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Abstract: Interval forecasting is widely applied by decision makers for it can 
provide more comprehensive information. In the literature, GARCH models 
under different distributional assumptions are applied and evaluated to find the 
optimal interval forecasting model for the experimental data. However, the 
optimal model selected based on sample data from a specific period may not 
always perform the best in future periods. Therefore, this study employs 
GARCH models based on different distributional assumptions for interval 
forecasting of the daily return data of the Nasdaq Composite Index. The results 
show that the forecasting performance of some models exhibits significant 
differences across different periods. To address this issue, this study proposes a 
Monte Carlo-based non-parametric interval forecasting combination method. 
The results demonstrate that this method can effectively avoid the risk of 
forecasting inaccuracies caused by relying on a single model. 

Keywords: interval forecasting; optimal model; combined approach; GARCH 
model; distribution assumptions; Monte Carlo. 
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1 Introduction 

Interval forecasting refers to a method of forecasting that provides not only a single point 
estimate but also a range of possible values within which the true outcome is expected to 
fall. Interval forecasting provides decision makers with a more informative tool for 
managing uncertainty and making better-informed decisions. Interval forecasting has the 
advantage that it explicitly quantifies the uncertainty by providing a range of possible 
outcomes. Decision makers can have a better understanding of the potential variability in 
future events, allowing them to make more informed decisions. Moreover, interval 
forecasting also helps decision makers assess and manage risks. By considering the entire 
range of possible outcomes, decision makers can identify potential worst-case scenarios 
and take proactive measures to mitigate risks. Market participants are continually 
interested in increasing the accuracy of interval forecasting since forecasting accuracy 
significantly impacts the effectiveness of their decisions. Over the past few decades, 
numerous studies have focused on finding the optimal model to increase the accuracy of 
interval forecasting. However, it is unlikely that a single model will perform well on all 
data in all periods. In fact, for decision makers, relying on a single ‘optimal’ model can 
be risky. Decision makers who attempt to find the optimal model believe that there exists 
a perfect model. However, such a model may not actually exist. In practice, forecasting 
models are built based on certain assumptions, methodologies, and training data. 
Depending on the complexity of the problem and the available data, different models may 
yield different results. By relying on a single model, decision makers are exposed to the 
risk that the model may not accurately capture the true nature of the data, leading to 
forecasting failure. Real-world data is also subject to variability and uncertainty. A single 
model may perform well on certain subsets of data but may fail to generalise to new data. 
By relying on a single model, decision makers run the risk of making decisions based on 
a limited understanding of the data’s variability. To mitigate these risks, one of the 
choices is to use ensemble methods, which combine forecasts from multiple models. 
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Combination refers to the use of multiple forecasting methods or models to reduce 
uncertainty, improve robustness, and provide a more comprehensive perspective for 
decision making. The idea is that different methods have their strengths and weaknesses, 
and by combining them, a more robust and accurate forecasting tool can be created. 
While the performance of the combined model may not be as good as a single model, the 
overall performance tends to be more robust and accurate. There are several benefits of 
using combination forecasting. Firstly, it reduces the reliance on any single model, which 
can be affected by specific data patterns and biases. Secondly, it can capture a wider 
range of potential future scenarios by incorporating the strengths and weaknesses of 
different models. Thirdly, it can improve the accuracy and reliability of the forecast by 
reducing the impact of outliers or extreme values in the data. 

In interval forecasting, a straightforward method achieve combination is to combine 
the lower and upper bounds, respectively; however, this approach does not guarantee the 
combined interval with the correct probability (Timmermann, 2006). To address this 
problem, some studies combine the forecast intervals using the combined density (Wallis, 
2005). To address this problem, some studies combine the forecast intervals using the 
combined density (Wallis, 2005). To implement the combination of the density function, 
the density functions of individual forecasts are obtained firstly. Then, these density 
functions can be combined to generate forecasting intervals for any required probability. 
However, the practical implementation of combining density functions from different 
distributions can be challenging. As a result, most studies in the literature assume a 
normal distribution for the individual models, as it is easier to combine the density 
functions of normal distributions. 

In this study, the Nasdaq Composite daily data is used for the comparison of the 
accuracy of interval forecasting. The distributional assumption for individual models is 
assumed to follow different distribution, include normal (N), student-t (T), skewed t (ST), 
GED, and skewed GED (SGED). The variances are forecast using the GARCH model. 
This study firstly perform a comparison study of interval forecasting under different 
distributional assumption over the period, that revealing the challenges and risks involved 
in the pursuit of an optimal model for interval forecasting. And next, this study introduces 
a non-parametric combination method of different distributions that fills the gaps in 
related research. This study also discuss the potential directions for future research. 

