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Abstract: This study presents a new hybrid Multi-Criteria Decision Analysis
(MCDA) model for the full ranking of Decision-Making Units (DMUs) with
multiple inputs and outputs. The Best-Worst Method (BWM) is used to rank
the units, and the Charnes-Cooper-Rhodes (CCR) Data Envelopment Analysis
(DEA) model is utilised to construct the pairwise comparison vector. The unit
with the lowest efficiency is identified and compared with other units using
DEA for each pair of units. Similarly, the unit with the highest efficiency is
identified next and compared with the different units. A linear programming
problem is formulated and solved to find the optimal weight of the units and
rank them. The pairwise comparisons in the proposed BWM-DEA method are
highly consistent because of the objective evaluation process. The proposed
method has several advantages, including fewer and more consistent
comparisons, leading to more reliable results than similar ranking methods
in DEA.
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1 Introduction

Data Envelopment Analysis (DEA) is a mathematical optimisation method for measuring
the performance of a group of similar Decision-Making Units (DMUs) by solving linear
programming problems. DEA models measure the relative efficiency of a group of
DMUs that use multiple inputs to produce multiple outputs. Given the lack of necessity
to find universal relationships among all the DMUs, DEA can be used as a decision
analysis tool in a variety of fields, including economics (Afsharian and Ahn, 2017;
Omrani et al., 2022), engineering (Huang et al., 2021a, 2021b), banking (Afsharian and
Ahn, 2014; Ben Lahouel et al., 2022), insurance industry (Banker et al., 2022), fashion
industry (Pourhejazy et al., 2022), manufacturing (Hahn et al., 2021), energy sector
(Alizadeh et al., 2020; Costa et al., 2022), transportation (Saen et al., 2022), education
(Le et al., 2021; Agasisti et al., 2022), environmental management (Bronner et al., 2022;
Wau et al., 2024), network design (Afsharian, 2021; Boloori et al., 2016) and agriculture
(Yang et al., 2022). Instead, DEA allows each unit to have its production function and
compares the efficiency of each unit to the efficiency of all other units in the data set to
measure its efficiency. Because it does not make functional assumptions on the
considered factors or the underlying process, DEA can handle intricate relationships
between inputs and outputs of varying types of units (Charnes et al., 1997).

Charnes et al. (1979) proposed the original DEA model. The production possibility
set in this model, Charnes, Cooper and (CCR) is defined based on the assumption of
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constant returns to scale. Banker et al. (1984) proposed its generalisation. The BCC
model Banker, Charnes and Cooper developed considers variable returns to scale. For the
most useful results, decision-makers must consider whether applying the DEA model
assumes constant or variable returns to scale. Units expressing the efficient frontier
according to the CCR or BCC models receive an efficiency score of 1. The efficiency of
a unit is understood such that there is no unit or a set of units that would achieve greater
efficiency in the best possible scenario. A score of one is assigned to all efficient units,
while it is below 1 for the inefficient ones. While inefficient DMUs can be ranked using
the efficiency score, efficient DMUs cannot be ranked since they all have the same
maximum efficiency score (Zahedi-Seresht et al., 2021). Specifically, DEA divides units
into the efficient category with a score of 100% and the inefficient category with less
than 100%.

Decision-Makers (DMs) often consider the dichotomic classification performed with
DEA to be insufficient due to poor discriminating power since efficient units cannot be
compared with each other due to the same efficiency score. DMs want to rank all units
under evaluation rather than only label data as efficient or inefficient. A modified
approach is needed to rank all DMUs to get around the discriminatory flaw of DEA.
Several solutions have been suggested throughout the years to increase the DEA’s
discriminatory power (Wang, 2020). This problem has been widely studied by DEA
researchers, as a result of which several techniques based on different approaches have
been introduced. All DEA ranking techniques attempt to rank the DMUs from the best to
worst, but they are based on various principles.

This study aimed to propose a new method for ranking decision-making units with
multiple inputs and outputs, in which the concepts of BWM (Rezaei, 2015) are used for
pairwise comparisons of units.

The main contribution of this paper is a new DEA ranking method that, different
from existing MCDA-based methods like AHP-DEA, derives the ranking of DMUs
based on pairwise comparisons in a novel way. This paper shows that the proposed
approach uses less comparison data than other MCDA-based methods, leading to more
reliable results compatible with DEA classification. The proposed method is simple
enough, easy to use and especially useful for real-world problems with many DMUs.
Pairwise comparisons in this method are highly consistent because the data is non-
subjective, which means that the comparison vector is derived mathematically from the
input/output data and is not based on the subjective evaluation of a decision maker. The
proposed model eliminates the subjective evaluation of BWM and overcomes the
inefficiency of DEA ranking.

