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Abstract: Contact stiffness plays an important role in braking efficiency, 
braking squeal, and vibration response of brake system. However, randomness 
of manufacturing deviations caused in manufacturing process can lead to 
unsteadiness of the contact stiffness. To investigate the quantitative relationship 
between manufacturing tolerance and fluctuation of the contact stiffness, a 
contact stiffness model of brake disc is established through statistical rough 
contact theory and nonlinear stuck-slipped spring element, and then its 
effectiveness is validated by experimental data. Based on the model, a 
comprehensive analysis of various types of manufacturing deviations is 
conducted. The result shows that both normal and tangential initial contact 
stiffness are weakened by angular deviation and positively associated with 
positional deviation. This paper provides a novel way to reveal the inner 
mechanical relationship between macro-micro topography and initial contact 
stiffness of brake disc, which is significant for guiding tolerance design and 
performance optimisation of the brake system.  

Keywords: manufacturing deviation; brake disc; rough interface; contact 
stiffness; normal contact; microscopic topography; stuck-slipped behaviour. 
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1 Introduction 

Disc brake system is widely used in traffic vehicles due to its advantage in heat 
dissipation, light weight, and maintainability. As a core component, the disc brake system 
provides braking force for ensuring the normal operation condition of a whole vehicle 
(Vignati et al., 2021). However, braking process is a highly complex tribological 
phenomenon, potentially leading to various vibration and noise issues (Belhocine and 
Ghazaly, 2016; Belhocine and Abdullah, 2020; Thakre et al., 2022), which directly 
affects braking performance and the surrounding environment. To obtain a good braking 
performance of brake system, comprehensive parameter analysis has been conducted, 
such as the geometrical structure (Pan and Luo, 2024; Tyflopoulos et al., 2021;  
Kim et al., 2022; Stojanovic et al., 2023), the advanced material (Seo et al., 2021; Osenin 
et al., 2023; Sathyamoorthy et al., 2022), and the working condition (Chen et al., 2024; 
Kalhapure and Khairnar, 2021; Ishak et al., 2016; Vasiljevic et al., 2022). Considering 
that braking performance is almost determined by tangential contact behaviour of the 
brake disc, the friction characteristic analysis is regarded as an important foundational 
work in design and development of a brake system and has attracted much attention of 
researchers in the last years.  

The brake system is usually subjected to severe loading conditions and a variety of 
external environments. It is challenging to analyse the friction behaviours of the brake 
component and the vibration noise caused by them. Quan et al. (2020) carried out an 
experiment to investigate the influence of shape parameters on friction noise, and the 
results showed that circular and triangular blocks can produce a low sound pressure. 
Zhang et al. (2024) analysed the stick-slip friction at a low brake speed and the transition 
phenomenon in vibration behaviour as the speed changes. The theoretical results 
indicated that the speed and contact stiffness can affect the stability of the vibration. 
Ehret et al. (2023) considered the deterministic and stochastic characteristics of the 
coefficient of friction and proposed an elaborate modelling method to predict braking 
distances. Yang et al. (2024) established a friction-induced vibration model to present the 
dynamic behaviour of an automotive brake system, and subsequently discussed the 
reliability of the brake system as well as the friction characteristics. Zhu et al. (2023) 
studied brake noise in railway disc under various brake conditions and found that the 
initial braking speed has a significant influence on brake squeal. In light of the  
aforementioned researches, it is clear that friction behaviour is very significant for 
vibration, noise, and braking performance of a brake system.  

Considering that friction primarily involves the interaction of microscopic asperities 
on rough surfaces (Pinto et al., 2021; Xu et al., 2022; Zhang et al., 2022; Yang et al., 
2023), it is necessary to delve into the contact characteristics on the brake system. Lai et 
al. (2020) proposed a finite element model to address the non-uniform contact at different  
 
 



   

 

   

   
 

   

   

 

   

   50 H. Kang et al.    
 

    
 

   

   
 

   

   

 

   

       
 

scales, and the results showed a strong dependency between the real contact area and 
vibration noise frequencies. Sha et al. (2022) considered the elastoplastic deformation of 
microscopic asperities in disc brakes and calculated wear life predications under different 
fractal geometrical parameters. Lee et al. (2013) analysed rough topography parameters 
and contact stiffness, finding that the tangential contact stiffness can affect the stuck-
slipped amplitudes of disc brake. Pan et al. (2021) established a mathematical model of 
the brake system by introducing fractal contact stiffness and discussed the effect of 
fractal dimension and roughness on the nonlinearity of the system. Based on the present 
research, contact response is undoubtedly a crucial factor influencing braking 
performance, especially contact stiffness (Oh et al., 2005; Yoon et al., 2012; Magnier  
et al., 2014; Li et al., 2023). Hence, numerous studies have been conducted to investigate 
the contact stiffness of brake discs under various loading conditions (Ding et al., 2020; 
Ramasami et al., 2015; Yan et al., 2022). 

