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Abstract: This paper proposes a control scheme to suppress the effects in steady state on
output caused by unknown disturbances to input and output and deviations of parameters in
transfer functions. The scheme is based on generalised minimum variance control (GMVC). In
many cases, the disturbances and parameter changes are caused by frictions, backlash, payload
changes, parts replacement or aged deterioration and they are slowly changing, such as step-wise
or ramp-wise. Hence in this paper, the disturbances and parameter changes are supposed to be
slowly changing. First conditions to suppress effects on output of disturbances and parameter
changes are obtained. Then the controller to suppress such effects are obtained by selecting
parameters to satisfy the conditions of Yola-Kucera generalised stabilising controller. Numerical
simulations of a model of two-degree of freedom fourth order system are given to show the
effectiveness of the proposed controller.

Keywords: generalised minimum variance control; GMVC; disturbances on input and output;
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1 Introduction

Mechanical systems are frequently corrupted by unknown
disturbances such as frictions or backlash and parameter
changes caused by aged deterioration. To obtain
high-precision positioning control, it is crucially important
to suppress the effects of such unknown disturbances and
parameter chances.

For this purpose, generalised minimum variance control
(GMVC) (Clarke and Gawthrop, 1979) is suitable by
the ability to control unstable and non-minimum phase
plants by using the generalised output. Also, GMVC has
a simple structure comparing to generalised predictive
controller (GPC), that is, GMVC needs to solve only
one Diophantine polynomial equation, whereas, GPC has
several Diophantine equations. By these reasons, GMVC is
applied in industry (Ramos et al., 2004; Fusco and Russo,
2006; Laurinda et al., 2007) and to mechanical systems. The
controller of this paper is based on GMVC.

A method to reduce the effects of disturbance and plant
parameter deviations from nominal values is to treat these
deviations as plant uncertainty and there are many papers to
discuss the uncertainty as the robust control (Doyle et al.,
1990). But most of papers of robust control consider the
conditions for stability of plants including uncertainty and
do not give the reductions of the effects of the uncertainty.

Also the effects of disturbance and plant parameter
deviations are expressed by sensitivity functions and using
the functions, the suppress of these effects are made into
model matching problem and the problem is solved by
H technique (Vidyasagar, 1985). But the method needs to
solve H., problem.

For GMVC, the controller by polynomial approach
is extended to the generalised Youla-Kucera controller
(Vidyasagar, 1985) and is applied to a strongly stable
controller (Inoue et al., 1999; Inoue and Deng, 2013).
To reduce the effects of disturbances to inputs of the
plant, the extended controller is used (Inoue et al., 2021).
But the paper does not consider disturbance to output
and parameter deviations. And a state space controller of
GMVC equivalent to the controller by polynomial approach
is obtained (Inoue et al., 2022). The equivalent controller
is used under the corruption of disturbances, but the paper
does not derive the extended controller and also does not
consider parameter changes.

As for the applications of the extended controller,
there exist several papers for GPC. Kouvaritakis et al.
(1992) introduced a Youla parameter to enhance the degree
of robustness of the closed loop systems. Cheng et al.
(2009) extended the result to GPC with constrains. As
for the suppression of the effects of disturbances, Inoue

et al. (2018a) used an extended controller with a full-order
observer, used a reduced-order observer (Inoue et al.,
2018b), also used a disturbance estimating observer (Inoue
et al.,, 2018c). But these papers do not consider the
parameter deviations.

This paper proposes a control scheme for the suppress
of effects in steady state on output caused by unknown
disturbances to input and output and deviations of
parameters in transfer function.

Since in many cases, disturbances and parameter
deviations are caused by frictions, backlashes, payload
changes, parts replacements or aged deterioration in
mechanical systems and they change slowly. Hence, in this
paper, the disturbances and parameter changes are supposed
to be slowly changing.

To suppress the effects of disturbances on output and
parameter deviations is original of this paper. And the
analysis of the effects is newly unified one.

First the effects on output of disturbances and parameter
changes are analysed and conditions to suppress such
effects are obtained. Then the controller to suppress these
effects are obtained by selecting parameters to satisfy
the conditions in an extended controller of GMVC of
polynomial approach. The extended controller is derived by
using Yola-Kucera generalised stabilising controller.

Numerical simulations of a model of two-degree of
freedom fourth order system are given to show the
effectiveness of the proposed controller.