2 Literature review 

Wang et al. (2017) propose that the stock market is an important part of the capital 
market, which plays a significant role in optimising capital allocation, financing and other 
areas. The stock price is also of great concern to investment decision makers. It is 
possible to make estimated guesses and informed forecasts of the stock price based on the 
past and present information (Chhajer et al., 2022). Li et al. (2019) propose that compare 
with point forecasting, interval forecasting offers decision makers more comprehensive 
information. Zhu et al. (2022) propose that interval forecasting can help decision makers 
and market participants make more informed decisions. Probabilistic forecasting is a 
class of forecasting in which the method provides intervals or probability distributions as 
outcomes of its forecasting (de Lima Silva et al., 2019). In the literature, calculating 
quantiles of the distribution is a commonly used parametric approach for interval 
forecasting. Granger et al. (1989) use this method by modelling the conditional mean and 
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variance processes to calculate the quantiles. Chatfield (1993) makes a review study of 
the history and methods for interval forecasting. He also uses this parametric method 
based on a fitted probability model to construct forecast intervals. Li et al. (2019) also 
construct forecast intervals by calculate the quantiles with distributional assumptions and 
forecast variances. Tian and Hao (2020) obtained the interval forecasting results based on 
the results of point forecasting and the distribution function. They also propose that 
interval forecasting provide more reliable information for decision making. Ma and Dong 
(2020) propose an interval forecasting approach based on feature selection, the optimised 
machine learning method, and correction of the Gaussian distribution. 

Compared to modelling the means, modelling the variance is relatively complex. It 
has been proved that financial market data commonly exhibit volatility clustering and 
highly responsive to the arrival of new information. Das et al. (2023) believe that this 
happens due to the human nature of overweighing new information as opposed to the 
prior data available. Black (1976) proposes the leverage effect to explain the relationship 
between stock returns and volatility. In stock market, the leverage effect refers to a 
phenomenon where stock volatility tends to increase when stock prices drop. The 
generalised autoregressive conditional heteroskedasticity (GARCH) model introduced by 
Bollerslev (1986) is a model that commonly used for modelling the variance. Khosravi  
et al. (2013) propose that the primary goal of the GARCH model is to model changes in 
variance. In their study, they use the GARCH model for the estimation of time-varying 
variance. Chong et al. (1999) performed stock market volatility forecasting with different 
types of GARCH models and compared their forecasting performance. 

In the practical application of GARCH models, the choice of distribution assumption 
has a significant impact (Sun and Zhou, 2014). Adubisi et al. (2022) propose that most 
financial time series have non-normal features such as heavy tails, excess kurtosis and 
skewness. Cerqueti et al. (2020) performed volatility forecasting with GARCH-type 
models under skewed and non-skewed distributions in cryptocurrencies’ return data. 
They selected normal, student-t, GED, and their skewed extensions for a comparison 
study. They propose that abnormal and asymmetric distributions should be taken into 
account in the selection of GARCH models. Horvath and Šopov (2016) used eight 
GARCH-type models under normal and student-t distributions to perform a simulation 
study. They find that the GARCH-type models under student-t distribution outperform 
those under normal distribution because the student-t distribution captures the tail risk 
better. Liu and Hung (2010) forecast S&P-100 stock index volatility using GARCH 
models under four distribution assumptions, include N, T, HT, and SGT. Shi and Feng 
(2016) believe that financial data in practice generally follow fat-tail distributions instead 
of a normal distribution. So they try the student-t, GED, and tempered stable distributions 
in their study. To account for the excess kurtosis and fat tails that are present in the 
residuals of the returns series, Gyamerah (2019) models GARCH models with student-t 
distribution, generalised error distribution (GED), and normal inverse Gaussian (NIG) 
types of distributions. To model the conditional variance, Yelamanchili (2020) applies 
four conventional GARCH models under Gaussian distribution, t-distribution, and 
generalised error distribution. Guo (2019) introduces a new type of heavy-tailed 
distribution, and compare its empirical performance with two popular types of  
heavy-tailed distribution, the student’s t distribution and the normal inverse Gaussian 
distribution (NIG). The results illustrate that there is no overwhelmingly dominant 
distribution in fitting the data under the GARCH framework. Vacca et al. (2022) agree 
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that Gaussian distribution fails to account for skewness and leptokurtosis. Horvath and 
Šopov (2016) used eight GARCH-type models under normal and student-t distributions 
to perform a simulation study. They find that the GARCH-type models under student-t 
distribution outperform those under normal distribution because the student-t distribution 
captures the tail risk better. Cerqueti et al. (2020) performed volatility forecasting with 
GARCH-type models under skewed and non-skewed distributions in cryptocurrencies’ 
return data. They selected normal, student-t, GED, and their skewed extensions for a 
comparison study. They propose that abnormal and asymmetric distributions should be 
taken into account in the selection of GARCH models. Chen et al. (2023) also used the 
multivariate realised GARCH under a multivariate skew-t distribution. 

