
 
International Journal of Operational Research
 
ISSN online: 1745-7653 - ISSN print: 1745-7645
https://www.inderscience.com/ijor

 
A novel inverse DEA model for restructuring DMUs with
negative data
 
Saeid Ghobadi, Khosro Soleimani-Chamkhorami, Ehsan Zanboori
 
DOI: 10.1504/IJOR.2020.10042860
 
Article History:
Received: 25 December 2019
Accepted: 08 March 2020
Published online: 26 January 2023

Powered by TCPDF (www.tcpdf.org)

Copyright © 2023 Inderscience Enterprises Ltd.

https://www.inderscience.com/jhome.php?jcode=ijor
https://dx.doi.org/10.1504/IJOR.2020.10042860
http://www.tcpdf.org


118      Int. J. Operational Research, Vol. 46, No. 1, 2023

A novel inverse DEA model for restructuring DMUs
with negative data

Saeid Ghobadi*
Department of Mathematics,
Khomeinishahr Branch,
Islamic Azad University,
Isfahan, Iran
Email: ghobadi@iaukhsh.ac.ir
*Corresponding author

Khosro Soleimani-Chamkhorami
Department of Mathematics,
Najafabad Branch,
Islamic Azad University,
Najafabad, Iran
Email: soleimani@iaun.ac.ir

Ehsan Zanboori
Department of Basic Science,
Nourabad Mamasani Branch,
Islamic Azad University,
Nourabad Mamasani, Iran
Email: e.zanbouri@mamasaniiau.ac.ir

Abstract: One of the important issues in generalised restructuring of a set of
units is the identification of the input and output levels from a new set of
post-restructuring units. This paper deals with the generalised restructuring of
decision making units (DMUs) in the presence of negative data for achieving
efficiency targets. A novel inverse DEA model is proposed for modelling the
generalised restructuring of a set of DMUs in the presence of negative data.
Sufficient conditions are given for estimation of inputs and outputs of the
new set of post-restructuring units to realise efficiency targets. A numerical
example is employed to illustrate the developed theory.
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1 Introduction

Traditional data envelopment analysis (DEA) is a mathematical programming-based
assessment tool for a set of decision making units (DMUs). In DEA, it is assumed
that all inputs and outputs have non-negative values. Nevertheless, some of the inputs
or outputs of the DMUs may be negative (Emrouznejad et al., 2010). For example,
financial statements and growth rates could have positive or negative values. The
DEA is initiated by the Farrell studies (Farrell, 1957) and later developed by many
scholars, see, e.g., Charnes et al. (1978), Cooper et al. (1999), Zanboori et al. (2014),
Emrouznejad and Yang (2018), Ghobadi et al. (2018) and Moonesian et al. (2019) for
some reviews. It is worth noting, recently, in the published work of Hosseinzadeh Lotfi
et al. (2020), R codes related to DEA models have been presented.

DEA models have been utilised for estimating the efficiency scores of the DMUs
with certain input-output levels. However, in the last two decades, various studies have
been concentrated on the inverse DEA as an analytical framework of DEA to find
the required inputs and outputs levels for achieving a predetermined efficiency target
(Lim, 2016; Hadi-Vencheh and Foroughi, 2006; Jahanshahloo et al., 2014; Wei et al.,
2000). The first inverse DEA has been employed to estimate the input increments of
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a DMU for its given output increments, under preserving the constant returns to scale
(CCR) efficiency index (Zhang and Cui, 1999). The inverse DEA has been employed to
preserve the performance index under input or output levels variations (Hadi-Vencheh
and Foroughi, 2006). In a special case, it has been utilised to solve the resource
allocation problem (Wei et al., 2000). The inverse DEA problem with frontier change
(Lim, 2016), under inter-temporal dependence (Ghobadi, 2019; Jahanshahloo et al.,
2015) and in the presence of fuzzy data (Ghobadi, 2018; Ghobadi and Jahangiri, 2015;
Ghobadi et al., 2019) has been studied in the literature.

According to the concept of inverse DEA, Amin and Oukil (2019) proposed
a new approach in the merging problem of units under flexible targets setting.
This approach allows that the decision maker to pursue different objectives in the
merging problem of units, for example saving more inputs from a particular unit.
Also, a novel method for target setting in mergers is proposed based on combining
goal programming (GP) and inverse DEA (Amin et al., 2019). This method allows
managers to save desired resources. Recently, the merging problem studied under
temporal dependence of data by Zeinodin and Ghobadi (2020). They used inverse
DEA and multi-objective programming for inputs/outputs-estimation of the merged
unit under the inter-temporally dependence assumption. Resource allocation (Ghobadi
and Jahangiri, 2019; Hadi-Vencheh et al., 2008), sensitivity analysis (Jahanshahloo
et al., 2005), preserving or improving efficiency values (Ghobadi, 2017; Jahanshahloo
et al., 2014; Lertworasirikul et al., 2011; Yan et al., 2002; Wei et al., 2000), setting
revenue targets (Lin, 2010), banks merging (Amin et al., 2017; Gattoufi et al., 2014;
Zeinodin and Ghobadi, 2019), and firms’ restructuring (Amin et al., 2017) are some
analytical and practical frameworks where the inverse DEA is employed. Synergies
through mergers/acquisitions and reverse synergies through split DMUs have been
combined in a general framework called restructuring DMUs (Amin et al., 2017). More
precisely, the restructuring DMUs for realising the efficiency targets could happen in
two situations: In the first situation, a new set of post-restructuring with synergies
through mergers/acquisitions is produced by a homogeneous set of DMUs or a set
of pre-restructuring DMUs. In the second one, a new set of post-restructuring with
synergies is created through splitting.