However, contact stiffness is a complex physical characteristic that is associated with 
elastoplastic deformation, rough topography, and the material property of the contact 
surface. To better reveal the physical mechanism behind contact stiffness, Huang et al. 
(2024) established a contact model through fractal theory and studied the effect of fractal 
roughness on tangential stiffness. They found that a rougher surface tends to decrease the 
tangential stiffness. Pohrt and Popov (2013) studied the normal contact stiffness of a rigid 
indenter with randomly rough interface using the power spectrum method, and 
subsequently discussed the effect of topography wavelength on stiffness. Izmailov and 
Novoselova (2018) investigated the influence of the height distribution function and peak 
radius of asperity on contact stiffness. Gimpl et al. (2022) employed hysteresis loop 
measurements and substructuring techniques to obtain contact stiffness, and discussed the 
advantages and limitations of both methods. Additionally, considerable efforts have been 
made to enhance the effectiveness of theoretical models in presenting actual contact 
stiffness under various loading conditions and application fields (Li et al., 2023; Yu et al., 
2021, 2022; Parel et al., 2020; Gao et al., 2024). 

However, contact surfaces are rough and formed along with random manufacturing 
deviations in actual engineering (Shao et al., 2024; Ma et al., 2021, 2024). As these 
deviations are introduced, the tangential contact response of microscopic asperities 
inevitably changes, causing fluctuations in the slip ratio of the contact interface (Kang  
et al., 2021). In addition, the contact pressure deviates from the nominal design state, 
resulting in increased wear and a shorter service life for the mechanical system (Hjelm  
et al., 2021). Although contact stiffness has been extensively studied through both 
theoretical and experimental approaches, the influence of manufacturing deviations on 
contact stiffness remains unclear. Furthermore, existing contact stiffness models 
primarily focus on rough microscopic topography and neglect the coupling effect of 
macroscopic manufacturing deviations (Huang et al., 2024; Izmailov and Novoselova, 
2018; Li et al., 2023; Yu et al., 2021, 2022; Parel et al., 2020; Gao et al., 2024). 
According to the currently published works, the internal relationship between 
manufacturing precision and discreteness of contact stiffness has not yet been revealed. 
Therefore, it is necessary to fill this gap in knowledge. 

To build a bridge between manufacturing precision and the unsteadiness of contact 
stiffness, this paper attempts to propose a theoretical model to study the influence of 
manufacturing deviations on the initial contact stiffness of a brake disc. First, a normal  
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contact stiffness model is constructed, including elastoplastic deformation of microscopic 
asperities and macroscopic manufacturing deviations. By adopting IWAN model (Chen 
et al., 2024; Li and Zhang, 2024) to characterise the stuck-slipped behaviour of 
microscopic asperities, the tangential contact stiffness model is derived. Subsequently, 
the model is validated using experimental data. Through the theoretical model, the 
fluctuation and distribution of initial contact stiffness caused by manufacturing deviation 
are analysed in detail. The work presented in this paper provides significant guidance for 
manufacturing tolerance design and braking performance optimisation. 

2 Contact modelling with manufacturing deviation 

2.1 Description of manufacturing deviation 

As shown in Figure 1, the disc and pad are the core components for brake system, since 
the friction behaviour between them provides the braking force for the entire vehicle 
(Patil and Khairnar, 2024). However, due to limited manufacturing precision in 
engineering, random geometrical and position deviations are inevitably generated in the 
brake system. To ensure good performance and assembly quality, the geometrical and the 
positional relationship between the brake disc and pad are generally specified to have a 
suitable dimensional and geometrical tolerances in the design phase.  

Figure 1 Assembly structure of the brake system (see online version for colours) 

 

Figure 2 depicts the assembly and tolerance specifications of a typical brake disc and pad. 
The brake disc and pad are defined to be fully fixed and parallel to each other in the 
nominal geometrical and spatial state. The tolerance requirements about geometrical and 
positional precision of the brake disc and pad includes a parallelism tolerance of 
0.01 mm, a perpendicularity tolerance of 0.01 mm, a radial runout tolerance of 0.025 mm, 
and a dimensional tolerance of ±0.01 mm. Specifically, the dimensional tolerance of 
±0.02 mm for the brake pad is defined to restrict the positional deviation of its contact 
surface with respect to the brake disc. The parallelism tolerance of 0.01 mm and  
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perpendicularity tolerance of 0.01 mm are defined to restrict the angular deviation of the 
brake disc. By summing all related tolerance components in the translating and rotational 
directions respectively, the relative allowable geometrical tolerance zone of the contact 
interface can be obtained.  