All concepts of decision making are forward looking, and the explanation-induction-
prediction-innovation sequence forms the basis of any method of decision making 
(Thomakos and Xidonas, 2023). Combination methods have gained increasing popularity 
in recent years to improve forecast accuracy by integrating information from multiple 
models. Similarly, the combination of interval forecasts has emerged as a valuable 
approach to enhance forecast performance. However, it is important to consider different 
heuristics and methodologies to optimise the combination process. One important aspect 
of forecast combination is the combination of experts’ probability distributions in risk 
analysis (Clemen and Winkler, 1999). Experts play a vital role in providing valuable 
information, especially when ‘hard data’ is limited for uncertainties in risk analysis. By 
combining experts’ probability distributions, a more comprehensive and reliable 
assessment of risks can be achieved. Gaba et al. (2017) further extend this notion by 
comparing different heuristics for combining interval forecasts and evaluating their 
performance against the simple average method. Their findings highlight the need to 
consider factors such as overconfidence and dependence among individual forecasts in 
the combination process. 

In the context of interval forecasting competitions, the study by Grushka-Cockayne 
and Jose (2020) on the M4 forecasting competition emphasises the importance of interval 
calibration and accuracy. They investigate the benefits of interval combination using  
six recently-proposed heuristics, suggesting that interval aggregation offers 
improvements in terms of both calibration and accuracy. Their results support the notion 
that combining interval forecasts can lead to more reliable and informative predictions. 
Lv and Qi (2022) examined the effectiveness of combination forecast models in 
predicting stock market returns. They employed combination forecasts, which took the 
form of a simple average of 14 individual forecasts. They find that the mean combination 
forecast model outperformed other forecasting models in terms of out-of-sample 
performance. Moreover, specific domains such as tourism and carbon price forecasting 
have demonstrated the advantages of combining interval forecasts. Li et al. (2019) 
discuss the use of combination as an effective way to improve tourism forecasting 
accuracy. Their empirical results show that combination improves the accuracy of 
tourism interval forecasting for different horizons. In the context of carbon price 
forecasting, Liu et al. (2022) propose a combination forecasting model based on a hybrid 
interval multi-scale decomposition method. This model outperforms benchmark models 
in terms of accuracy and stability, showcasing the potential of combining interval 
forecasts in this domain. Wang et al. (2022a) provide a comprehensive review of forecast 
combinations, discussing various methods and highlighting crucial issues concerning 
their utility. They emphasise the need for flexibility and customisation in selecting 
combination methods to maximise forecast accuracy. 
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Furthermore, studies by Hill and Miller (2011), Xiong et al. (2015) and Wallis (2005) 
offer additional perspectives on combining datasets, conflation techniques, and the 
statistical framework for combined density and interval forecasts. Hill and Miller (2011) 
present the mathematical method of conflation, which allows for the consolidation of data 
from independent experiments measuring the same physical quantity. Xiong et al. (2015) 
propose a combination method for interval forecasting of agricultural commodity futures 
prices using vector error correction model (VECM) and multi-output support vector 
regression (MSVR). Wallis (2005) introduces the finite mixture distribution as a 
statistical model for a combined density forecast, providing insights into measures of 
uncertainty, disagreement, and the decomposition of the variance of the aggregate 
distribution. 

Genest and Zidek (1986) reviewed several approaches for combining probability 
distributions. Gneiting and Ranjan (2013) studied combination formulas and aggregation 
methods for predictive cumulative distribution functions, and both linear and nonlinear 
aggregation methods are investigated. Liu and Chang (2021) presented a combination of 
Lorentz stable distribution and transition probability distribution description for the stock 
index changes. Alfaro and Inzunza (2023) propose GARCH models are a powerful tool 
for characterising the distribution of asset prices, which oftentimes requires Monte Carlo 
simulations to obtain relevant statistics, such as tail-risk measures. Wang et al. (2022b) 
propose Markov chain Monte Carlo (MCMC) is frequently used methods to provide an 
excellent approximation to the parameters of combination. Chen and Maung (2023) use 
Monte Carlo simulations to assess the finite-sample performance of the proposed 
estimators for both low-dimensional and high-dimensional data. They focus on 
developing a new non-parametric estimator of time-varying forecast combination weights 
that can deal with both model uncertainty and structural changes in forecasting. 

