pG 465 |
The normal volatility is such that it match the actual lognormal price around the strike

adjusted.

BS(T,K"; x,aX)=Bachelier(T,KX;x,6X)
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In our case, the strike adjusted is for 4:K4 =K —Etro” [BBr,] and respectively for

B:K?=K- E; [aAr, ]. As areminder we derive the Bachelier option price formula:

Bachelier(T,K; x,0 ) = P(0,T) (x— K)N(d) - oxT§(d) |
x—K

UXﬁ

with ¢ the density of a normal 0, 1.

d:

Zero coupon dynamic and discrete bank account LMM and under the QOr,
forward measure

.. " 1
By definition of a zero coupon P(7;,T,) = I I . 'm
J=i + + o
J

" 1
j=it+ (1 + 5./‘sz‘_ )

n* ]
1+6/L;

J=i*+1

ap(1.7,)=] ]

=P(7;3Tn)|:

10T L 1408 L

. N ofefL
Lo/ [dWw _ Z 1+5"L]; p_;’,(dtﬂ

k=j+1

1 & 6'0/L; o*okL,
+E z J J p;,kdt]

- 5
=P(TL;,T, - .

( ) Z 1+67L;

| j=i +1 /

+P(T;,T,)| 5 : :

_2 ’J_zi*+11+5«/Lj 1+0° Ly

1 & 0ldiL; otokL,
P at
k

i j n JISIL.
=P(T;,T,) E 5—1_L,-0'de’ﬂf _,_l E (U—_I)dt
LS T 2 & (1+07Ly)
| k,j=i +1 J=i+l J

I o/d/L; o*o*L; |
+P(TLT)|2 D, A+07L; 1465, Piacl

| i"+I<j<ksn

By definition of a zero coupon BA(T;,T,) = H’;:i*ﬂ A+0/ L‘j-)
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dBA(E’T”):Hj‘:i +1(1+5jLi)
n 5/’
=BA(T,.T, Sy
( ){z 1+6/L;
Jj=i +1 /
ISIL. o*S*L.
N Z o '1‘7 k‘]/”,j,kdt
i+1£j<k§nl+6ij G
S 57 ) ) N ofo* Ly
= BA(T,.T,) L | W - Prat
_«i;rll-{_éjl'f k=zj;11+5kL" J
r iSI L, kékL.
+BA(T,,T,)| + A B Pt
L i*+1sj<kSn*1+5ij 1+0% Ly
BA(T.T )_ "Z S5/ L.o/dwri
= isdn 1 0 ,
j=it+1 1+97L; '

Correlation

In order to correlate our multi factor framework, we propose correlation matrix
parametrisation:

n
d<WF Wl >= d{n,»nj Z CinCjiPr +ﬁf/}

h,l=1
d<Z;,Z;>= pfdt

d <VV[F’Z_]‘ >= dt[niZc,-,;pilJ

I=1

n*
— z
n, = |1+ E ChICk 1P
1h=1

e Model 0:
plj = pe (1= po) e/
p" = pL(1=pL)e =
e Model 1:
plZ,j = pm +e_i‘i_j|
pF = pb +e -l
e  Model 2:
pZ; = pue il

=F — o F ,—ii—j
pl = pee li=Jl|
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Results Monte Carlo benchmarking

We compare a Monte Carlo routine (path 3,000, steps 300 and 95% for the confidence
interval) to our proxy:

Product Monte Carlo LMM-SABR

(tenor x maturity, strike) (price, upper, lower) (first proxy, second proxy)
(3 x3,0.9%) (21.173%, 21.684%, 20.662%) (22.833%, 22.854%)
(1x5,0.9%) (43.052%, 43.798%, 42.307%) (42.733%, 42.743%)

(4 x2,0.9%) (13.761%, 14.150%, 13.761%) (13.464%, 13.481%)

Note: We consider an identity matrix for our testing (so there is no convexity
adjustment).