Figure 2 Tolerance specifications of the typical brake disc and pad: (a) tolerance and assembly 
structure of the floating calliper and (b) tolerance of the brake disc 

(a) 

 

(b)  

To facilitate theoretical modelling, the brake disc is assumed to have no manufacturing 
deviation, and the contact surface of the brake pad has an equivalent tolerance zone T 
with respect to the brake disc, as shown in Figure 3. Sn is the nominal surface, and Sv is 
the actual surface with random manufacturing deviation and allowed to vary randomly in 
the tolerance zone T. Based on small displacement torsor theory (Yang et al., 2023;  
Li et al., 2014), the actual manufacturing deviation of a plane can be characterised by a 
translational torsor δv along thickness direction, a rotational torsor δα along 
circumferential direction, and a rotational torsor δγ along radial direction. Then, δv, δα, 
and δγ can be expressed as 
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max max

max max

2 2
T Tv

T T
b b
T T

L L

δ

δβ

δγ

− ≤ ≤

− ≤ ≤

− ≤ ≤

 (1) 

where Lmax and bmax are the maximum length and height of the brake pad and equal to 
120 mm and 53.5 mm, respectively. T is the equivalent tolerance zone in the thickness 
direction of the brake pad and equal to 0.06 mm. 

Figure 3 Tolerance zone of the brake pad with small displacement torsor (see online version  
for colours) 

 

However, due to random manufacturing deviation, the actual contact state of brake 
interface deviates from the nominal state with the change of pressure distribution and 
tangential slip-stick behaviour. Accordingly, the contact stiffness is influenced, which 
can cause some serious functional problems, such as the braking noise, the reduction or 
lengthening of the brake distance, and the abnormal wear. In order to obtain good braking 
performance in actual engineering application, the contact stiffness of brake disc should 
be evaluated primarily with consideration of the geometrical and positional deviations. 

2.2 Normal contact stiffness modelling 

Contact stiffness depends on the contact behaviours of rough interface. According to GW 
contact theory (Zhao and Chang, 2001; Zhao et al., 2000; Brake, 2012), the general 
contact problem can be characterised by an equivalent rough surface and a rigid flat 
based. For the sake of modelling, several basic theoretical assumptions are made as 
follows: microscopic asperities have the same peak radius with random heights and do 
not interact with each other, and the roughness distribution is isotropic. As illustrated in 
Figure 4, z, ω, and R are the height, normal deformation, and peak radius of an asperity in 
contact, respectively. d0 is the nominal separation distance between the rigid flat and the 
average level of the equivalent rough surface. It should be pointed out that the separation 
distance d is not a constant value and varies as the contact force and manufacturing 
deviation change. According to the description about the manufacturing deviation in 
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Figure 3, actual separation distance d(x,z) can be characterised by the small displacement 
torsors (i.e., δv , δα, δγ) and expressed as  

0( , )d x z d v z xδ δα δγ= − + −  (2) 

When normal contact force f is small, the contacting asperity only produce purely elastic 
deformation. The expression of the elastic contact force fe and pressure pe can be 
formulated by normal deformation ω as follows (Wang et al., 2017)  

1 2
1 2 3 24 4,

3 3e e
Ef ER p

R
ωω

π
⎛ ⎞= = ⎜ ⎟
⎝ ⎠

 (3) 

where Young’s modulus E and Poisson’s ratio ν satisfy ( ) ( )2 2
1 1 2 21 1 1E E Eν ν= − + − , 

and subscript 1 and 2 denote the two rough contact surfaces, respectively. As f increases, 
the asperity gradually comes into fully plastic deformation state, and the end point ω1 for 
the purely elastic deformation is expressed as (Kogut and Etsion, 2002) 

1 2

1 2
KHR
E

πω ⎛ ⎞= ⎜ ⎟
⎝ ⎠

 (4) 

where K is hardness coefficient and defined as K = 0.454 + 0.41ν (Xie et al., 2021; Eriten 
et al., 2011), and H stands for hardness of the softer one between two contacting 
materials. In the fully plastic state, the plastic contact force fp and pressure pp can be 
defined as (Zhao et al., 2000) 

2 ,p pf HR p Hπ ω= =  (5) 

The start point of the plastic deformation ω2 is defined as ω2 = 110ω1 (Kogut and Etsion, 
2002). For the transition phase (ω1 < ω < ω2) between the purely elastic and fully plastic 
phases, the contacting asperity experiences mixed elastoplastic deformation, and the 
contact force fep can be constructed using an interpolation method. In order to obtain a 
smooth and continuous curve at the critical points between different deformation phases, 
elliptic function and logarithmic function are employed here, and fep can be expressed as 
(Kang et al., 2021) 

22
22

2 2
1 2 2

2 3

1 1

2 1 2 1

( )( )
1

( )

1 3 2

ep ep ep

ep

ep

f p a

p C
C p C

a R

ω ω

ω ω ω ωπω
ω ω ω ω

= ×

−−
+ =

−

⎡ ⎤⎛ ⎞ ⎛ ⎞− −
⎢ ⎥= + −⎜ ⎟ ⎜ ⎟− −⎢ ⎥⎝ ⎠ ⎝ ⎠⎣ ⎦

 (6) 

where C1 and C2 are determined by the deformation continuity at the critical point ω1 and 
ω2. pep and aep are the contact pressure and area, respectively.  