The remainder of this paper is organised as follows. Section 2 summarises the
research conducted on ranking DMUs and discusses some ranking methods that can be
used in the context of DEA. Section 3 presents the mathematical details of the proposed
model for ranking DMUs with multiple inputs and/or outputs. Section 4 includes some
numerical examples of the proposed method and Section 5 presents result and the last
Section 6 concludes and suggests some directions for future research.

2 Literature review
Since its introduction in 1978, the field of DEA has seen an explosion of publications and

research, leading to significant developments in its methodology and models. In this
development, a research subfield is focused on increasing the DEA’s discriminatory
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power by improving its ability to fully rank units in each data set studied. As shown by
the papers published by Aldamak and Zolfaghari (2017) and Labijak-Kowalska and
Kadzinski (2021), there are different approaches for ranking all units, which can be
categorised into several main groups. Since the purpose of this study is not to provide a
comprehensive overview of all of these approaches, apart from discussing the
mathematical background, the most common approaches will be described in the
following (for more details, refer to the cited references above).

The cross-efficiency evaluation, proposed by Sexton et al. (1986), is the most well-
known ranking method used in the context of DEA (Zhu et al., 2021). It uses peer
evaluation rather than pure self-evaluation to evaluate efficiency. Cross-evaluation
eliminates unrealistic weight schemes without asking the DMs to provide a set of weight
preferences (Tavana et al., 2021; Abolghasem et al., 2019). Despite its benefits, DEA
cross-efficiency evaluation still has a major drawback related to the non-uniqueness of
the optimal weights for each unit (Shi et al., 2019).

The second group of ranking methods uses the concept of super-efficiency, where the
main idea is to evaluate the unit under evaluation over the linear combination of all other
units (Andersen and Petersen, 1993). Although the super-efficiency approach is widely
used in DEA due to its ability to identify outlying units and provide sensitivity analysis,
its main drawback is the issue of infeasibility for specific units (Lin et al., 2019).

The third group of methods is based on post-statistical analysis, where a common
weight is found and then used as a reference value for ranking all units. In this approach,
decision-maker participation is high, and several works have been suggested
in the literature to ensure that the criteria used by DMs remain unbiased (Hatami-Marbini
etal., 2015).

The fourth group of methodologies is based on benchmarking units concerning their
usefulness compared to other DMUs. It determines the relative importance of efficient
DMUs concerning their role as references for inefficient units (Torgersen et al., 1996).
In other words, it evaluates how frequently efficient DMUs are used to refer to
inefficient DMUs. This approach is also broadly applied in DEA due to its simplicity
(Kriiger, 2018).

The fifth group is based on approaches that rank inefficient units. Since the standard
DEA score for inefficient units is sufficient to rank them based on their scores, most
existing methods do not seek to rank inefficient DMUs. In this regard, Bardhan et al.
(1996) introduced a method to rank inefficient units. They ranked units according to a
criterion known as efficiency dominance, which considers the input and output values of
each DMU.

The sixth group includes complex methods for ranking all efficient units via MCDM
modelling. There are many MCDM papers in the field of DEA, but relatively few
have focused on examining the discriminatory power of DEA models (Sinuany-Stern
et al., 2000).

The seventh group involves introducing one or multiple virtual DMUs to the data set.
This concept was first introduced by Wang and Luo (2006) when they suggested a pair of
virtual DMUs, namely an ideal Decision-Making Unit (IDMU) and an Anti-ideal
Decision-Making Unit (ADMU). IDMU consumes the lowest inputs and produces the
maximum outputs, while ADMU consumes the maximum inputs to produce the
minimum outputs (Kritikos, 2017). Table 1 presents some strengths and weaknesses of
the main ranking methods.
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Table 1

Main advantages and disadvantages of the main ranking methods

Method

Advantages

Disadvantages

Cross-efficiency

Peer and unbiased self-
evaluation.

Multiple weight vectors were
considered.

Neglects actual score.

A limited set of common weights.

Super-efficiency

Detecting outliers.
Simplicity.

Efficiency scores greater than
100%.

Occasional infeasible results.

Ranks only efficient units.

Statistical-based methods

Ranks all units.
Detect fitting errors.

The common basis for the
comparison of units.

Occasional infeasible results.

Inefficient units can be ranked at
the top.

Complex application.

Benchmarking Simple and direct application. Ranks only efficient units.
Investigates the impact of
efficient units on the inefficient
ones.

Inefficient DMUs Detects worse units. Ranks only inefficient units.