The result of interval forecasting is a range of values, bounded by upper and lower 
forecast bounds, instead of a single value as in point forecasting. Hence, the coverage rate 
and the interval width are commonly used measurement to asses the accuracy of interval 
forecasts (Athanasopoulos et al., 2011). The coverage rate measures the proportion of 
actual values falling within the forecast interval. In practice, a coverage probability closer 
to the nominal coverage rate suggests better model performance. Hansen (2006) assesses 
the accuracy of forecast intervals with the coverage rate. Another important measurement 
of forecast interval is the average width. The forecast interval with a narrower interval 
width is considered to have better forecasting performance (Kim et al., 2011). Zhou et al. 
(2021) mention the use of prediction interval normalised average width to measure 
forecast intervals. Wang et al. (2022a) and Tsao et al. (2021) also apply the average width 
to asses the forecast intervals. Although the coverage rate and the interval width are good 
measurements of interval forecasting, selecting any of these measurements alone may 
lead to bias in model selection. Li et al. (2019) propose that the trade-off between 
coverage rates and interval widths is an unavoidable issue in interval forecasting 
research. They use the Winkler score (Winkler, 1972) to asses the forecast intervals, 
which penalises true values outside the forecast interval and rewards for narrower interval 
widths. Wang et al. (2022b) also use the Winkler score for the assessment of forecast 
intervals. Winkler score has the advantage that it takes into account both the accuracy of 
the forecasting and the width of the interval, providing a comprehensive assessment of 
the quality of interval forecasting. Winkler score is more appropriate for evaluating the 
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overall performance of interval forecasts, so this study uses the Winkler score for the 
assessment of forecast intervals. 

3 Interval forecasting under different distributional assumptions 

3.1 GARCH models 

One of the basic assumptions of the ordinary regression model is that the residual term 
has homoscedasticity, which means the residuals have consistent variances. However, in 
the practice, a large number of financial time series data show heteroscedasticity. To 
address this issue, the autoregressive conditional heteroskedasticity (ARCH) model was 
introduced by Engle (1982). And then an improved generalised autoregressive 
conditional heteroskedasticity (GARCH) model was introduced by Bollerslev (1986). 
The GARCH(1, 1) model is usually sufficient for most financial time series applications 
(Andersen and Bollerslev, 1998; Hansen and Lunde, 2005). In this study, the  
GARCH(1, 1) model can be expressed as: 

= +t tr μ ε  (1) 

,  (0, 1)=t t t tε σ z z iid F  (2) 

2 2 2
1 1− −= + +t t tσ ω ε σα β  (3) 

where rt is the returns series, μ is the conditional mean and 2
tσ  is the conditional 

variance. εt is the innovation term, and F(0, 1) is the assumed distribution of the 
innovation term. Parameters ω, α and β are strictly limited to be non-negative with the 
restriction of α + β < 1. The GARCH (1, 1) model is usually sufficient for most financial 
time series applications (Andersen and Bollerslev, 1998; Hansen and Lunde, 2005). 

3.2 Distributional assumptions of GARCH model 

According to the relevant literature, the most commonly used distributional assumptions 
of GARCH models include symmetric distributions include: normal distribution (N),  
t distribution (T), and generalised error distribution (GED) and skewed distributions 
include: skewed t (ST), and skewed GED (SGED). This study also chose these 
distributional assumptions for the comparison of interval forecasting. 