Based on equation (3)–(6), the formula of normal contact force f can be constructed in 
the whole deformation process. Considering that asperities are numerous in the rough 
surface, the height z is defined to obey Gaussian distribution as follows 
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2*
* *( ) exp 0.5

2 ss

zz σ σϕ
σπσ

⎛ ⎞⎛ ⎞
⎜ ⎟= − ⎜ ⎟⎜ ⎟⎝ ⎠⎝ ⎠

 (7) 

where σ is standard deviation of the measured profile data, z* = z/σ is dimensionless 
height, η is asperity density, 4 2= 1 3.717 10s βσ σ −×− (Eriten et al., 2011), and β is a 
roughness parameter and defined as β = ησR. η, σ, and R depend on the actual rough 
profile and can be deduced through the spectral moment method (Eriten et al., 2011; Sun 
et al., 2019) as follows 

( )

1 2

1 2

1 2

2
0 0 0 0

2
2 2 2 2

22 2
4 4 44

4 4 2 0

[ ]

[( ) ]

[( ) ]

0.375 , 6 3 ,

c ce

c ce

c cc

e e e e

l E z l l l

l E dz dx l l l

l l ll E d z dx

R l l l lπ η π σ

⎧ = ⎧ = +
⎪ ⎪⎪ = ⇒ = +⎨ ⎨
⎪ ⎪ = +=⎪ ⎩⎩

= = =

 (8) 

where E[ ] is expectation value, l0, l2, and l4 denote different orders of spectral moments. 
c1, c2, and e indicate the two surfaces and the equivalent rough surface, respectively.  

Figure 4 Equivalent contact of the rough interface (see online version for colours) 

 

When d(x,z) is determined, the normal resultant force N can be deduced as follows 

* *
1

*

* *
2

* *
1

* *
2

0.5
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where A is the nominal contact area of the brake disc, and the symbol * indicates the 
normalised variables with respect to σ. From equation (9), it is clear that the normal 
contact resultant force N includes three components: the normal resultant force of 
asperities with elastic deformations, the resultant force with mixed elastoplastic 
deformation, and the force with fully plastic deformation. Based on the established 
normal contact model, the normal contact stiffness kn can be deduced as the ratio of ∆N to 
∆d between the two surfaces, in which ∆N and ∆d represent the fluctuations in N and d, 
respectively. Accordingly, stiffness kn is expressed as 

( )
n

N dk
d

∆=
∆

 (10) 

2.3 Tangential contact stiffness modelling 

Tangential response directly affects braking performance and should be thoroughly 
considered in structural design, performance optimisation, and manufacturing process. 
However, tangential contact is a complex phenomenon, including both stuck contact state 
and the slipped contact state. Compared with normal contact behaviour, characterising 
tangential contact response is more challenging, especially for rough interface coupled 
with macroscopic manufacturing deviations.  

The Jenkins element of the IWAN model is adopted here to present the tangential 
response of contacting asperities, due to its good applicability to the nonlinear 
relationship between displacement and force (Ranjan and Pandey, 2021; Li et al., 2020). 
As shown in Figure 5, the Jenkins element is a nonlinear spring in which the spring force 
Ti increase linearly before stabilising at a constant value as the tangential displacement δ 
increases. Concretely, Ti can be defined as Ti = δk under the small δ. However, Ti will 
reach its critical yield force qi and then remain stable when δ is large enough. Ti – δ 
relationship of the Jenkins element can be expressed as (Chen et al., 2024) 

, 0
( )

,
i

i
i i

k q k
T

q q k
δ δ

δ
δ
≤ ≤⎧

= ⎨ ≥⎩
 (11) 

where k is the uniform stiffness coefficient. Accordingly, the linear deformation phase of 
the Jenkins element can be regarded as the tangential stuck contact of the asperity, while 
the stable phase represents the slipped contact of the asperity. By summing all tangential 
force Ti, the tangential resultant force T of the whole rough interface can be written as 

1 1
( ) F G

j ij i F
T q kδ δ

= = +
= +∑ ∑  (12) 

where F is the number of slipped asperities, and G is total number of contacting 
asperities. It should be pointed out that the critical yield force qi is not constant and 
determined by ω and z of the asperity. When G is large enough, T can be rewritten as 
follows (Li et al., 2020): 

0
( ) ( )d ( )d

k

k
T q q q k q q

δ

δ
δ ρ δ ρ

∞
= +∫ ∫  (13) 

where ρ(q) is the distribution function of the critical force q and directly deduced from 
the normal contact model in equation (19). Obviously, k in equation (13) is an 
undetermined mechanical parameter of the rough surface and difficult to be obtained 
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directly. For this reason, a normalisation method is employed herein to eliminate 
parameter k, and then ρ(q), q, and δ in equation (13) are rewritten as (Segalman, 2005) 