MCDA-based methods

Full ranking.

Incorporates DMUs’ cross-
efficiency comparisons.

Inefficient units can be ranked at
the top.

Complex methodology.

Virtual DMU

Full ranking.
Simplicity and flexibility.

Changes the original set of
DMUs.

As mentioned, each method has its limitations, and none of these approaches provides a
perfect model for the complete ranking of units in the context of DEA. In this paper, to
make another attempt to fully rank units, a new hybrid model is developed that combines
BWM and DEA as two popular and widely used methods to overcome their limitations
while taking advantage of each. Many works in the literature have used BWM in the
context of DEA, as presented in Table 2.

Table 2 Research works on the use of BWM in the DEA context
Reference Methodology The reason for using BWM
(Chen et al., 2022) BWM, DEA To determine the weights of criteria

Trapezoidal Interval Type-2 Fuzzy
(TrIT2F)

and decision-makers.

(Eskandari BWM, DEA To calculate the significance of
etal., 2022) Strength-Weakness-Opportunity- each sub-indicator.
Threat (SWOT) Analysis
(Mobarezkhoo et al., BWM, DEA To determine the suitable location
2022) Combinative Distance-Based for constructing blloreﬁnery based
Assessment (CODAS) on economic, social, and

environmental criteria.
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Table 2 Research works on the use of BWM in the DEA context (continued)

Reference Methodology

The reason for using BWM

(Jabbari et al., 2022) BWM, DEA

Decision support system (DSS)

To find the final outputs.

(Azizi et al., 2022) BWM, DEA

SWOT Analysis

To determine the relative
importance of Resilience
engineering indicators.

(Chetan et al., 2022) BWM, DEA

To determine the weights of the
criteria.

(Samieinasab et al., BWM, DEA

2022) SWOT Analysis

To determine the relative
importance of each indicator.

(Omrani et al., 2021b) BWM, Robust DEA (RDEA)

To incorporate the DMs’
preferences into the RDEA model.

(Huang et al., 2021a)  Fuzzy BWM, DEA

To calculate the weight values for
each input and output indicator.

(Wang et al., 2021) Fuzzy BWM, DEA

To determine the weights of the
criteria.

(Omrani et al., 2021a) BWM, Robust Credibility DEA

(RCDEA)

To incorporate the DMs’ judgment
into the RCDEA model.

(Mei and Chen, 2021)  Rough-fuzzy BWM
Rough-fuzzy DEA

To determine the relative weights of
sustainability criteria.

(Qin et al., 2021) BWM, DEA

To restrict weights of different
criteria with decision-maker’s
preferences and judgments.

(Omrani et al., 2020b) BWM, DEA -based Road Safety

(DEA-RS)

To incorporate DMs’ preferences
into the decision-making process
and overcome the weight flexibility
shortcoming of the DEA-RS model.

(Chen and Ming, 2020) Rough-fuzzy BWM
Rough-fuzzy DEA

To determine the weights of
evaluation criteria.

(Fan et al., 2020) BWM, DEA, Technique for Order
of Preference by Similarity to Ideal
Solution (TOPSIS)

To solve the shortcomings of the
final result of the TOPSIS method.

(Kolagar et al., 2020)  Fuzzy BWM, DEA

To determine the weights of
sustainability criteria.

(Omrani et al., 2020a) BWM, Common Weight DEA

(CWDEA)

To consider DMs’ preferences in
DEA.

(Starcevic¢ et al., 2019) BWM, DEA, AHP, FUCOM

To determine the criteria weights
and compare the results with AHP
and DEA.

(Motevali and BWM, DEA

Torabi, 2018) SWOT Analysis

To obtain the weights of sustainable
and resilience indicators.
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As shown in Table 2, many researchers have used BWM in the DEA context in recent
years, but with a main difference compared to the approach proposed in this research. In
the literature, BWM has been applied to incorporate the decision maker’s preferences
into the DEA model to find the weights of inputs and outputs and, generally, to determine
the criteria weights. At the same time, in our research, BWM will be used to rank
the units.

3 The BWM-DEA ranking model

This model integrates the DEA and BWM models, which advances the DEA analysis
beyond the simple classification of efficient or inefficient to a complete ranking by
including some BWM components as a supplementary analysis. BWM uses pairwise
comparisons between criteria/units that the decision maker subjectively evaluates to rank
them. While the pairwise comparison matrix data in the original BWM are subjective
(the decision maker’s preferences), the data of the pairwise comparison matrix in our
proposed model is non-subjective and based on running DEA, according to the
input/output data of each pair of units. This objective approach is more convenient from
the decision-makers’ point of view because it eliminates the burden of evaluating
alternatives subjectively. As a vector-based method, the proposed model requires fewer
comparisons than matrix-based methods like AHP/DEA (Sinuany-Stern et al., 2000),
which reduces the number of comparisons. Hence, there is no need to do many time-
consuming calculations for pairwise comparison of all units.