To the authors’ knowledge, no study has been reported for inverse DEA-based
DMUs restructuring without any limitation in the number of pre and post restructuring
units except the recent work of Amin et al. (2017). The inverse DEA idea has been
employed by them to propose a new model for handling generalised restructuring
situations called generalised inverse DEA (GInvDEA). To attain the pre-defined
targets, the simultaneous redistribution of input and output levels inherited from
pre-restructuring units between post-restructuring units has been suggested.

The main drawback of the mentioned model is that it could not be employed for
targets setting of the post-restructuring units in the presence of negative data. In this
paper, a novel inverse DEA model is proposed that could work in the presence of
input and output levels with negative values. As a result, a new set of post-restructuring
entities could adjust its inputs and outputs to realise predetermined efficiency targets.
Sufficient conditions are given for estimation of inputs and outputs of the new set of
post-restructuring units to realise efficiency targets. The validity of the proposed method
is demonstrated through a numerical example.

This paper is organised as follows. Section 2 contains a brief literature review
of DEA models in the presence of negative data. Section 3 presents a novel inverse
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DEA model for targets setting after restructuring in the presence of negative data. The
performance of the proposed inverse DEA is investigated through a numerical example
in Section 4. Section 5 gives a brief conclusion.

2 DEA with negative data

There are different approaches to dealing with the negative data in the literature. Data
transformations have been utilised to convert negative data to positive ones (Lovell,
1995; Pastor, 1994; Seiford and Zhu, 2002). As another approach, the absolute values
of negative inputs and outputs have been considered by Scheel (2001) as outputs
and inputs, respectively. Portela et al. (2004) proposed a model for measuring the
efficiency of a set of DMUs in the presence of negative data, called range directional
measures (RDM). This method could offer efficiency scores for each of DMUs, similar
to radial methods in DEA, while negative data are used without any transformations. A
semi-oriented radial measure (SORM) has been developed by Emrouznejad et al. (2010)
for efficiency measurement of a set of DMUs with both negative inputs and outputs. In
this paper, by considering the RDM model proposed by Portela et al. (2004) as the basic
DEA model, a novel inverse DEA model is presented for adjusting the restructuring
DMUs targets.

Let us to consider a set of n DMUs, {DMUj : j = 1, . . . , n}, in which DMUj

produce multiple outputs yrj(r = 1, . . . , s), by utilising multiple inputs xij(i =
1, . . . ,m). Let input and output for DMUj be denoted by Xj = (x1j , x2j , . . . , xmj)

t

and Yj = (y1j , y2j , . . . , ysj)
t, respectively. To measure the efficiency score of DMUo,

o ∈ {1, 2, . . . , n}, the following model is proposed by Portela et al. (2004):

ρ∗o = 1−max φ

s.t.
n∑

j=1

λjxij ≤ xio − φRio, ∀i ∈ I,

n∑
j=1

λjyrj ≥ yro + φRro, ∀r ∈ O,

n∑
j=1

λj = 1,

φ ≥ 0, λj ≥ 0, j = 1, 2, . . . , n, (1)

where

Rio = xio −min{xij | j = 1, 2, . . . , n}, ∀i ∈ I,

Rro = max{yrj | j = 1, 2, . . . , n} − yro, ∀r ∈ O.

Here, (Rio, Rro) is called the range of possible improvement of DMUo. ρ∗o = 1− φ∗

is called the efficiency score of DMUo. It is not difficult to see that ρ∗o ≤ 1. This model
is translation invariant and units invariant, two important characteristics in DEA models
that can deal with negative data.
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3 Restructuring DMUs based on the concept of inverse DEA

The inverse DEA models proposed by Amin et al. (2017) could not be employed to
reach the pre-defined targets in the restructuring DMUs in the presence of negative
input and output levels. This could be due to the limitations of the basic DEA models
utilised in their modelling. Now, in this section a new inverse DEA model is given to
handle with the restructuring DMUs in the presence of negative data. To attain this goal,
consider that the set of DMUs, J = {1, 2, . . . , n} is divided into two subsets: Λ (set of
selected pre-restructuring DMUs) and Π (other DMUs), where Π,Λ ⊂ J , Λ ∩Π = ∅,
and Λ ∪Π = J . Now, suppose that there is a set of p̄ selected pre-restructuring DMUs,
indexed in Λ, for generating q̄ post-restructuring DMUs, indexed in Γ, to reach the
predetermined efficiency targets (ρq for all q ∈ Γ). In fact, the input and output vectors
(xq, yq) of a new set of post-restructuring DMUs (DMUq for all q ∈ Γ) should be
estimated to reach the desired efficiency targets ρq .

After restructuring DMUs, we use the following model to measure the efficiency of
DMUq; q ∈ Γ:

ρ∗q = 1−max φq

s.t.
∑
j∈Π

λq
jxij +

∑
q∈Γ

λqxiq ≤ xiq − φqRiq, ∀i ∈ I,

∑
j∈Π

λq
jyrj +

∑
q∈Γ

λqyrq ≥ yrq + φqRrq, ∀r ∈ O,

∑
j∈Π

λq
j +

∑
q∈Γ

λq = 1,

φq ≥ 0, λq
j ≥ 0; ∀j ∈ Π, λq ≥ 0; ∀q ∈ Γ, (2)

where

Riq = xiq −min{xij | j ∈ Π ∪ Γ}, ∀i ∈ I,

Rrq = max{yrj | j ∈ Π ∪ Γ} − yrq, ∀r ∈ O.