*

* 2 2

=

( ) ( )
q k

k q

δδ
σ
σφ

ρ φ σ ρ

⎧
⎪⎪
⎨ =⎪
⎪ =⎩  (14) 

where φ, δ* and ρ*(φ) are dimensionless variables. Combining equations (14) and (13), T 
can be written as (Li et al., 2020) 

*

*

* * * *

0
( ) ( )d ( )dT

δ

δ
δ φρ φ φ δ ρ φ φ

∞
= +∫ ∫  (15) 

When δ* approaches infinity, the second term will become infinitesimal, and all 
contacting asperities will be in slipped contact, indicating the occurrence of global slip in 
the whole interface. Accordingly, T will increase to its upper limit as  

* *
max 0

( ) ( )dT δ φρ φ φ
∞

= ∫  (16) 

For the global slip of the interface, the tangential force T is assumed to obey Coulomb 
law as 

maxT Nµ=  (17) 

where µ is the friction coefficient. Combining equations (9) and (17), equation (16) can 
be rewritten as  
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Then, ρ*(φ) can be deduced as 
0.5

0.5 * * *
1

* *
* * * * *

1 2
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Substituting equation (18) into equation (15), T can be constructed in a continuous and 
piecewise analytical form as follows: 
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In the presented tangential contact model, rough topography parameters and 
manufacturing deviations are introduced, and the tangential contact response of the 
interface with macro-micro topography can be obtained under a given normal contact 
force. Furthermore, the tangential contact stiffness kt can be deduced from the ratio of the 
fluctuation ∆T of the tangential force T to the change ∆δ of the tangential displacement δ. 
Accordingly, kt can be written as 

( )
t

Tk δ
δ

∆=
∆

 (21) 

Given the above analytical derivations, the normal and tangential contact stiffness models 
with macroscopic deviation and microscopic topography parameters are established. 
Correspondingly, a brief flow chart of the modelling process is given in Figure 6. 

Figure 5 IWAN model on characterising stuck-slipped behaviour (see online version for colours) 
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Figure 6 Flowchart for contact stiffness modelling with macro-micro topographies (see online 
version for colours) 

 

It should be pointed out that the contact stiffness of the brake disc is a resultant stiffness, 
calculated from the resultant normal and tangential contact force of the whole brake disc. 
The geometrical characteristics of the brake disc, namely its circular interface form and 
axisymmetric architecture, are not considered. The focus is mainly on the contact area A 
and macro-micro interface topography of the brake disc. On the other hand, the 
microscopic asperities in the rough interface undergo plastic deformation as the contact 
load is applied. After several applications of external loads, the geometrical parameters of 
the rough interface deviate from the initial topography, which causes the variation in the 
contact stiffness. Obviously, the actual rough topography parameters are not constant and 
vary during the braking process. However, it is difficult to measure the microscopic 
topography at any given time, especially in the working state. For this reason, the 
aforementioned contact stiffness modelling and calculation primarily focus on the initial 
geometrical topography, and the effect of topography variation caused by sliding 
conditions and braking process parameters is not taken into account here. 

2.4 Model validation 

The proposed contact model is validated herein via the comparison of hysteresis loops 
between the theoretical predictions and the experimental results (Eriten et al., 2011). The 
corresponding microscopic geometrical topography parameters and material properties 
are defined: E = 106 GPa, H = 5.825 GPa, ν = 0.24, σ = 2.677 µm, R = 30.14 µm, 
η = 2.91 × 10-4 µm-2, A0 = 170 mm2. By substituting the aforementioned parameters into 
the established contact stiffness model, the theoretical tangential force-displacement 
relationship can be calculated, which is then modified using Masing’s function to 
generate the hysteresis curve. The corresponding Masing’s function is defined as 
(Segalman, 2005). 
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Figure 7 depicts the hysteresis curves of the theoretical stiffness model and experiment 
(Eriten et al., 2011) under different bolt preloads. It can be found that all theoretical 
hysteresis curves of the tangential contact force T show strong agreement with the 
experimental results under N = 234 N, 331 N, 526 N, and 721 N, respectively. Thus, the 
proposed contact model is reliable and can be used in actual contact problem. 

Figure 7 Hysteresis curves obtained from the theoretical and experimental results with different 
bolt preloads: (a) N = 234 N; (b) N = 331 N; (c) N = 526 N and (d) N = 721 N  
(see online version for colours) 

  
(a) (b) 

  
(c) (d) 

 

 

3 Parameter analysis 

3.1 Rough topography parameter 

The brake disc is made of G3500 grey iron with material parameters listed as: 
E = 135 GPa, ν = 0.27, and H = 2.49 GPa. The nominal contact area of the brake disc is 
A = 0.00469 m2. In order to conduct the following theoretical contact analysis, the actual 
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microscopic rough profile of brake disc is scanned using Keyence vk-x3000. In the 
measurement, the maximum height resolution is 0.01 nm, the sampling interval is 
approximately 1.384 µm, and the display resolution in the XY direction is 1 nm. The 
measurement repeatability accuracy in the XY direction is 50 nm. To obtain a 
comprehensive roughness distribution and eliminate the adverse effects caused by 
accidental machining errors, the height fields for three different random contact regions 
are measured, with a uniform sampling area of 1.415 × 1 mm. Figure 8 illustrates the 3D 
microscopic topographies of the rough surface in different samples measured by Keyence 
vk-x3000.  