The new BWM-DEA ranking model identifies the worst DMU (DMU with the
lowest efficiency) first. Pairwise comparisons are conducted between this DMU (worst)
and the other DMUs. The best DMU (DMU with the highest efficiency) is then identified
concerning the obtained vector in the previous step. Pairwise comparisons are also
conducted between this DMU (best) and the others. Finally, a maximin problem is
formulated and solved to determine the ranks of DMU .

3.1 Steps of BWM-DEA

In this section, we describe the steps of BWM-DEA that can be used to rank the units
fully.

Step 1 (Identify the worst unit): In this step, the unit with the lowest efficiency score is
considered as unit, after solving the classical DEA model.

Step 2 (Execute the pairwise comparisons for unit,, ): In this step, four DEA models are
solved for the pairwise comparison of each unit with unit,, , as a result of which a, is

obtained. The obtained Others-to-Worst vector is:

AW = (alW sy se e s Ay )T
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where a, indicates the evaluation of unit; over unit, . Suppose we have n
organisational units. Each unit has m inputs and s outputs, where X, is input i of unit
J and Y, is output » of unit ;. we perform the following DEA runs, assuming that just
unit, and unit,, exist.

Problems WW:

Zurer < 1 (1)
r=1
DYy = 2 V%; S0
r=1 r=1
u,,v, 20
Problems j IV

s
£y = max Sy,
r=1

u,,v;

m
st Zv,.x,.j =1
i=1

s
Suy, <1 2)
r=Il
Zurer - Eyy ZvixiW =0
r=[ i=l
u,v, 20

where £, is the optimal cross-evaluation of unit; and E,, is the optimal efficiency
value of unit,, . Similarly, £, and E, are determined after solving Problems }j and
Jj - Using the results of the paired DEA mentioned above, we then construct the first
pairwise comparison vector required for BWM-DEA, so that for every pair of unit,, and
unit, , we have:

_E,+E,

= 3
. ®)

Step 3 (Identify the best unit): One of the a,, obtained in step 2 belongs to the evaluation
of the best unit over unit,, , and the largest a,, represents this issue. This a, is called

ag, and its j indicates the unit with the highest efficiency. The corresponding unit is
considered as unit, .
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Step 4 (Execute the pairwise comparisons for unit,): In this step, for the pairwise
comparison of unit, with each unit, similar to step 2, four DEA models are solved, as a
result of which «a B is obtained. The obtained Best-to-Others vector is:

AB:(a a a)

B1>™B2>* "> Bn

where a,; indicates the evaluation of unit, over unit,. The following DEA runs are

performed for any pair of units, unit, and unit,.

Problems BB:
s
Epy = max ZuryrB
Vi S0
m
st: Y vx, =1
i=1
s
ZuryrB S 1 (4)
r=1
s >
Z”ry A Z"ixi/ so
r=1 r=1
u,,v, 20

Problems jB:
E; = max Zuryrj
ol
st : Zvixij =1
i=1

Z”r v, <1 (5)
r=I

zuryrB —Epy ZvixiB =0

Lrtjl, vV, 20 -
where E, is the optimal cross-evaluation of unit, and E,, is the optimal efficiency
value of unit,. Similarly, £, and E, are determined after solving Problems Bj and
Jj - Using the results of the paired DEA mentioned above, we then construct the second
pairwise comparison vector required for BWM-DEA so that for every pair of unit, and

unit ,, we have:
0 - Ep + Ey, ©)
B~ T .
TOEy+Ey

Step 5 (Find the optimal weights): The optimal weight for the units is the one where for
each pair of w, /w; and w, /w,, we should have w, /w, =a, and w;,/w, =a, .

To satisfy these conditions for all j, we should determine a solution where the
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. w S
maximum absolute gaps |— — and for all j are minimised. Therefore,

J

J
a,. — —a.
Bj w iw

w

to determine the optimal weights, the constrained optimisation problem can be obtained
as follows:

st:yw =1 (7
w, 2 o,forall j

Equation (7) can be transformed into the following non-linear problem:

miné
st

<¢, forallj

w
B
‘ —dy
j

J
— —da.
Jw

<& forall j (®)

j=1
w; 2 o,forall j

The linear model of the problem (8) is presented as follows (Rezaei, 2016).
miné
st :
|wB - aB/.w/.| <¢, forallj
|w, = a,w, | <& forall j 9)

n

2w =1
j=1
w; 2 o,forall j

The optimal weights (wl*,w;,..., w*) and & are obtained by solving the problem (9).