2 Problem statement

The controlled plant has single-input single-output and
described as

(A(z71) + dA(z"))y(k)
=2"UB(z7") +dB(27 1)) (u(k) + du(k)), (D

Yo(k) = y(k) +dy(k), k=0,1,... )

where z~1 denotes time-delay; 2z~ 'y (k) = y(k — 1).

2.1 Variables in the plant
The variables are:

e u(k): control input

e d,(k): unknown slowly changing disturbance to input

u(
(k
(

e

)
e y(k): output not observable
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e y,(k): observed output corrupted by d, (k)

e d,(k): unknown slowly changing disturbance to
output y(k)

e d: known time delay.

The reason to restrict disturbances and parameter deviations
to be slowly changing is explained in Remark at the end of
Section 5.

A(z7!) and B(z7!) are known nominal polynomials
of order n, m and n>m also n>d+m. dA(z71)
and dB(z~!) are unknown slowly changing parameter
deviations. A(z~!) and B(z~!) are denoted by

A =14az + . Fapz™, 3)
Bz =by+ bzt . by ™ 4)

2.2 Control objective

The control objective is that the output y(k) has a desirable
response to the reference input r(k) under the slowly
changing unknown disturbances d,, (k) and d,(k) and the
slowly changing unknown parameter deviations dA(z~1)
and dB(z71).

To this objective, GMVC designs a controller to
minimise the following index

J = ®(k 4+ d)? (5)
using the generalised output ®(k + d),
d(k+d) =Pz ylk +d) +Q(z Hu(k)

—R(z"Yr(k),
P(z_l) = Po +plz_1 + .+ pp2 P,

Do 7& 07 p> da

Q") =g +qz""+ ..+ gz,

Rz YN =rg+rzt+. .. 4+rz" 6)
where P(z71), Q(z7!) and R(z7!) are design

polynomials. That is, P(z7!) and Q(z~!) are selected
to satisfy the next condition to obtain a given desirable
closed-loop characteristic 7'(2~*) (Clarke and Gawthrop,
1979),

P(z"B("H)+Q("HAET) =T("). ()

Polynomial R(z7!) is selected to satisfy the close-loop
steady gain to be equal to 1.

3 GMVC controller

First, GMVC is designed for the nominal plant
A"y (k) = 2~ B("")u(k), ®)

without disturbances and parameter changes and plant
output y(k) is observable.

To minimise .J, control input is designed using the
estimate ®(k + d|k) of ®(t + d) to zero;

®(k + d|k) = 0. )

The estimate ®(k + d|k) is obtained by using information
of the present and the past inputs u(k), u(k — 1), ... and
outputs y(k), y(k — 1), .... Hence, it needs to estimate the
only values of the future steps of y(k+1), (i =d,d—
1,..,1) in the first term P(z~!)y(k +d) and the rests
of outputs y(k + i), (i =0,—1,...,d — p) in the term are
measured directly and are not necessary to be estimated.
Therefore, to separate the outputs necessary to be estimated
and the output not necessary and also to select the value
of the present input u(k), polynomials P(z~1) and Q(z1)
are separated as;

P =Pz Y+ 2Py (271, (10)
Pz =po+piz ' + ..+ pa_1z” 0T, (11)
Py(z7Y) = pa + pag1z7t + ... +ppz_p+d, (12)
QG =q+27'Q2(71), (13)
Qz =g +q@z "+ + qqz’q“. (14)

Then the only term necessary to be estimated in the function
®(k +d) of equation (6) is Pi(2~1)y(k+d) and it is
defined as

&y (k+d) E Pz Yy(k +d). (15)

To estimate ®;(k + d), solve Diophantine equation (Clarke
and Gawthrop, 1979)

Pi(z7) = AG"HEET) + 2R (Y, (16)
and define polynomial S(z71)

Sz =E(E "Bz =so+2 'Si(z7").  (17)
where E(z71) is (d—1)" order and F(z7!) is (n—
1) order polynomials. Multiply 2?F(z~!) to plant (8)
and substitute A(z"V)E(z7!) = Pi(z7 1) — 2z74F (27 1) of
equation (16),

AP () = P )y

=2E(z"H)27 Bz Yu(k),

Pi(z"Ny(k +d) = F(2~")y(k)

+S(z7 Hu(k). (18)

Then define an estimate ®;(k+ d|k) of & (k+d)=
Pi(z7Yy(k +d) as

&y (k +dlk) € F(zMy(k) + Sz Hu(k). (19)