Figure 8 Microscopic rough topography of the brake disc measured by Keyence vk-x3000  
(see online version for colours) 

 

Considering that the locally heterogeneous distribution of the roughness and accidental 
scratches on the surfaces have a negative impact on characterising microscopic rough 
topography, four two-dimensional profiles for each measured region are extracted, as 
shown in Figure 9. Then, by substituting the height data into equation (8), the rough 
topography parameters are obtained and listed as follows: R = 32.067 µm, σ = 3.034 µm, 
and η = 1.17 × 109/m2. Furthermore, the contact stiffness analysis can be conducted 
through the proposed theoretical model. It should be pointed out that the abovementioned 
parameters are obtained under standard external environments (e.g., atmospheric 
temperature 25°). Although atmospheric temperature, reflection, and humidity may affect 
some parameters in the presented stiffness model, they are not considered here.  

3.2 Effect of the angular deviation 

The manufacturing deviation in the specified tolerance zone can be characterised via the 
translational and rotational torsors in the corresponding tolerance directions. Under the 
rotational torsors, the two contact surfaces have an angular deviation relative to each 
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other, which causes a change in the separation d between the two surfaces, as shown in 
equation (2) and Figure 4. Inevitably, the contact characteristics of the brake disc also 
vary due to the angular deviation. Figure 10 illustrates the normal contact stiffness of the 
brake disc under different angular deviations δα and δγ. 

Figure 9 2D profile data of each measured region (Sample 1) (see online version for colours) 

 

Figure 10 Normal contact stiffness of the brake disc under different angular deviation δα and δγ: 
(a) angular deviation δα and (b) angular deviation δγ (see online version for colours) 

  

(a) (b) 

 

 

It is observed that the normal contact stiffness kn of the brake disc gradually increases 
with the normal force N generated by the hydraulic pressure from the brake calliper. This 
is mainly because, under large normal loads, more microscopic asperities come into 
contact and are more prone to plastic deformation compared to the smaller ones. 
Accordingly, the contact interface undergoes a greater alteration in normal force due to 
the growing number of contacting asperities and a higher degree of plastic deformations. 
Furthermore, it is clear that angular deviation can have a significant impact on kn of the 
brake disc.  

Specifically, as shown in Figure 10, kn decreases as the angular deviation δα and δγ 
increase from 0 to 20 × 10–5 rad. This indicates that angular deviation generated during 
the manufacturing process can weaken the normal contact between brake components 
and reduce braking effectiveness. It is also worth noting that the fluctuation 
Δkn = 1.77 × 109 N/m of kn with angular deviation δγ is larger than the fluctuation 
Δkn = 1.17 × 109 N/m with δα when normal force N = 9 kN. Obviously, the angular 
deviation δγ has the stronger effect on the contact condition of brake disc than angular 
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deviation δα. The main reason is that the length of the contact region (Lmax = 120 mm) is 
greater than its width (bmax = 53.5 mm), and the maximum change ∆d of the separation 
distance d caused by angular deviation δγ is larger than that by the same angular 
deviation δα. The contact region with larger ∆d tends to generate more contacting 
asperities as well as plastic deformation.  

Figure 11 illustrates the tangential contact stiffness kt with different angular deviation. 
It is observed that kt decreases as tangential force T increases. The reason is that the 
contact state of microscopic asperity is mainly in the stuck state for the small tangential 
force and it gradually transitions into the slipped state as the tangential force T increases. 
When T is large enough, the global sliding will occur at the contact interface and kt comes 
to be zero. Similar to normal contact stiffness kn, kt is also affected by the angular 
deviation, since it decreases as δα and δγ increase. Furthermore, it can also be seen that 
the fluctuation ∆kt = 0.044 × 109 N/m of kt caused by δγ is larger than the stiffness 
fluctuation ∆kt = 0.044 × 109 N/m caused by δα when normal contact force N = 1 kN and 
tangential force T = 0.1 kN. It means that the tangential contact stiffness is more 
responsive to changes in angular deviation δγ than δα. The same phenomenon can also be 
observed when subjected to different normal and tangential forces, for example, N = 5 kN 
and T = 0.6 kN.  