We give the rank 1 to the DMU with the maximum value of w,, etc., in descending order
of w;. The consistency ratio can be presented using £, There is no inconsistency

because the data in the pairwise comparison vector is non-subjective. A flowchart that
summarises the method is shown in Figure 1.



A full ranking method in data envelopment analysis

Figure 1 Flowchart of the proposed method (see online version for colours)
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Identify the worst unit

-

tixecu‘re the pairwise comparisons for unit;,

Phase 1: Determine
theOthers-to-Worst vector

Ay = (@i, G, oo Q)"

4 Numerical illustrations

Phase 2: Determine theBest-
to-Others vector

Ap = (apy, agy, -, Ag,)

Phase 3: Determine the ranks
of DMUs

- - e = e e = e S Em e S Em e e S Em e e e e e e e e e e e

In this section, we have provided four numerical examples to illustrate the reliability and

applicability of the proposed method.

Example 1: In this example, we consider the numerical example that Sinuany-Stern et al.
(2000) used to introduce the AHP/DEA method. Table 3 shows data, including five units
with two inputs and two outputs. In the last two columns of the table, efficiency scores
are computed by the CCR model, and AHP/DEA ranking is presented. According to the
efficiency scores of the units, the lowest efficiency score is related to unit 3, so unit 3 is
considered as unit,,.

Table 3 Inputs, outputs and efficiency scores
DMUs Inputs Ouiputs CCR score AHP/DEA
i i 0 0, ranks
DMU, 50 55 10 56 1 2-3
DMU, 130 60 12 78 1 2-3
DMU; 68 96 45 9 0.85 4
DMU, 45 30 35 18 1 1
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After the unit with the lowest efficiency score is determined, four DEA models according
to equations (1) and (2) are solved for the pairwise comparison of each unit with unit,, ,

as a result of which a,, is obtained according to equation (3) (see Table 4). Each a,,

indicates the evaluation of unit; over unit,, .

Table 4 Pairwise comparison vector for the worst DMU

DMUs Worst DMU: DMU;
DMU, 1

DMU, 1

DMU, 1.1754

One of the a, obtained in the previous step is related to the evaluation of the unit with
the highest efficiency over unit, . Certainly, the largest number calculated in a,,
indicates this evaluation, which is the same as a,, and its corresponding unit is the unit
with the highest efficiency. After unit, is determined, four DEA models according to
equations (4) and (5) are solved for the pairwise comparison of unit, with each unit, as a

result of which a,; is obtained according to equation (6) (see Table 5).

Table 5 Pairwise comparison vector for the best DMU
DMUs DMU, DMU,
Best DMU: DMU, 1 1

After the pairwise comparison vector for unit, and unit, is determined, using the
obtained 4, and 4, the problem is formulated according to equation (9) as follows:
min&
W, - <&, W, - W, <&
W, 11754 W,| < & | W, —W,| < & #
W, =W, <& W+, + Wy + W, =14
W, W, Wy, W, 2 0

The optimal weights of DMUs are obtained by solving the above problem (see Table 6).
Unit 3 in the DEA classification was inefficient and had the lowest efficiency score,
ranking fourth in the proposed method’s ranking. In the comparison vector 4, , the

largest a,, was related to the evaluation of unit 4, which represented the unit with the
highest efficiency and was considered as unit, . After solving the problem, we see that

unit 4 is ranked first. The ranking of other units is also compatible with the DEA
classification.
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Table 6 Values Wj and final ranks of DMUs

DMUs DMU, DMU, DMUS, DMU,
Wi 0.2500 0.2500 0.2362 0.2638
Rank 2-3 2-3 4 1

This example is solved by the AHP/DEA method in Sinuany-Stern et al. (2000), the
ranking of which is given in Table 3. As can be seen in this simple example, the ranking
is the same in both methods, with the difference that in the proposed method, the ranking
is obtained through a simple process and with only two comparison vectors (without the
need for an n x n pairwise comparison matrix). Obviously, the ranking of the two
methods is not always the same, so in order to better evaluate the proposed method and
compare it with the AHP/DEA, three real-life numerical examples are examined in the
following.

Example 2: In this example, we consider the data set related to five retail store branches
with two inputs (material costs and labour costs) and two outputs (Sales of shoes and
Sales of bags), presented in Table 7. In the last column of this table, the efficiency score
of each DMU is calculated, which shows that units 1, 4 and 5 are efficient and units 2
and 3 are inefficient. The lowest efficiency score is related to unit 2, which is considered
as unit,, .