P(z"Yy(k +d) = Pu(z"")y(k + d) + Pa(=~")y(k),(20)
using this equation, estimate ®(k + d|k) is defined as

bk + dlk) & &1 (k + d|k) + Pa(=V)y(k)

+Q(z"Hu(k) — R(z~1)r(k). 21

And the controller is derived from ®(k + d|k) = 0, then,
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(F(1) + Po(z71)y(k) + (S(z71) + Q™ ))u(k)
—R(z"Yr(k) = 0. (22)

Using equations (13) and (17), this equation is

(F(z"") + Pa(27")y (k) + sou(k)

+51(z7ulk — 1) + qou(k) + Q2(zu(k — 1)

—R(z"Yr(k) =0. (23)
Then control input is

u(k) = [~F(z"" + Pa(271))y(k)

—(S1(z™) + Q2(z7))ulk - 1)

+R(r(R)]/ (s0 + qo)- (24)

4 Extended controller

The controller (24) is extended to Youla-Kucela generalised
stabilising controllers (Vidyasagar, 1985; Inoue and Deng,
2013).

Let Ug(z7!) and U,(27') be design parameter
polynomials of orders ng and n,;

+ oot Ugngz” M, (25)
a4+ Udn, 2 " (26)

Ud(zfl) = Ugo + ugrz !

Un(zil) = Uno + Un1Z

The controller u(k) of equation (24) is extended to u.(k)
by adding an additional term wu, (k) as

ue(k) = u(k) + ua(k), 27)
) = P B )
—A(z" Ny (k). (28)
When Uy(z~1) and U, (z~) be chosen as
Ug(z"Y =1, U, (71 =0. (29)

Then the additional term wu,(k) =0 disappears and the
extended controller reduces to non-extended one.

5 Effects of disturbances and parameter deviations to
plant output

This section gives a mathematical expression of the effects
of disturbances and parameter deviations to plant output at
the steady state. In controllers (22) and (28), the observed
output y, (k) is used. Then the extended controller is

(F(1) + Pa(z7))yo(k) + (S(z71) + Q27 )u(k)

—R(z"Y)r(k) =0, (30)
(k) = Z.’;Ej'lin(zl)ue(k)

—A(z"Nyo(k)), 31)
e (k) = u(k) + uq (k). (32)

Substituting equations (31) and (32) into equation (30), the
extended controller is rewritten as
Ga(z™ ue(k) = =Gn(z™")yo(k) + Gr (2~
Ga(z™1) = (ST + Q=)
X(Ua(z") = 27"B(z"1))Un(z71), (34)
Gu(z71) = (F(z71) + Pa(z7))Ua(z7")

Dr(k), (33)

+HS(T) + QAU (35)
Gr(z71) =Ua(z"HR(zT). (36)
Substituting  wu.(k) of equation (33) into w(k) in

equation (1), the closed-loop system is obtained.

(Ty(z7") + Ga(z"")dA(z™")

+Gn (272 B (27 1))y(k) = Tay(z~")dy (k)

+Tau (2" N du (k) + Tr (2~ r(k), (37)
Ty(=™") = Ga(z" AR + 2Bz )Gl
=Ua(z")(QGTHART) + P(z)B(TY),  (38)
Tay(z7") = == ""(B(=71) +dB(z"))Gu(z""),  (39)
Tau(z1) =2 Y(B(z"") +dB(z")Ga(z""),  (40)
T.(z) = _d(B( ) +dB(="))Gr (=71

=27 U(B(z") +dB(z1))Va(z"HR(=T). (41)
Theorem 1: If polynomials U,(27') and Ugy(z7') are

selected to satisfy the conditions:

1 Ud(z
2 atk— oo, Gg(z7t

~1) is stable
) is 0, that is,

Ga(z7H)]:=1 =0, (42)

then the effects of disturbance d,, (k) and parameter
deviation dA(z7!) in the closed-loop system (37) at
steady state are,

Ty (271 dy (k) — 0 at k — oo, (43)
Ga(z71HdA(z™) = 0 at k — oo. (44)
That is, in the closed-loop system (37), the effects of

disturbance d, (k) and parameter deviation dA(z7!) at
steady state are suppressed.

Proof: From condition (42) and using equation (40),
equations (43) and (44) hold.