Figure 11 Tangential contact stiffness of the brake disc under different angular deviation δα and 
δγ: (a) δα under N = 1 kN; (b) δγ under N = 1 kN; (c) δα under N = 5 kN and (d) δγ 
under N = 5 kN (see online version for colours) 

  
(a) (b) 

 

(c) (d)  
 



   

 

   

   
 

   

   

 

   

   64 H. Kang et al.    
 

    
 

   

   
 

   

   

 

   

       
 

3.3 Effect of the positional deviation 

The contact interface with positional deviation can be regarded as a translation with 
respect to the nominal position. Accordingly, the positional deviation is primarily related 
to brake pedal travel and braking distance during the braking process. In this section, the 
positional deviation is studied to show its influence on the normal and tangential contact 
stiffness for the given nominal separation d.  

Figure 12 illustrates the normal contact stiffness of the brake disc when subjected to 
different positional deviations δv. It shows that the normal stiffness kn decreases 
gradually as the separation d increases. The main reason is that the two contacting 
surfaces separate from each other as d increases, causing the microscopic asperities to 
produce more elastic deformations rather than plastic deformations. Meanwhile, the 
number of contacting asperities decreases as d increases. When d becomes large enough, 
global separation occurs at the contact interface, and kn reaches zero. Besides, it can also 
be seen that kn increases as positional deviation δv changes from –0.6 µm to 0.6 µm. 
When δv is positive value, the actual distance d is smaller than the nominal distance, 
consequently leading to an increase in the number of contacting microscopic asperities 
with plastic deformation. On the contrary, the negative δv leads to a larger distance d and 
reduction in the number of contacting microscopic asperities.  

Figure 12 Normal contact stiffness of the brake disc under different positional deviation δv  
(see online version for colours) 

 

Figure 13 depicts the tangential contact stiffness kt of the brake disc under different 
positional deviations δv when the separation distance d = 9 µm. It is clear that kt 
decreases as the tangential displacement δ increases, and it nearly reaches zero when 
δ = 5 µm, indicating that global slip occurs on the contact interface. Notably, the trend of 
change in kt is similar to that of kn as the positional deviation δv increases from –0.6 µm 
to 0.6 µm. The main reason is that a negative positional deviation δv reduce the number 
of contacting microscopic asperities, causing the asperities to be more prone to elastic 
deformation. As the positional deviation δv decreases, the normal contact force becomes 
smaller, and the contacting asperities tend to exhibit tangential slip, resulting in a small 
tangential force.  



   

 

   

   
 

   

   

 

   

    Contact stiffness modelling and analysis of brake disc 65    
 

    
 

   

   
 

   

   

 

   

       
 

Figure 13 Tangential contact stiffness kt of the brake disc under different positional deviation δv 
when separation distance d = 9 µm (see online version for colours) 

 

From the above results, it is known that the positional deviation can significantly affect 
both the normal and tangential contact stiffness for a given separation distance d. 
Considering that d is primarily related to the brake pedal travel, the positional deviation 
δv can weaken braking effectiveness and alter the brake pedal travel, which is extremely 
detrimental to vehicle safety.  

3.4 Contact stiffness distribution under manufacturing tolerance 

In actual surface, the positional and angular deviations generated during the 
manufacturing process are random within the allowed tolerance zone and usually follow a 
Gaussian distribution. To shed light on the relationship between manufacturing precision 
and the distribution range of contact stiffness, the fluctuations and distribution of contact 
stiffness caused by random manufacturing deviations are calculated. In this section, the 
tolerance zone of the contact interface is defined to be T = 0.06 mm, as shown in  
Figure 3. The positional and angular deviations are randomly produced within the 
tolerance zone T, as described in equation (1). However, the positional deviation δv and 
the angular deviations δα and δr are not independent of each other when considering the 
geometric constraint imposed by the tolerance boundary.  

As illustrated in Figure 14, when the positional deviation δv and angular deviation δα 
reach their maximum, the actual surface will exceed the boundary of the tolerance zone 
T, which does not comply with the tolerance specification. For this reason, in addition to 
equation (1), the deviations δv, δα and δr must also satisfy the following constraint 
relationship 

2 2
T Tv r x zδ δ δα− ≤ + ⋅ − ⋅ ≤  (23) 

To better present the statistical stiffness distribution under the given manufacturing 
tolerance T = 0.06 mm, 2000 samples of the deviations δv, δα, and δr are generated 
randomly, with all deviations meeting the boundary constraint and Gaussian distribution. 
Figure 15 illustrates the distribution of δv, δα, and δr. By substituting the above deviation 
samples into the presented theoretical model, the distribution and fluctuation of the 
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contact stiffness caused by manufacturing tolerance can be obtained, as illustrated in 
Figure 16. It is noted that kt is calculated with a tangential displacement δ = 0.01 μm here 
for numerical analysis. Clearly, the distribution and fluctuation of kt with different δ can 
also be obtained using the presented method. 