Table 7 Inputs, outputs, and efficiency scores
Inputs Outputs
DMUs - - CCR score
l b 01 02

DMU;, 408 1545 693 1284 1
DMU, 2949 1068 270 36 0.21
DMU; 1662 1905 597 54 0.34
DMU, 2880 2310 2757 855 1
DMU;s 2541 2679 69 2259 1

Now that unit, is identified, the other units are compared with unit 2 to obtain the
pairwise comparison vector 4, (see Table 8).

Table 8 Pairwise comparison vector for the worst DMU

DMUs Worst DMU: DMU,
DMU;, 1.7744
DMU; 1

DMU, 4.721

DMU:s 1

In the comparison vector 4, , the largest a,, corresponds to unit 4, so unit, is unit 4

and is compared with other units to obtain the pairwise comparison vector A4,
(see Table 9).
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Table 9 Pairwise comparison vector for the best DMU
DMUs DMU, DMU, DMU;5
Best DMU: DMU;, 1 2.665 1

Now that the comparison vectors A4, and A, are obtained, the problem is formulated
and solved as follows to obtain the optimal weights of DMUs (see Table 10).

min &

W, —1*mw| <&, W, —4721%W,| < &

W, =2.665*W,| <&, W, —1*W,| <&, W, -1.774*W,| < &
W, =1 W, | <& WS —1X¥W,| <&, W+ Wy + Wy + W, + W, =1 4
W Wy, Wy, W, Wy 20

Unit 2 had the lowest efficiency score in the DEA ranking, ranked 5th here. In the
calculations of the proposed method, it was found that unit 4 is the most efficient, which
is also assigned the 1st rank. The ranking of other units is also compatible with the ranks
of the DEA efficiency score.

Table 10  Values 7 and final ranks of DMUs

DMUs DMU, DMU, DMU; DMU, DMU
wj 0.2619 0. 0869 0. 1539 0.3024 0. 1946
Rank 2 5 4 1 3

Example 3: In this example, the data of six private banks in Shiraz are considered. These
banks consume three inputs (number of employees, assets, and equity) to produce three
outputs (interest income, deposits and loans), which are presented in Table 11. Each
unit’s efficiency scores were calculated, showing that units 1, 2 and 6 are efficient and
units 3, 4 and 5 are inefficient. Among the inefficient units, the lowest efficiency score is
related to unit 3, which is considered as unit,, .

Table 11  Inputs, outputs and efficiency scores

Inputs Outputs
DMUs - - - CCR score
I 2] 13 0] 02 03

DMU;, 10 3000 3000 84 160 160 1
DMU, 14 9000 3200 94 192 177 1
DMU; 24 8000 6000 64 170 150 0.492
DMU, 22 7000 5000 88 150 169 0.618
DMU:; 30 12000 3600 50 170 151 0.719
DMUg 18 6000 2400 92 190 140 1

After identifying unit, , we compare other units with it to obtain the pairwise

comparison vector A4, (see Table 12).
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Table 12 Pairwise comparison vector for the worst DMU

DMUs Worst DMU: DMU;
DMU; 1.8822
DMU, 1.0039
DMU, 1

DMU;s 1

DMUg¢ 1.2444

The largest member in the comparison vector 4, corresponds to the evaluation of Unit 1

over Unit 3, indicating that Unit 1 is the most efficient unit. Unit 1 is then compared with
other units to obtain the pairwise comparison vector 4, (see Table 13).

Table 13  Pairwise comparison vector for the best DMU

DMUs DMU, DMU, DMU;s DMUj

Best DMU: DMU, 1 1.5778 1.1294 1

After obtaining the comparison vectors 4, and A4, , to determine the ranks of DMU,
the problem is formulated and solved as follows (Table 14).

min &

W —w,| <&, W, —1.8822%W,| <&

W, —1.5778*W,| < & , [W, —1.1294 *W,| < & #

W =W <&, W, —1.0039*W,| <&, W, —W,| <& #

W, =W, | <&, W, 128445 W, | < &, W, + W, + W, + W, + W, + W, =14
W Wy W, W, W, W 2.0

Table 14  Values ¥} and final ranks of DMUs

DMUs DMU, DMU, DMU, DMU, DMU; DMUj
/4] 0.2009 0.1639 0.1264 0.1508 0.1634 0.1943
Rank 1 3 6 5 4 2

The lowest efficiency score in the DEA ranking was related to unit 3, ranked 6th in the
proposed method. The highest efficiency was related to unit 1, also ranked first here. The
ranking of other units is also compatible with the DEA classification.