The variable vector of the above model is (λq
j , λq, φq). If the optimal value of

models (2) is equal ρ̄q , we say that the efficiency score of DMUq is ρ̄q . To estimate
the input and output vectors, the following multiple-objective nonlinear programming
(MONLP) model is proposed;

min (αq
ij ; ∀j ∈ Λ, ∀q ∈ Γ, ∀i ∈ I),

max (βq
rj ; ∀j ∈ Λ, ∀q ∈ Γ, ∀r ∈ O),

s.t.
∑
j∈Π

λq
jxij +

∑
q∈Γ

∑
j∈Λ

λqαq
ij ≤

∑
j∈Λ

αq
ij − φ̄qRiq, ∀i ∈ I, ∀q ∈ Γ,

∑
j∈Π

λq
jyrj +

∑
q∈Γ

∑
j∈Λ

λqβq
rj ≥

∑
j∈Λ

βq
rj + φ̄qRrq, ∀r ∈ O, ∀q ∈ Γ,

∑
j∈Π

λq
j +

∑
q∈Γ

λq = 1, ∀q ∈ Γ,

∑
q∈Γ

αq
ij ≤ xij , ∀i ∈ I, ∀j ∈ Γ,
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q∈Γ

βq
rj ≥ yrj , ∀r ∈ O, ∀j ∈ Γ,

∑
j∈Λ

αq
ij ≥ xIdeal

i , ∀i ∈ I, ∀q ∈ Q,

∑
j∈Λ

βq
rj ≤ yIdealr , ∀r ∈ O, ∀q ∈ Q,

λq
j ≥ 0, ∀j ∈ Π, ∀q ∈ Γ, αq

ij ∈ R; ∀j ∈ Λ, ∀q ∈ Γ, ∀i ∈ I,

βq
rj ∈ R, ∀j ∈ Λ, ∀q ∈ Γ, ∀r ∈ O, (3)

where R is the set of real numbers and

xIdeal
i = min{xij | j ∈ Π ∪ Γ}, ∀i ∈ I,

yIdealr = max{yrj | j ∈ Π ∪ Γ}, ∀r ∈ O.

(λq
j , λ

q, αq
ij , β

q
rj) is the variables vector in MONLP (3). Using the weight-sum method

(Ehrgott, 2005), model (3) can be converted to the following single-objective nonlinear
programming problem:

min
∑
i∈I

∑
q∈Γ

∑
j∈Λ

wq
ijα

q
ij −

∑
r∈O

∑
q∈Γ

∑
j∈Λ

wq
rjβ

q
rj ,

s.t. The constraints of model (3). (4)

In the real world, the most common reconstructions happen between DMUs to improve
their respective performances. Therefore, we can assume that the restructuring did not
change the pre-restructuring efficiency boundary. More precisely, DMUj for j ∈ Π are
can display all produced post-restructuring DMUs using a convex combination of their
own. Accordingly, λ∗

q = 0 for all q ∈ Γ in each optimal solution of model (4). Then,
model (4) can be converted to the following LP model if and only if the corresponding
pre and post-restructuring efficiency frontiers are identical.

min
∑
i∈I

∑
q∈Γ

∑
j∈Λ

wq
ijα

q
ij −

∑
r∈O

∑
q∈Γ

∑
j∈Λ

wq
rjβ

q
rj ,

s.t.
∑
j∈Π

λq
jxij ≤

∑
j∈Λ

αq
ij − φ̄qRiq, ∀i ∈ I, ∀q ∈ Γ,

∑
j∈Π

λq
jyrj ≥

∑
j∈Λ

βq
rj + φ̄qRrq, ∀r ∈ O, ∀q ∈ Γ,

∑
j∈Π

λq
j = 1, ∀q ∈ Γ,

∑
q∈Γ

αq
ij ≤ xij , ∀i ∈ I, ∀j ∈ Λ,

∑
q∈Γ

βq
rj ≥ yrj , ∀r ∈ O, ∀j ∈ Λ,

∑
j∈Λ

αq
ij ≥ xIdeal

i , ∀i ∈ I, ∀q ∈ Q,
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j∈Λ

βq
rj ≤ yIdealr , ∀r ∈ O, ∀q ∈ Q,

λq
j ≥ 0, ∀j ∈ Π, ∀q ∈ Γ, αq

ij ∈ R, ∀j ∈ Λ, ∀q ∈ Γ, ∀i ∈ I,

βq
rj ∈ R, ∀j ∈ Λ, ∀q ∈ Γ, ∀r ∈ O. (5)

Theorem 3.1 shows how the above LP can be used to estimate inputs and outputs of
post-restructuring DMUs.

Theorem 3.1: Suppose that the corresponding pre and post-restructuring efficiency
frontiers are identical. Let ∆ = (λq∗

j , αq∗
ij , β

q∗
rj ) be an optimal solution to model (5). If

xiq =
∑
j∈Λ

αq∗
ij , ∀i ∈ I, ∀q ∈ Γ,

yrq =
∑
j∈Λ

βq∗
rj , ∀r ∈ O, ∀q ∈ Γ, (6)

such that xq = (x1q, ..., xmq) ̸= (xIdeal
1 , ..., xIdeal

m ) = xIdeal or yrq = (y1q, ..., ysq) ̸=
(yIdeal1 , ..., yIdeals ) = yIdeal for all q ∈ Γ, then ρ∗q = 1− φ̄q for each q ∈ Γ.