The normal distribution, also known as the Gaussian distribution, is a bell-shaped 
distribution that is widely used in GARCH modelling. It assumes that the errors are 
normally distributed, which means that the data is symmetrically distributed around the 
mean. The probability density function of the normal distribution can be expressed by: 

20.5( )
2

( )
2

− −

=
x μ
σef x

σ π
 (4) 

The normal distribution is characterised by two parameters: the mean (μ) and the  
variance (σ2). 
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The t-distribution is a more flexible distribution than the normal distribution and is 
commonly used in GARCH modelling when the data exhibits heavy tails. The  
t-distribution allows for more extreme values in the tails of the distribution compared to 
the normal distribution. The probability density function of the t distribution can be 
expressed by: 

( )1
22

1Γ ( )2( ) 1
Γ

2

+−
+ 

  −  = +     
 

xf x
vβ π

ν
ν

α
ν βν

 (5) 

where α, β, and ν are the location, scale, and shape parameters respectively, and Γ is the 
gamma function. The location parameter α is the mean of the distribution and the 
variance of the distribution can be calculated by: 

( )
( 2)

=
−

Var x
v
βν  (6) 

The generalised error distribution (GED) distribution is a flexible distribution that can 
capture both heavy-tailed and skewed distributions. It is particularly useful when the data 
is not normally distributed and exhibits non-constant variance. The probability density 
function of the generalised error distribution can be expressed by: 

( )1

0.5

1 1
( )

2 Γ

−

−

−

+ −
=

kx

k

kef x
k

α
β

β
 (7) 

where α, β and k representing the location, scale and shape parameters. The location 
parameter α is the mean of the distribution and the variance of the distribution can be 
calculated by: 

( )
( )

1
2 2

1

Γ 3
( ) 2

Γ

−

−
= k k

Var x
k

β  (8) 

The skewed t-distribution assumes that the errors are normally distributed with skewness. 
This distribution is particularly useful in GARCH modelling when the data exhibits 
asymmetry. For example, when modelling stock returns, negative returns may have a 
different distribution than positive returns due to market asymmetry. The skewed  
t-distribution assumes that the errors are t-distributed with skewness. This distribution is 
similar to the skewed normal distribution but allows for more flexibility in modelling the 
tails of the distribution. The skewed t-distribution is particularly useful when the data 
exhibits both asymmetry and heavy tails. The skewed GED distribution can capture both 
heavy-tailed and skewed distributions. Lee and McLachlan (2022) make an overview of 
skew distributions and propose that most literature handle skewness by introducing latent 
skewing variable. The ‘rugarch’ package in R introducing skewness into symmetric 
distributions by adding a skew parameter ξ. The specific method can refer to Fernandez 
and Steel (1998). Overall, the parameters of five distributions are shown in Table 1. 
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Table 1 Parameters of distributional assumptions 

 Location Scale Skew Shape 
N √ √ NA NA 
T √ √ NA √ 
GED √ √ NA √ 
ST √ √ √ √ 
SGED √ √ √ √ 

3.3 Experimental data 

This study selects the Nasdaq Composite Index for the comparison of interval forecasting 
based on five distributions. The data used in this study is obtained from Yahoo Finance 
website (http://finance.yahoo.com/) covering the period between 15 January 2009 and  
30 December 2022 (14 years). The original data is transformed into return data. The 
return (rt) is defined as the logarithm of the daily closing price differences times 100, 
which can be expressed by: 

1
100 ln

−

 = ×  
 

t
t

t

pr
p

 (9) 

Figure 1 shows the pattern of the Nasdaq Composite Index. Figure 2 shows the pattern of 
the returns series of the Nasdaq Composite Index. 

Table 2 shows the descriptive statistics of five returns series over the whole sample 
period. The statistics include mean, standard deviation, skewness, kurtosis, ADF,  
Jarque-Bera, and the number of observations. 

Figure 1 The Nasdaq Composite Index 

 

From Table 2, the experimental data has 3,523 observation. The means of the data is 
0.0528, and the standard deviation is 1.3407. Skewness is a measure of the asymmetry of 
a distribution. It indicates whether the distribution is symmetric or skewed to one side. A 
positive skewness value indicates that the tail of the distribution is longer on the positive 
side, while a negative skewness value indicates that the tail is longer on the negative side. 
In this study, the data has a negative skewness value, which means the distribution of the 
data is skewed to the left. Kurtosis is a measure of the ‘peakedness’ of a distribution. It 
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indicates whether the distribution is more or less peaked than a normal distribution. A 
positive kurtosis value indicates that the distribution has more extreme values than a 
normal distribution, while a negative kurtosis value indicates that the distribution has 
fewer extreme values. In this study, the data has positive skewness values, which means 
the distribution of the data has more extreme values than a normal distribution. The 
augmented Dickey-Fuller (ADF) test is a statistical test used to determine whether a time 
series is stationary. The test’s p-values in this study is less than the chosen significance 
level 0.01, indicate that the return data are stationary. The Jarque-Bera test is a statistical 
test that examines the normality assumption of data by assessing its skewness and 
kurtosis. If the test’s p-value is less than the chosen significance level (in this study, 
0.01), the null hypothesis of normal distribution is rejected. Based on this test, all of the 
data are rejected to follow normal distribution. 