Figure 14 Boundary constraint of the tolerance zone (see online version for colours) 

 

Figure 15 Distribution of manufacturing deviation under tolerance zone T: (a) positional deviation 
δv; (b) angular deviation δα and (c) angular deviation δr (see online version for colours) 

   
(a) (b) (c) 

 

 

From Figure 16(a), it is observed that kn and kt are discretely distributed within a range 
that is determined by their respective upper and lower bounds. As normal force N varies 
from 0 kN to 15 kN, the fluctuation ranges of kn and kt gradually increase. Besides, the 
statistical distribution of kn and kt can be obtained when given a specified normal force N. 
Concretely, as shown in Figure 16(b)–(c), the distributions of kn and kt are 
approximatively the normal distribution, and the statistical distribution ranges ±3σ are 
[2.77, 4.49] and [1.29, 3.11], respectively. 

Based on the presented results, the quantitative relationship between manufacturing 
tolerance and the statistical distribution of contact stiffness is established. This paper 
creatively proposes a methodology to bridge the gap between geometrical precision and 
the discrete interval of contact stiffness, which is novel and significant for guiding 
tolerance design and performance analysis of the brake system. However, some 
theoretical assumptions are made in this paper. For example, the geometrical 
simplification of microscopic asperities and the neglect of substrate deformation; the 
height of asperities follows Gaussian distribution; and the actual manufacturing deviation 
deviates linearly from the nominal surface. The above assumptions may adversely affect 
the effectiveness of the presented methodology in characterising the actual contact 
response of the brake disc.  
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Figure 16 Fluctuation and distribution of the contact stiffness caused by manufacturing tolerance 
T: (a) fluctuation range; (b) distribution of stiffness kn for 5.5 kN < N < 6.5 kN and  
(c) distribution of stiffness kt for 8.5 kN < N < 9.5 kN and δ = 0.01 µm (see online 
version for colours) 

 
(a) 

  
(b) (c)  

4 Conclusion 

Contact stiffness is a crucial factor for the braking system, as it is directly related to 
braking efficiency, vibration, and noise. Due to manufacturing precision, the contact 
interface exhibits random macro-micro rough topography, which causes indeterminacy in 
contact stiffness in practical applications. To address this issue, this paper proposes a 
stiffness model to investigate the influence mechanism between macroscopic 
manufacturing deviation and contact stiffness of the brake disc. The model uses  
statistical rough contact theory and the Jenkins spring element to characterise the normal 
and tangential contact behaviour of microscopic asperities, and macroscopic 
manufacturing geometrical deviation is introduced as a linear shape function. 
Furthermore, a comparison is conducted to verify the efficacy of the proposed model. 
The effects of different types of manufacturing deviations are studied, and a quantitative 
relationship between initial contact stiffness and these deviations is established. The main 
conclusions are obtained as below: 

• Compared with angular deviation δα, angular deviation δγ shows a stronger ability to 
reduce the initial contact stiffness and weaken braking effectiveness.  
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• Negative positional deviation δv, regarded as a reduction in the separation distance 
between the two contact surfaces, causes a noticeable increase in both normal and 
tangential contact stiffness. 

• The fluctuation ranges of normal and tangential contact stiffness, caused by specified 
manufacturing tolerances, widen as the normal force increases.  

The presented work provides significant guidance for manufacturing tolerance design. 
Additionally, it can also be used to investigate and diagnose vibration problems caused 
by manufacturing deviations. However, some theoretical assumptions are made in this 
paper, and the braking operation conditions and other mechanical parameters, such as the 
thermomechanical coupling effect, are not considered, which limits the effectiveness of 
the presented model in actual brake system. Therefore, more efforts should be made to 
improve this stiffness model in the future.  
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Nomenclature 

Sn Nominal surface with no deviation T Tolerance 
Sv Actual surface with geometrical deviation δα Rotational torsor along 

circumferential direction 
δv Translational torsor along thickness 

direction 
δγ Rotational torsor along radial 

direction 
Lmax Maximum length of brake pad bmax Maximum height of brake pad 
z Height of asperity ω Normal deformation of asperity 
R Peak radius of asperity d0 Nominal separation distance 

between two rough surfaces 
f Contact force of single asperity fe Contact force in elastic phase 
K Hardness coefficient fp Contact force in plastic phase 
C1,C2 Constant coefficient fep Contact force in elastoplastic 

phase 
σ Standard deviation of rough profile η Asperity density 
β Roughness parameter A Nominal contact area 
kn Normal contact stiffness * Normalised variable with respect 

to σ 
N Normal resultant force l0 Zero order of spectral moments 
l2 Second order of spectral moments l4 Fourth order of spectral 

moments 
∆N Increment of normal resultant force ∆d Increment of separation distance 
Ti Force of spring element δ Tangential displacement 
k Uniform stiffness coefficient of spring 

element 
F Number of slipped asperities 

G Total number of contacting asperities qi Critical yield force of asperity 
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φ Dimensionless tangential displacement ρ(q) Distribution function of the 
critical force q 

µ Friction coefficient E Young’s modulus 
T Tangential resultant force kt Tangential contact stiffness 
∆T Increment of tangential force ∆δ Increment of tangential 

displacement 

 