Proof: Feasibility of ∆ for model (5), implies:∑
j∈Π

λq∗
j xij ≤

∑
j∈Λ

αq∗
ij − φ̄qRiq = xiq − φ̄qRiq, ∀i ∈ I, ∀q ∈ Γ, (7)

∑
j∈Π

λq∗
j yrj ≥

∑
j∈Λ

βq∗
rj + φ̄qRiq = yrq + φ̄qRiq, ∀r ∈ O, ∀q ∈ Γ, (8)

∑
j∈Π

λq∗
j = 1, ∀q ∈ Γ, (9)

∑
q∈Γ

αq∗
ij ≤ xij , ∀i ∈ I, ∀j ∈ Λ, (10)

∑
q∈Γ

βq∗
rj ≥ yrj , ∀r ∈ O, ∀j ∈ Λ, (11)

xiq =
∑
j∈Λ

αq∗
ij ≥ xIdeal

i , ∀i ∈ I, ∀q ∈ Γ, (12)

yrq =
∑
j∈Λ

βq∗
rj ≤ yIdealr , ∀r ∈ O, ∀q ∈ Γ, (13)

λq∗
j ≥ 0; ∀j ∈ Π, ∀q ∈ Γ. (14)

By equations (7)–(9) and (14), (λq
j = λq∗

j ; ∀j ∈ Π, λq = 0; ∀q ∈ Γ, φq = φ̄q; ∀q ∈
Γ, xiq =

∑
j∈Λ αq∗

ij , yrq =
∑

j∈Λ βq∗
rj ) is obviously a feasible solution to problem (2).

Therefore, ρ∗q ≤ 1− φ̄q for each q ∈ Γ.
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Since φqRiq and φqRrq for all i, r, q, then by equations (7) and (8), we get∑
j∈Π

λq∗
j xij ≤ xiq, ∀i ∈ I, ∀q ∈ Γ, (15)

∑
j∈Π

λq∗
j yrj ≥ yrq, ∀r ∈ O, ∀q ∈ Γ. (16)

Considering Ω = (λ̃q
j ; ∀j ∈ Π, λ̃q, φ̃q; ∀q ∈ Γ) as an optimal solution to LP (2) and

equations (15) and (16), we have

xiq − φ̃qRiq ≥
∑
j∈Π

λ̃q
jxij +

∑
q∈Γ

λ̃qxiq ≥
∑
j∈Π

λ̃q
jxij +

∑
q∈Γ

λ̃q

∑
j∈Π

λq∗
j xij


=

∑
j∈Π

λ̃q
j +

∑
q∈Γ

λ̃qλq∗
j

xij , ∀i ∈ I. (17)

yrq + φ̃qRiq ≤
∑
j∈Π

λ̃q
jyrj +

∑
q∈Γ

λ̃qyrq ≤
∑
j∈Π

λ̃q
jyrj +

∑
q∈Γ

λ̃q

∑
j∈Π

λq∗
j yrj


=

∑
j∈Π

λ̃q
j +

∑
q∈Γ

λ̃qλq∗
j

 yrj , ∀r ∈ O. (18)

By equations (17), (18), and defining λ̄q
j := λ̃q

j +
∑

q∈Γ λ̃
qλq∗

j for each j ∈ Π, we get∑
j∈Π

λ̄q
jxij ≤ xiq − φ̃qRiq, ∀i ∈ I, (19)

∑
j∈Π

λ̄q
jyrj ≥ yrq + φ̃qRrq, ∀r ∈ O. (20)

In addition, since Ω is an optimal solution to LP (2) and equation (9),

∑
j∈Π

λ̄q
j =

∑
j∈Π

λ̃q
j +

∑
q∈Γ

λ̃qλq∗
j

 =
∑
j∈Π

λ̃q
j +

∑
q∈Γ

λ̃q

∑
j∈Π

λq∗
j


=

∑
j∈Π

λ̃q
j +

∑
q∈Γ

λ̃q = 1. (21)

By contradiction assume that there exists at least one k ∈ Γ such that ρ∗k = 1− φ̃k <
1− φ̄k. In other words, φ̃k > φ̄k. By equations (19) and (20), we obtained:∑

j∈Π

λ̄k
jxij ≤ xik − φ̃kRik < xik − φ̄kRik, ∀i ∈ I, (22)
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j∈Π

λ̄k
j yrj ≥ yrk + φ̃kRrk > yrk + φ̄kRrk, ∀r ∈ O. (23)

According to assumptions of Theorem, we have xk ̸= xIdeal or yk ̸= yIdeal. Without
loss of generality, we assume that xk ̸= xIdeal. Then, there exists at least one l ∈ I such
that xlk =

∑
j∈Λ αk∗

lj > xIdeal
l by equation (12).

Considering equation (22), we define

µ = min

{∑
j∈Π λ̄k

jxlj − (1− φ̄k)
∑

j∈Λ αk∗
lj − φ̄kx

Ideal
l

−(1− φ̄k)
,

∑
j∈Λ

αk∗
lj − xIdeal

l

 . (24)

It is obvious that µ > 0. Now define β̄q
rj = βq∗

rj for all j ∈ Λ, q ∈ Γ, r ∈ O, and

ᾱq
ij =

{
αq∗
ij − µj if i = l, q = k,

αq∗
ij otherwise, (25)

in which
∑

j∈Λ µj = µ.