Theorem 2: If polynomials U,(27!) and Uy(z~!
selected to satisfy the conditions:

) are

1 Ud(z
2 atk — oo, Gzt

—1) is stable
) is 0, that is,
Gn(z_l)‘zzl = 07 (45)

then the effect of disturbance d, (k) in equation (37)
at steady state is,

Tay(z71)dy (k) — 0 at k — oo. (46)
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That is, the effect of disturbance d, (k) at steady state is
suppressed. And when dA(z71') =0 and d,(k) =0, the
effect of parameter deviation dB(2~!) in equation (37) at
steady state is

. (y(k) y(k)
A (r(k;)dBﬂ’ T 2= °>
_ 274G, (2~ 1dB(z71)
Ty(z=") oy 4n

That is, if 279G,(271)/T,(271) at z=1 is small, then
the effect caused by parameter deviation dB(z~1) is small
at steady state.

Proof: From condition (45) and using equation (39),
equation (46) holds. Equation (47) is proved from
equations (37) and (45) by

lim M
k— o0 7“(]{)

dB#£0
_ 2~4YB(z"Y) +dB(z71))G,.(z7Y)
Ty(z=1) + Gp(z71)z=4dB(z71)

2z~ 21 271 z1 -

_ 4B );?5(1) )G (277) ) (48)
)| _ 2 UBEG )|

klgrolo (k) lap=o T,(=1) z=1. “

Remark: When there are no disturbances d, (k) =0 and
dy(k) = 0 and no parameter destinations dA(2~!) = 0 and
dB(z71) =0, then Uy(z~') in then numerator (41) and
Ua(27') in denominator (38) in the closed-loop system
(37) are canceled and the closed-loop systems (37) shows
that responses from reference r(k) to output y(k) are
independent to parameters U,(2~') and Ug(z~'). This
means that the extended controllers do not improve the
transient responses and is only useful in the steady
state. This is the reason that disturbances and parameter
deviations are supposed to be slowly changing. When a
change occurs, then the system goes in transient state and
if the next change comes quickly, then the system goes in
transient state again, before goes in steady state. That is,
if the changes occur quickly, then the system does not go
in steady state and the extended controller does not realise
its usefulness. This fact is confirmed by simulations in the
next section. To improve the transient responses is a future
work.

6 Simulations

Simulated plant is a model of a two degree of freedom
mechanical system. The system has two wheels connected
by a spring. It is derived by torque applied at the end of
another spring attached at the centre of the first wheel. This
torque 7 is the control input u. The wheels are affected by
viscous friction and elastic forces from springs. The output
y to be controlled is the rotation angle 65 of the second

wheel. The system is depicted in Figure 1. Symbols and
their values are listed in Table 1.

Figure 1 Mechanical system (see online version for colours)

Table 1 Symbols and their values

Second wheel

02 rad
J2 0.1 kgm®
d> 0.21 Nms/rad
k2 40 Nm/rad

First wheel

01 rad
Ji 0.2 kgm?
d1 0.1 Nms/rad
k1 50 Nm/rad

Rotation angle

Inertia moment
Viscous friction
Spring constant

Equations of motions of the system are

Jlél = 7d19.1 — k191 — k2(91 — 92) =+ T, (50)
Jobo = —ds0s + ]4;2(91 — 02) (51)

These equations are transformed into discrete-time systems
with sampling time 0.05 sec and the numerator of the
discrete-time system is approximated by two steps time
delay. The approximated discrete time system is

(A(z71) +dA(=")y(k)

=27 U(B(z71) +dB(z7 1)) (u(k) + du(k)), (52)

Yo(k) = y(k) + dy (k:), y=10s u=r, (53)
Az =14a27 ' dasz 2 +azz™3 +agz™,  (54)
B(z™1) = by, d=2, (55)

where d, (k) and d, (k) are slowly changing disturbances.
Parameters a; ~ a4 and by are

a1 = —0.9870, ap = 1.1111, a3 = —0.9321,
ag = 0.8458, by = 0.0208. (56)

Figure 2 compares the impulse responses of the original
continues-time equations of motion (50) and (51) and the
approximated discrete-time system (52). The figure shows
the discrete-time system approximates the continuous-time
equations well. Also it shows the system oscillates hard.
The generalised output ®(k + d) is defined by

Pz =po+piz +paz 4 pszd +pazt, (57)

Pz =po+piz Paz) = pa+pszT! +paz?,

Q(zfl) = qo, Qg(zfl) =0, R(zfl) =1+ 71121 (58)
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The coefficients of these polynomials are set by

po=1, p1 = —1.5, p, = 0.8375, ps = —0.2062,

and Uy(z~1) are selected to satisfy condition (42) and in
simulations #4 and #8, to satisfy (45).