Figure 2 Return series of the Nasdaq Composite Index 

 

Table 2 Descriptive statistics 

Mean Standard 
deviation Skewness Kurtosis ADF Jarque-Bera Observations 

0.0528 1.3407 –0.5169 9.9777 –15.509* 7,303.9* 3,523 

3.4 Forecast intervals 

This study employs a one-day-ahead rolling forecasting method for the variances series 
using the GARCH model. The ‘rugarch’ package in R is used to implement this 
approach. First, the experimental data is divided by year (for the purpose of comparing 
the forecasting performance of models within different time periods). The data within 
2009 is used as the in-sample data, as well as the initial moving window. Subsequently, 
the window moves forward by removing the earliest data and adding the latest data. The 
parameters are re-estimated regularly to account for the changes of data over time, and 
the continuous variances series can be obtained. 

The forecast intervals in this study are obtained by calculating the quantiles based on 
given distributional assumptions and confidence level. The quantile function can be 
expressed as: 

1( ) ( )−=t tQ Fθ θ  (10) 
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where Ft(x) is the assumed distribution function. The forecast interval on confidence level 
p is bounded by Qt (q/2) and Qt (1 – q/2), where q = 1 – p. In this study, the confidence 
level p is set at 0.90, so the forecast intervals under N, T, ST, GED, and SGED are 
bounded by Qt (0.05) and Qt (0.95), respectively. 

3.5 Average Winkler score 

This study uses the average Winkler score (AWS) to assess the accuracy of interval 
forecasting. The AWS is calculated by assigning a score to each forecast interval based 
on its coverage of the true value, and the width of the interval. The Winkler score gives 
higher weights to intervals that have better coverage of the true value and are narrower 
and lower weights to intervals that have poor coverage or are wider. The AWS in this 
study can be expressed as: 

ˆ ˆ= −t t tW U L  (11) 

( )
( )

2 (1 )
2 (1 )

≤ ≤
= >


+
−

− −
+ <−

t t t

t t

t

t t

t t t

tt tt

W L y U
WS LW L y p

W p
y
yy U U

 (12) 

Wt refers to the width of the forecast interval at time t, ˆ tU  and ˆtL  refer to the predicted 
upper and lower bounds at time t. WSt is the Winkler score of the forecast interval at time 
t, and p refers to the confidence level. In this study, interval forecasting is a continuous 
process. For continuous rolling interval forecasting, we introduce the AWS to evaluate 
the overall forecasting performance, which can be calculated as follow: 

1

1
=

= m
tt

AWS WS
m

 (13) 

The m is the number of the forecast intervals. Under a confidence level p, the model with 
lower AWS is considered to have better interval forecasting performance. 

3.6 Results 

The forecast intervals of the returns data in different years under different distributional 
assumptions are assess by the AWS, and the results are shown in Table 3. From Table 3, 
each model exhibits significant differences in AWS values across different years, while 
the differences in AWS values among different models within the same year are small. 
This indicates that these models have adapted well to the changes in the data and provide 
reliable interval forecasting results. 

To demonstrate the performance of different models in different years, Table 4 
provides the ranking of models in 2010–2022. 

From Table 4, significant changes in the ranking of model performance across 
different years can be observed. Figure 3 depicts the ranking of the forecasting 
performance of five individual models in different years using line graphs. The numbers 
in the figures represent the ranking of the model in the year. For example, the number 1 
indicates that the model ranked first in the year, which means it has the best forecasting 
performance. 
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Table 3 AWS of forecast intervals 

Year GARCH-N GARCH-T GARCH-ST GARCH-GED GARCH-SGED 
2010 5.7094 5.7443 5.7203 5.7084 5.6719 
2011 6.8044 6.6601 6.6249 6.6749 6.5928 
2012 4.2553 4.2472 4.2690 4.2546 4.2756 
2013 3.4929 3.4805 3.4934 3.5034 3.5154 
2014 3.9033 3.9386 3.8621 3.8925 3.8264 
2015 4.7574 4.7571 4.4678 4.7410 4.4601 
2016 4.3776 4.3230 4.3416 4.3580 4.3598 
2017 2.9044 2.9209 2.9901 2.9431 3.0092 
2018 5.8364 5.7570 5.6165 5.7929 5.6912 
2019 4.2867 4.2545 4.2964 4.2938 4.3123 
2020 8.4254 8.4553 8.3978 8.4289 8.3637 
2021 4.8621 4.7795 4.8270 4.8190 4.8406 
2022 8.3528 8.3565 8.2094 8.3461 8.1958 