By equation (24), we have

∑
j∈Π

λ̄k
jxij ≤

∑
j∈Λ

αk∗
lj − µ

 (1− φ̄k) + φ̄kx
Ideal
l =

∑
j∈Λ

ᾱk
lj − φ̄kRlq, (26)

∑
j∈Λ

ᾱk
lj =

∑
j∈Λ

αk∗
lj − µ ≥ xIdeal

l , (27)

By equations (11), (13), (19), (20), (26), and (27), it is obvious that (λ̄q
j , ᾱ

q
ij , β̄

q
rj) is a

feasible solution to problem (5) in which, the value of the objective function of LP (5)
at this feasible point is equal:

∑
i∈I

∑
q∈Γ

∑
j∈Λ

wq
ijᾱ

q
ij −

∑
r∈O

∑
q∈Γ

∑
j∈Λ

wq
rj β̄

q
rj =

∑
i∈I−{l}

∑
q∈Γ−{k}

∑
j∈Λ

wq
ijᾱ

q
ij

+
∑
j∈Λ

wk
ljᾱ

q
ij −

∑
r∈O

∑
q∈Γ

∑
j∈Λ

wq
rj β̄

q
rj =

∑
i∈I−{l}

∑
q∈Γ−{k}

∑
j∈Λ

wq
ijα

q∗
ij

+
∑
j∈Λ

wk
lj(α

q∗
lj − µj)−

∑
r∈O

∑
q∈Γ

∑
j∈Λ

wq
rj β̄

q
rj <

∑
i∈I−{l}

∑
q∈Γ−{k}

∑
j∈Λ

wq
ijα

q∗
ij

+
∑
j∈Λ

wk
ljα

q∗
lj −

∑
r∈O

∑
q∈Γ

∑
j∈Λ

wq
rj β̄

q
rj =

∑
i∈I

∑
q∈Γ

∑
j∈Λ

wq
ijα

q∗
ij −

∑
r∈O

∑
q∈Γ

∑
j∈Λ

wq
rjβ

q∗
rj .

This contradicts the assumption and completes the proof. �
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4 An illustrative example

In this section, a numerical example is given to verify the realisation of the research
goals. The data employed in this section are adapted from those provided by
Emrouznejad et al. (2010) (see Table 1). This table shows the input and output levels for
10 DMU. Each DMU has an input, x, to produce two outputs y1 and y2. The model (1)
is employed to obtain the efficiency score of DMUs (see Table 1).

Table 1 Inputs, outputs, and efficiency

DMUs DMU1 DMU2 DMU3 DMU4 DMU5 DMU6 DMU7 DMU8 DMU9 DMU10

x 12 35 25 22 40 50 35 40 25 16
y1 15 18 20 12 –10 –8 –18 –10 –7 26
y2 11 6 13 20 25 27 6 22 19 8
ρ∗ 1.000 0.682 0.992 1.000 1.000 1.000 0.384 0.767 0.842 1.000

Table 1 shows the inefficiency of DMU7, DMU8, and DMU9. Suppose that these
three DMUs are merged to generate two new DMUs. In other words, the decision maker
combines these three pre-restructuring DMUs to produce two post-restructuring DMUs
with pre-specified efficiency goals. Then, the sets of pre and post restructuring DMUs
indices are denoted by Λ = {7, 8, 9}, Γ = {1, 2} respectively and Π = J − Λ. At
first, let DMUnew1 and DMUnew2 be the two DMUs generated by the consolidation
with a predetermined efficiency targets ρ̄new1 = 0.950 (φ̄new1= 0.050) and ρ̄new2 =
0.900 (φ̄new2 = 0.100), respectively. To estimate inputs and outputs DMUnew1 and
DMUnew2 using the model (5), the following model is considered.

min
∑
p∈Λ

∑
q∈Γ

w̄q
pα

q
p −

∑
p∈Λ

∑
q∈Γ

w̄q
p1β

q
p1 −

∑
p∈Λ

∑
q∈Γ

w̄q
p2β

q
p2,

s.t.
∑
j∈Π

λ1
jxj ≤ α1

7 + α1
8 + α1

9 − φ̄new1R1,∑
j∈Π

λ2
jxj ≤ α2

7 + α2
8 + α2

9 − φ̄new2R2,∑
j∈Π

λ1
jy1j ≤ β1

r7 + β1
r8 + β1

r9 + φ̄new1Rr1, r = 1, 2,

∑
j∈Π

λ2
jyrj ≤ β2

r7 + β2
r8 + β2

r9 + φ̄new2Rr2, r = 1, 2,

∑
j∈Π

λq
j = 1, q ∈ Γ,

α1
7 + α2

7 ≤ 35, α1
8 + α2

8 ≤ 40, α1
9 + α2

9 ≤ 25,

β1
17 + β2

17 ≥ −18, β1
18 + β2

18 ≥ −10, β1
19 + β2

19 ≥ −7,

β1
27 + β2

27 ≥ 6, β1
28 + β2

28 ≥ 22, β1
29 + β2

29 ≥ 19,

α1
7 + α1

8 + α1
9 ≥ 12 = xIdeal, α2

7 + α2
8 + α2

9 ≥ 12 = xIdeal,

β1
17 + β1

18 + β1
19 ≤ 26 = yIdeal1 , β2

17 + β2
18 + β2

19 ≤ 26 = yIdeal1 ,

β1
27 + β1

28 + β1
29 ≤ 27 = yIdeal2 , β2

27 + β2
28 + β2

29 ≤ 27 = yIdeal2 ,
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αq
j ∈ R, ∀j ∈ Λ, q ∈ Γ,

βq
rj ∈ R, ∀j ∈ Λ, q ∈ Γ, r = 1, 2,

λ1
j ≥ 0, λ2

j ≥ 0, ∀j ∈ Π. (28)

Considering different weights for each of the inputs and outputs, two optimal solutions
could be obtained (two created scenarios for DMUnew1 and DMUnew2) for this LP
that are reported in Table 2.