Example 4: In this example, we consider 12 insurance agencies with four inputs,
including fixed asset value, operating expenses, number of employees, and liquid
investment, and three outputs, including profits, total investment income and premium
issued. The data for these insurance agencies can be seen in Table 15.
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Table 15  Inputs, outputs, and efficiency scores

Inputs Outputs
DMUs - CCR score

i i 01 02 03

ey
=

DMU, 50 40
DMU, 90 110
DMU; 70 150
DMU, 80 32
DMUs 20 26

12 266272 2350694 1769432 0.841
12 1090210 7833828 5498064 1

10 306634 2612282 1713094 0.323
12 185210 1791798 538784 0.377
12 165682 1054108 227732 0.374

~ b N BB A A AN D
—
\S]

DMUg 24 24 293106 2641014 1203338 0.996
DMU, 60 140 12 2384294 15203492 6355946 1

DMUg 70 50 12 342544 2046518 536072 0.402
DMUy, 70 36 12 539142 5972550 2045520 1

DMU; 40 42 12 285110 2047866 773902 0.408
DMU;y, 30 38 12 178596 2272850 1596948 0.847
DMU,, 40 32 10 100462 1344182 84370 0.301

The CCR model computes efficiency scores in the last column of Table 15. It can be seen
that the lowest efficiency score is related to unit 12, so this unit is considered as unit,, .

In the next step, other units are compared with this unit, as a result of which the pairwise
comparison vector A4, is obtained (see Table 16).

Table 16  Pairwise comparison vector for the worst DMU

DMUs Worst DMU: DMU,,
DMU, 1.4
DMU, 2.59
DMU; 1.1
DMU, 1
DMUs 1
DMUg 1.639
DMU;, 7.575
DMUg 1
DMUy 2.544
DMU, 1.016

DMU,; 1.41
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The largest member of the vector 4,, indicates the evaluation of the unit with the highest
efficiency over unit,, . As can be seen, a,,, = 7.575 is the largest member of this vector,

which shows that unit 7 is the most efficient unit. Therefore, unit 7 is considered as
unit, and is compared with other units to obtain the pairwise comparison vector Ag

(Table 17).

Table 17  Pairwise comparison vector for the best DMU

DMUs DMU, DMU, DMU; DMU, DMUs DMUs DMUy DMU, DMU,, DMU,, DMU},

Best DMU:
DMU;,

1.449 1 1 1.941 2.673 1 1426 1 2.232  1.038 7.575

Now that the comparison vectors 4, and A4, are obtained, the problem is formulated

and solved as follows to obtain 7, (see Table 18):
min &
(W, —1.449* W, | < & | W, —=W,| <&, |W, —W,|< &
W, =1.941%W,| < & | |W, = 2.6T3*W,| < &, |W, - W,| < & #

W, —1.426*W,| < £,

W, -W|<¢

W, —2.232%W,| < &
W, —1.038*W,, | < &, |W, = 1.575*W,,| < &, W, —14*W,| < £ #

|W2_2'59*W12|S§ ’ |I/V3_1'1*I/Vl2|£§ ’ |W:t_W12|S§ >

VVS_VVIZ|S§
W, —1.639%W,| <&, |W-W, <&, W, -2584W,|<E
W, —1.016*W,,| < &

W, —1.41%W,| < &

Wi+ Wy + Wy + Wy + W + W + Wy + Wy + Wy + Wy + W, + W), =1
W W W W, W, Wo Wy Wo s Wag, Wy s Wy 210

In the DEA efficiency score ranks, unit 12 had the lowest efficiency, which is also ranked
last in the proposed method. In addition, the evaluation of unit 7 over unit 12 was larger
than others and was considered as unit, which is also ranked first here. The ranking of

other units also has acceptable match with the DEA ranking.
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Values Wj and final ranks of DMUs

Table 18
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5 Results and comparisons

Four illustrative examples are employed to verify the applicability of the proposed
method and for all four examples, ranking was also done by AHP/DEA to compare the
results (see Table 19). In this table, the DEA classification (CCR version) is also given so
that the results can be compared with it. In examples 1 and 2, the ranking of the proposed
method is the same as the AHP/DEA, and both methods are perfectly compatible with the
DEA results. In example 3, the ranking of the proposed method was relatively superior to
the AHP/DEA. This means that the ranking of both methods is compatible with the DEA
classification, and inefficient units did not get a higher rank than efficient units. Still, the
proposed method is more compatible with the DEA classification than AHP/DEA
because the ranking order of inefficient units has not changed. In example 4, the ranking
of the proposed method is compatible with the DEA classification, which means that the
inefficient units are not ranked better than the efficient units. However, this compatibility
is not seen in AHP/DEA, and unit 6, which was inefficient, was placed higher than unit
9, which was efficient in the DEA ranking.