Table 4 Rankings of single models 

Ranking 2010 2011 2012 2013 
1 GARCH-SGED GARCH-SGED GARCH-T GARCH-T 
2 GARCH-GED GARCH-ST GARCH-GED GARCH-N 
3 GARCH-N GARCH-T GARCH-N GARCH-ST 
4 GARCH-ST GARCH-GED GARCH-ST GARCH-GED 
5 GARCH-T GARCH-N GARCH-SGED GARCH-SGED 
Ranking 2014 2015 2016 
1 GARCH-SGED GARCH-SGED GARCH-T 
2 GARCH-ST GARCH-ST GARCH-ST 
3 GARCH-GED GARCH-GED GARCH-GED 
4 GARCH-N GARCH-T GARCH-SGED 
5 GARCH-T GARCH-N GARCH-N 
Ranking 2017 2018 2019 
1 GARCH-N GARCH-ST GARCH-T 
2 GARCH-T GARCH-SGED GARCH-N 
3 GARCH-GED GARCH-T GARCH-GED 
4 GARCH-ST GARCH-GED GARCH-ST 
5 GARCH-SGED GARCH-N GARCH-SGED 
Ranking 2020 2021 2022 
1 GARCH-SGED GARCH-T GARCH-SGED 
2 GARCH-ST GARCH-GED GARCH-ST 
3 GARCH-N GARCH-ST GARCH-GED 
4 GARCH-GED GARCH-SGED GARCH-N 
5 GARCH-T GARCH-N GARCH-T 
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Figure 3 The ranking of five models 
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From Figure 3, the GARCH-N, GARCH-T, and GARCH-SGED are ranked first in some 
years, but last in other years. Such results imply that if only use the data from a single 
year as the sample data for model comparison to select the optimal model for future 
forecasting, the forecasting performance will significantly decline. So it is unwise to 
select the optimal model based on data from a single year. The approach to improving 
overall forecasting performance is to find a method that has a more stable expected 
forecasting performance. Therefore, in the proposal of combined interval forecasting 
method, the significance of the combination lies in obtaining relatively stable forecasting 
performance by combining individual models, rather than attempting to achieve optimal 
forecasting performance. 

4 Combination of interval forecasting 

4.1 A non-parametric method to combine forecast intervals 

One of the most straightforward and practical methods for combining prediction intervals 
is to directly compute the average of the upper and lower bounds of individual prediction 
intervals to obtain the combined prediction interval. 

Consider N forecast intervals from individual models at time t, Li,t and Ui,t are the 
lower and upper bounds of the forecast interval obtained based on model i. The lower and 
upper bounds of equal weights combined interval Lc,t and Uc,t can be express as: 

, ,1

1 ,
=

=N
c i i ti

L L
N

 (14) 

, ,1

1 .
=

=N
c i i ti

U U
N

 (15) 

However, the combined interval obtained through this method lacks the corresponding 
probability, making it difficult to provide an effective interpretation for it. To address this 
problem, an axiomatic approach is introduced by combining the density of individual 
distributions. For example, for the value xi at time t, the forecast probability density of 
model i is gi,t(xi), then the equal weights combined probability density function fi,t(xi) is: 

( ), ,1

1( ) .
=

=N
i t i i t ii

f x g x
N

 (16) 

Subsequently, the lower and upper bounds of forecast interval can be obtained by 
calculating the quantiles with the combined density. In practice, combining probability 
density functions and calculating quantiles can be computationally demanding, especially 
when dealing with a large number of complex distributions. Therefore, this study draws 
inspiration from the Monte Carlo method and employs a non-parametric sampling 
approach to achieve the combinations of different distributions. Let xj be a random 
variable obtained by sampling from distribution n. Let n represent the equal sample sizes 
from distributions 1, 2, …, j, respectively. The process of independently sampling from 
the j distributions and combining them to form a combined sample S can be expressed 
mathematically as: 
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[ ]1,1 1,2 1, 2,1 2,2 2, ,1 ,2 ,, , , , , , , , , , , , ,=    n n j j j nS x x x x x x x x x  (17) 

where x1,1, x1,2, …, x1,n are n independent observations sampled from distribution 1,  
x2,2, …, x2,n are n independent observations sampled from distribution 2, …, xj,1, xj,2, …, 
xj,n are n independent observations sampled from distribution j. Once the combined 
sample is formed, the upper and lower bounds of the combined forecast interval can be 
obtained by calculating the quantiles of the combined sample. By repeating the process of 
randomly sampling and combining the samples, multiple composite samples can be 
obtained, thereby obtaining different forecast intervals. 