Table 2 Inputs and outputs inherited of DMU7, DMU8, and DMU9

Optimal solutions First Second

α1∗
j α2∗

j β1∗
1j β2∗

1j β1∗
2j β2∗

2j α1∗
j α2∗

j β1∗
1j β2∗

1j β1∗
2j β2∗

2j

DMU7 24.00 11.00 10.21 –11.78 –21.00 27.00 35.00 0.00 –5.35 –11.78 11.44 0.00
DMU8 0.00 40.00 0.00 0.00 22.00 0.00 0.00 40.00 0.00 0.00 14.00 8.00
DMU9 0.00 3.22 0.00 0.00 19.00 0.00 10.78 14.22 0.00 0.00 0.00 19.00

Therefore, DMUnew1 and DMUnew2 should have the input and output levels as shown
in Table 3. This leads to predetermined efficiency targets (ρ̄new1 = 0.950, ρ̄new2 =
0.900).

Table 3 Inputs and outputs of DMUnew1 and DMUnew2

The first scenario create DMUnew1 α1∗
7 + α1∗

8 + α1∗
9 (x) 24.00

new DMUs based on the β1∗
17 + β1∗

18 + β1∗
19 (y1) 10.21

first optimal solution β1∗
27 + β1∗

28 + β1∗
29 (y2) 20.00

DMUnew2 α2∗
7 + α2∗

8 + α2∗
9 (x) 54.22

β2∗
17 + β2∗

18 + β2∗
19 (y1) –11.78

β2∗
17 + β2∗

18 + β2∗
19 (y2) 27.00

α1∗
7 + α1∗

8 + α1∗
9 (x) 45.78

The second scenario create DMUnew1 β1∗
17 + β1∗

18 + β1∗
19 (y1) –5.35

new DMUs based on the β1∗
27 + β1∗

28 + β1∗
29 (y2) 25.44

second optimal solution α2∗
7 + α2∗

8 + α2∗
9 (x) 54.22

DMUnew2 β2∗
17 + β2∗

18 + β2∗
19 (y1) –11.78

β2∗
17 + β2∗

18 + β2∗
19 (y2) 27.00

Tables 2 and 3 show that if the second scenario is selected to generate DMUnew1 and
DMUnew2, then:

1 The contributions of DMU7, DMU8, and DMU9 in the input of DMUnew1 are
approximately 76%, 0%, and 24%, respectively. Moreover, the corresponding
contributions of DMU7, DMU8, and DMU9 in the input of DMUnew2 are
approximately 0%, 74%, and 26%, respectively.

2 The first outputs of DMUnew1 and DMUnew2 are fully supplied by DMU7

while DMU8 and DMU9 have no contribution.

3 The contributions of DMU7 and DMU8 in the second output of DMUnew1 are
approximately 45%, 55%, respectively while DMU9 has no contribution. Also,



A novel inverse DEA model for restructuring DMUs 129

the contributions of DMU7, DMU8, and DMU9 in the input of DMUnew2 are
approximately 0%, 30%, and 70%, respectively.

As the second case, suppose that these three DMUs (DMU7, DMU8, and DMU9)
combine their activities by generating two new DMUs (DMUnew1 and DMUnew2),
such that DMUnew1 and DMUnew2 are fully efficient, ρ̄q = 1 (φ̄q = 0), q ∈ Γ.
To estimate the input and output levels DMUnew1 and DMUnew2, model (28) is
employed. As a result, two optimal solutions are obtained as shown in Table 4.

Table 4 Inputs and outputs inherited of DMU7, DMU8, and DMU9

Optimal solutions First Second

α1∗
j α2∗

j β1∗
1j β2∗

1j β1∗
2j β2∗

2j α1∗
j α2∗

j β1∗
1j β2∗

1j β1∗
2j β2∗

2j

DMU7 50.00 –15.00 –8.00 12.00 –14.00 20.00 35.00 0.00 12.00 –8.00 –21.00 27.00
DMU8 0.00 37.00 0.00 0.00 22.00 0.00 –13.00 50.00 0.00 0.00 22.00 0.00
DMU9 0.00 0.00 0.00 0.00 19.00 0.00 0.00 0.00 0.00 0.00 19.00 0.00

Therefore, DMUnew1 and DMUnew2 should have the input and output levels as shown
in Table 5 to achieve fully efficient (ρ̄new1 = 1 and ρ̄new2 = 1).

Table 5 Inputs and outputs of DMUnew1 and DMUnew2

The first scenario create DMUnew1 α1∗
7 + α1∗

8 + α1∗
9 (x) 50.00

new DMUs based on the β1∗
17 + β1∗

18 + β1∗
19 (y1) –8.00

first optimal solution β1∗
27 + β1∗

28 + β1∗
29 (y2) 27.00

DMUnew2 α2∗
7 + α2∗

8 + α2∗
9 (x) 22.00

β2∗
17 + β2∗

18 + β2∗
19 (y1) 12.00

β2∗
17 + β2∗

18 + β2∗
19 (y2) 20.00

The second scenario create DMUnew1 α1∗
7 + α1∗

8 + α1∗
9 (x) 22.00

new DMUs based on the β1∗
17 + β1∗

18 + β1∗
19 (y1) 12.00

second optimal solution β1∗
27 + β1∗

28 + β1∗
29 (y2) 20.00

DMUnew2 α2∗
7 + α2∗

8 + α2∗
9 (x) 50.00

β2∗
17 + β2∗

18 + β2∗
19 (y1) –8.00

β2∗
17 + β2∗

18 + β2∗
19 (y2) 27.00

According to Tables 4 and 5, selecting the first scenario for generating DMUnew1 and
DMUnew2 gives the following results:

1 The input of DMUnew1 is entirely supplied by DMU7 while DMU8 and DMU9

have no contribution. Also, the contributions of DMU7, DMU8, and DMU9 in
the input of DMUnew1 and DMUnew2 are approximately –68%, 168%, and 0%,
respectively. This means that DMU7 has a negative effect for generating
DMUnew1 and DMUnew2.