Of course, it should be said that the proposed method cannot provide this maximum
compatibility for all problems, but applying this method to different problems showed
that it provides a reasonable and acceptable ranking. In addition, the number of
comparisons is greatly reduced, and a simple process greatly shortens the problem-
solving time. Also, in the proposed method, pairwise comparisons of BWM are used,
which perform better than other methods based on pairwise comparisons, such as AHP,
because they make more consistent comparisons and produce more reliable results. In
AHP/DEA, a large number of pairwise comparison matrix values is 1, which affects the
ranking. Still, since only two comparison vectors are obtained in the proposed method, it
reduces the number of generated 1 s and provides a more accurate ranking. Also, in the
proposed method, the data in the pairwise comparison vector is non-subjective and
derived mathematically, so there is no need to calculate consistency. However, the
consistency ratio for all four problems was tested and was below 0.1.

Although it cannot be said that there is a complete compatibility between
BWM-DEA and DEA, in practice, we found a perfect match for many examples.
However, the goodness of fit between the two models can be tested statistically.
Therefore, the performance of the Spearman rank-order correlation coefficient was
examined for these four examples to measure the compatibility between BWM-DEA and
DEA. In addition, the rank order correlation between AHP/DEA and DEA was also
calculated for comparison, the results of which are shown in Table 20. Spearman’s rank
correlation measures the strength and direction of association between two ranked
variables.
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Results of ranking for three methods: DEA, AHP-DEA and BWM-DEA

Table 19
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Results of ranking for three methods: DEA, AHP-DEA and BWM-DEA (continued)

Table 19

41 9€70°0 4 87500 4! 10€°0 dnna
S 8070 S L£80°0 S 980 "nna
8 6¥L0°0 6 92LO0 L 8070 InNa
€ 01110 14 L880°0 I I Jel (el
ol SPLO0 8 06L0°0 8 010 SnNa
I 8LT1°0 I 79T1°0 I I ‘nina  opduexy
14 96800 € L680°0 4 9660 NN
1 6990°0 1 0TLO0 0l vLEO Hel (el
6 SYLO0 01 12L0°0 6 LLEO "aNa
L 69L0°0 L 0080°0 I €260 fnNa
4 1I1°0 4 8201°0 I I ‘nNa
9 0%80°0 9 2080°0 9 1+8°0 'nNa
syuvt yIa-WmMe 24008 YAA-WMEI syuvt yd-HY 24008 YAA-HV syuvt yadq 24008 YA SNA ajdunxyy




22 M. Tavana, A. Bonyani and T. Karimi

Table 20  Spearman’s correlation coefficients

AHP/DEA & DEA BWM-DEA & DEA
Example 1 0.775 0.775
Example 2 0.894 0.894
Example 3 0.880 0.941
Example 4 0.901 0.916

As can be seen from Table 20, The ranking of BWM-DEA is compatible with the DEA
classification, and in some examples, this compatibility is more than AHP/DEA.

6 Conclusion and future research

This paper proposed a new method called BWM-DEA for ranking decision-making units
with multiple inputs and outputs. BWM is used for ranking, and the CCR model is used
to construct the pairwise comparison vector. It obtains the ranking based on comparing
the worst and the best units with the other units. A five-step procedure was used to rank
the units fully. Pairwise comparisons are highly consistent in this method because the
data of the comparison vector is non-subjective. It is derived mathematically from the
input/output data and is not based on a decision-maker’s subjective evaluation.

The results of the four illustrative examples show our proposed model’s applicability.
In addition, the results of BWM-DEA were compared with AHP/DEA. They showed
that the proposed method performs better than AHP/DEA and can obtain a more
reliable ranking, which is also compatible with DEA classification. This method is
vector-based and requires less comparison data compared to matrix-based methods such
as AHP/DEA. Only 2rn-3 comparisons are necessary for BWM-DEA, while

n(n—1)/2 comparisons are required in AHP/DEA.

It was shown that the proposed method is simple, easy to use and especially useful
for real-world problems with many DMUs. It should be noted that BWM-DEA is not a
substitute for DEA and provides supplementary analysis of DEA to achieve a complete
ranking of units. To test the applicability of the proposed method and improve its
validity, we suggest using it in other real-world applications and comparing its results
with other ranking methods in data envelopment analysis. We also recommend extending
this method to contain imprecise data, such as fuzzy data, for future research.
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