Based on the five distribution assumptions mentioned above, we conducted five 
repeated experiments using this non-parametric combination method. The equal sampling 
size are set at 100,000. 

4.2 Results 

The results of five combinations are shown in Table 5. From Table 5, the results of the 
five combinations are very close, indicating that the results obtained using this  
non-parametric combination method are relatively stable. The random sampling process 
does not have a significant impact on the results, which also implies that this  
non-parametric combination method is an effective approach for interval prediction 
combination. 
Table 5 AWS of five combinations 

Year 1st combined 2nd combined 3rd combined 4th combined 5th combined Average 
2010 5.6873 5.6892 5.6890 5.6904 5.6887 5.6889 
2011 6.6819 6.6824 6.6821 6.6794 6.6847 6.6821 
2012 4.2525 4.2511 4.2504 4.2519 4.2506 4.2513 
2013 3.5011 3.5001 3.5004 3.4992 3.5007 3.5003 
2014 3.8957 3.8964 3.8973 3.8955 3.8954 3.8960 
2015 4.6638 4.6637 4.6671 4.6625 4.6628 4.6640 
2016 4.3591 4.3583 4.3571 4.3569 4.3594 4.3582 
2017 2.9376 2.9369 2.9364 2.9352 2.9394 2.9371 
2018 5.6732 5.6652 5.6708 5.6732 5.6691 5.6703 
2019 4.3066 4.3081 4.3079 4.3041 4.3110 4.3075 
2020 8.4248 8.4269 8.4288 8.4248 8.4256 8.4262 
2021 4.8229 4.8242 4.8237 4.8220 4.8260 4.8237 
2022 8.3448 8.3407 8.3483 8.3425 8.3417 8.3436 

To compare the performance of forecast intervals obtained from this combination method 
with those obtained from five individual models, the ranking of five combined models 
with five individual models are shown in Figure 4, respectively. 

Figure 4 indicates that the combined interval forecasting does not have the worst 
forecasting performance in any period and, when compared to individual models, 
generally falls around the intermediate level. This result also indicates that the combined 
method is influenced by the individual model that has the poorest performing in certain 
years, resulting in a decrease in forecasting performance. However, overall, the use of 
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combination method reduces the loss in forecasting performance of selecting the 
individual model that has the poorest performing in the year. 

Figure 4 The ranking of five combinations 
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5 Summary 

5.1 Conclusions and contributions 

This study uses daily return data of the Nasdaq Composite Index in the periods from 
2009 to 2022 for interval forecasting. The GARCH model under five distributional 
assumptions is employed to generate forecast intervals, and the forecasting accuracy is 
evaluated using the average Winkler score. By dividing the forecast intervals by the year, 
the performance of each model within each years are assessed respectively. The results 
demonstrated significant variations in the performance rankings of individual models 
across different years. Particularly, a model that has the highest predictive accuracy in 
one year could have the lowest accuracy in other years. These findings indicate the risk 
involved in relying on data from a specific time period to compare and select the optimal 
model for future predictions. One possible reason for these results is that the patterns of 
stock price index changes across different periods. This study proposes a combination 
approach to address the issue of insufficient robustness in the forecasting performance of 
individual models. A non-parametric combination method based on the Monte Carlo 
sampling is presented. The random sampling combination is repeated five times. The 
results revealed that although the interval forecasting performance of the combined 
model is not optimal in any period, they are never the worst either. The results from the 
five repeated experiments are highly stable and indicate that the interval forecasting 
performance of the combined model is consistently close to the average level of the 
individual models. 

In conclusion, this study highlights the risks associated with relying on specific time 
periods to select the optimal predictive model. The proposed combination method offers 
decision makers a more robust interval forecasting approach, mitigating potential risks 
associated with model selection in forecasting. 

5.2 Implications and future research directions 

Although the results of this study have demonstrated the practical value of this 
combination method, the theoretical research of this method still needs to be conducted. 
This will require further integration of literature and research in the mathematical field. 
Additionally, this study utilised an equal-weight combination approach. However, some 
studies have pointed out that the weight allocation of different models in the combination 
process significantly affects the performance of the combination. This aspect will also be 
one of our future research directions. 
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