2 The first outputs of DMUnew1 and DMUnew2 are totally supplied by DMU7

while DMU8 and DMU9 have no role.

3 The contributions of DMU7, DMU8, and DMU9 in second output of DMUnew1

are approximately –52%, 82%, and 70%, respectively. It is clear that DMU7 has
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a negative effect on generating the new DMU 1. Also, the second output of
DMUnew2 is fully supplied by DMU7 while DMU8 and DMU9 have no quota.

As we know, the problem of target setting for a generated entity from a merger in the
presence of negative data has been studied by Amin and Al-Muharrami (2018). The
common form of merger happens when at least two DMUs combine their activities to
create a superior merged DMU. Thus, there is no available approach to compare our
results with that. It is clear that the inverse DEA model proposed in this paper is more
general than the corresponding one proposed by Amin and Al-Muharrami (2018). On the
other hand, the mathematical model proposed for a merger by them changes the number
of the model constraints that leads to increase in computational complexity. However,
the mentioned drawbacks could not be observed in the current study.

5 Conclusions

In this paper, the targets setting problem for a set of DMUs generated from a
generalised restructuring has been discussed. For this purpose, a novel extended inverse
DEA method is proposed to deal with the negative data. Consider that the traditional
inverse DEA methods could not be effective in the presence of negative data. This
leads to obtaining maximum benefit from restructures among the restructuring DMUs.
The obtained results could help managers for choosing the best alternative among
potential restructuring DMUs or equivalently selecting the right DMUs to restructure.
Accordingly, the maximum benefit could be obtained by minimising inputs and
maximising outputs.

Acknowledgements

The authors would like to thank Professor Angappa Gunasekaran (the editor of the
journal) and anonymous reviewers for their insightful and constructive comments and
suggestions.

References

Amin, G.R. and Al-Muharrami, S. (2018) ‘A new inverse data envelopment analysis model for
mergers with negative data’, IMA Journal of Management Mathematics, Vol. 29, No. 2,
pp.137–149.

Amin, G.R. and Oukil, A. (2019) ‘Flexible target setting in mergers using inverse data envelopment
analysis’, International Journal of Operational Research, Vol. 35, No. 3, pp.301–317.

Amin, G.R., Al-Muharrami, S. and Toloo, M. (2019) ‘A combined goal programming and inverse
DEA method for target setting in mergers’, Expert Systems with Applications, Vol. 115, No. 1,
pp.412–417.

Amin, G.R., Emrouznejad, A. and Gattoufi, S. (2017) ‘Modelling generalized firms’ restructuring
using inverse DEA’, Journal of Productivity Analysis, Vol. 48, No. 1, pp.51–61.

Charnes, A., Cooper, W.W. and Rhodes, E. (1978) ‘Measuring the efficiency of decision making
units’, European Journal of Operational Research, Vol. 2, No. 6, pp.429–444.



A novel inverse DEA model for restructuring DMUs 131

Cooper, W.W., Seiford, L.M. and Tone, K. (1999) Data Envelopment Analysis: A Comprehensive Text
With Models, Applications, References and DEA Solver Software, Kluwer Academic Publisher,
Springer, USA.

Ehrgott, M. (2005) Multicriteria Optimization, Springer, Berlin.
Emrouznejad, A. and Yang, G. (2018) ‘A survey and analysis of the first 40 years of scholarly

literature in DEA: 1978–2016’, Journal of Socio-Economic Planning Sciences, Vol. 61, No. 3,
pp.4–8.

Emrouznejad, A., Anouze, A.L. and Thanassoulis, E. (2010) ‘A semi-oriented radial measure for
measuring the efficiency of decision making units with negative data, using DEA’, European
Journal of Operational Research, Vol. 200, No. 1, pp.297–304.

Farrell, M.J. (1957) ‘The measurement of productive efficiency’, Journal of the Royal Statistical
Society, Vol. 120, No. 3, pp.252–290.

Gattoufi, S., Amin, G.R. and Emrouznejad, E. (2014) ‘A new inverse DEA method for merging
banks’, IMA Journal of Management Mathematics, Vol. 25, No. 1, pp.73–87.

Ghobadi, S. and Jahangiri, S. (2015) ‘Iverse DEA: review, extension and application’, International
Journal of information Technology and Decision Making, Vol. 14, No. 4, pp.805–824.

Ghobadi, S. and Jahangiri, S. (2019) ‘Optimal allocation of resources using the ideal-solutions’,
Journal of New Researches in Mathematics, Vol. 5, No. 20, pp.121–134.

Ghobadi, S., Jahanshahloo, G.R., Hoseinzadeh Lotfi, F. and Rostami-Malkhalifeh, M. (2018)
‘Efficiency measure under inter-temporal dependence’, International Journal of Information
Technology and Decision Making, Vol. 17, No. 2, pp.657–675.

Ghobadi, S., Jahanshahloo, G.R., Hoseinzadeh Lotfi, F. and Rostami-Malkhalifeh, M. (2014) ‘Dynamic
inverse DEA in the presence of fuzzy data’, Advances in Environmental Biology, Vol. 8, No. 24,
pp.139–151.

Ghobadi, S. (2017) ‘Inputs and outputs estimation in inverse DEA’, Iranian Journal of Optimization,
Vol. 9, No. 2, pp.119–129.

Ghobadi, S. (2018) ‘Inverse DEA using enhanced Russell measure in the presence of fuzzy data’,
International Journal of Industrial Mathematics, Vol. 10, No. 2, pp.165–180.

Ghobadi, S. (2019) ‘A generalized DEA model for inputs (outputs) estimation under inter-temporal
dependence’, RAIRO-Operations Research, Vol. 53, No. 5, pp.1791–1805.

Hadi-Vencheh, A. and Foroughi, A.A. (2006) ‘A generalized DEA model for inputs/outputs
estimation’, Mathematical and Computer Modelling, Vol. 43, Nos. 5–6, pp.447–457.

Hadi-Vencheh, A., Foroughi, A.A. and Soleimani-Damaneh, M. (2008) ‘A DEA model for resource
allocation’, Economic Modelling, Vol. 25, No. 5, pp.983–993.

Hosseinzadeh Lotfi, F., Ebrahimnejad, A., Vaez-Ghasemi, M. and Moghaddas, Z. (2020) ‘Advanced
DEA models with R codes’, in Data Envelopment Analysis with R. Studies in Fuzziness and
Soft Computing, Vol. 386, Springer, Cham.

Jahanshahloo, G.R., Hosseinzadeh Lotfi, F., Shoja, N., Tohidi, G. and Razavyan, S. (2005) ‘Sensitivity
of efficiency classifications in the inverse DEA models’, Applied Mathematics and Computation,
Vol. 169, No. 2, pp.905–916.

Jahanshahloo, G.R., Hoseinzadeh Lotfi, F., Rostami-Malkhalifeh, M. and Ghobadi, S. (2014) ‘Using
enhanced Russell model to solve inverse data envelopment analysis problems’, The Scientic
World Journal, No. Special Issue, pp.1–10.

Jahanshahloo, G.R., Soleimani-Damaneh, M. and Ghobadi, S. (2015) ‘Inverse DEA under
inter-temporal dependence using multiple-objective programming’, European Journal of
Operational Research, Vol. 240, No. 2, pp.447–256.

Lertworasirikul, S., Charnsethikul, P. and Fang, S.C. (2011) ‘Inverse data envelopment analysis model
to preserve relative efficiency values: the case of variable returns to scale’, Computers and
Industrial Engineering, Vol. 61, No. 4, pp.1017–1023.



132 S. Ghobadi et al.

Lim, D-J. (2016) ‘Inverse DEA with frontier changes for new target setting’, European Journal of
Operational Research, Vol. 254, No. 2, pp.510–516.

Lin, H.T. (2010) ‘An efficiency-driven approach for setting revenue target’, Decision Support Systems,
Vol. 49, No. 3, pp.311–317.

Lovell, C.A.K. (1995) ‘Measuring the macroeconomic performance of the Taiwanese economy’,
International Journal of Production Economics, Vol. 39, Nos. 1–2, pp.165–178.

Moonesian, V., Ghobadi, S. and Jahangiri, S. (2019) ‘Efficiency and super-efficiency
under inter-temporal dependence’, RAIRO-Operations Research, in press [online]
https://doi.org/10.1051/ro/2019072.

Pastor, J.T. (1994) How to Discount Environmental Effects in DEA: An Application to Bank Branches,
Working Paper No. 011/94, Depto. De Estadistica e Investigacion Operativa, Universidad de
Alicante, Spain.

Portela, M.C.A.S., Thanassoulis, E. and Simpson, G.G. (2004) ‘A negative data in DEA: a directional
distance approach applied to bank branches’, Journal of the Operational Research Society,
Vol. 55, No. 10, pp.1111–1121.

Scheel, H. (2011) ‘Undesirable outputs in efficiency valuations’, European Journal of Operational
Research, Vol. 132, No. 2, pp.400–410.

Seiford, L.M. and Zhu, J. (2002) ‘Modeling undesirable factors in efficiency evaluation’, European
Journal of Operational Research, Vol. 142, No. 1, pp.16–20.

Wei, Q.L., Zhang, J. and Zhang, X. (2000) ‘An inverse DEA model for input/output estimate’,
European Journal of Operational Research, Vol. 121, No. 1, pp.151–163.

Yan, H., Wei, Q.L. and Hao, G. (2002) ‘DEA models for resource reallocation and production
input/output estimation’, European Journal of Operational Research, Vol. 136, No. 1, pp.19–31.

Zanboori, E., Rostamy-Malkhalifeh, M., Jahanshahloo, G.R. and Shoja, N. (2014) ‘Calculating super
efficiency of DMUs for ranking units in data envelopment analysis based on SBM model’, The
Scientific World Journal, No. Special Issue, pp.1–7.

Zeinodin, E. and Ghobadi, S. (2019) ‘Merging DMUs based on of the idea inverse DEA’, Iranian
Journal of Optimization, Vol. 11, No. 2, pp.77–84.

Zeinodin, E. and Ghobadi, S. (2020) ‘Merging decision-making units under inter-temporal
dependence’, IMA Journal of Management Mathematics, Vol. 31, No. 2, pp.139–166.

Zhang, X.S. and Cui, J.C. (1999) ‘A project evaluation system in the state economic information
system of China an operations research practice in public sectors’, International Transactions in
Operational Research, Vol. 6, No. 5, pp.441–452.