pa = 0.0189, go =0, 79 =1, 1 = —0.8498, (59) Figure 4 Disturbances (see online version for colours)
- : =
so that the poles of the closed-loop system are stable and % 1t — o
Poles: 0.3. 0.35. 0.4. 0.45 60 e Disturbance to y / {06 §
oles: 0. . . A45. L |
’ ’ ’ (60) 8% Disturbance to u 22 S
And r¢ and r; are selected so that the closed loop steady % g 0 *E
state gain is 1. a - - ' s A : ‘ i
0 50 100 150 200 250 300 350 400
1 T 6
Figure 2 Impulse responses of continuous-time equation of ;(;\ 0 Disturbance to u 5 ;
motion and approximating discrete-time system oot o 2T
(see online version for colours) g 2 1® §
© -3t 4
P — i v l g
2 .l / Approximating discrete-time system | 8 -5 Disturbance to y . g
e Continues-time equation of motion [S s . s . . . . i
& 02f 0 50 100 150 200 250 300 350 400
v Step
v 0
0
é—’” r Figure 5 Parameters a1, a2 and by (see online version
= 04 . . . . . . . for colours)
0 05 1 15 2 25 3 35 4
Time(sec) oo F— Parameter a; —>
Sl oor S
= S ooz Parameter a, o
In simulations, reference input r(k) is a rectangular wave ‘g g e ‘g
with period 200 steps and amplitude 1.0 and is shown in § oree| & —ane il il 27 o o
. © [T ]
Figure 3. © or| B —oer \ e
Figure 3 Reference input o° 0 50 100 150 :toeﬂp 250 300 350 400
15 i .
o ! = 5 Parameter a, g
§ 05 / % - E 108 Parameter a, "E
g of Reference r g ol g Parameter b, e
L o5t &l e =
15} os| 8
<« | | &
-15 3 : : ' ' . . o 50 100 150 200 2;0 300 350 400
0 50 100 150 200 250 300 350 400
Step
Step
. . Table 3 Simulation cases
Disturbances and plant parameter changes are step-wise and
-Wi h in Table 2, Fi 4 . (2t
ramp-wise and are shown in Table 2, Figures 4 and 5 4 Controller Un(z 21 Disturbance Para Figure
and Up(27") devai
Table 2 Disturbances and parameter deviations #1 Non- U,=0 Step to Step Figure 6
Disturbance Amplitude  Start End  Figure 4 g:z:iz(; UnUig.fli 12 u(k) ac;ld
Step to y(k) - 0~1.0 100 350 Figure 4 Usj=1-0.8z"" as
Step to u(ki: ) 0~1.0 50300 F¥gure 4 #3 Non- Up,=0 Step to Step Figure 7
Ramp to y(k) - -3.9~0 50 330 F¥gure 4 extended U, =1 y(k) bo
Ramp to u(k) - 0~3.9 30 310 Figure 4 44 Extended U, — 16.946
Parameter Nominal — Deviation  Start End Figure Ug=1-05z"1
Step a1 —0.987 -0.987 x 0.1 20 250 Figure 5 #5 Non- U,=0 Ramp  Ramp Figure 8
Step as L1111 L1111 x 0.1 150 350 Figure 5 extended Us=1 tou(k)
Step bo 0.0208 0.0208 x 0.1 20 300 Figure 5 #6 Extended ~ Un =9.612 X and
Ramp a1 —0.987 -0.987 x 0.2 70 350 Figure 5 Ui=1-082 az
Ramp a2 1.1111  L.1111 x 0.2 90 370 Figure 5 #7 Non- U,=0 Ramp Ramp Figure 9
Ramp bo 0.0208 0.0208 x 0.2 110 390 Figure 5 extended Ud=1 to y(k) bo
#8 Extended U, = 16.946

Simulations are conducted in eight cases. Details are shown
Table 3. In simulations #2 and #6, polynomials U,,(z71)

Ui=1-0.5z""1
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In Figures 6~9 show that non-extended controller does
not follow the given reference under the disturbance and
parameter changes, but the extended controllers suppress
the offsets at steady state.

Figure 6 Outputs of simulation #1 and #2 with step
disturbance to u(k) and parameter step deviations
of a1 and a2 (see online version for colours)

.
L
° Non extended
= 2F 1
{ oot
c 5 controller —» Ve
o o 1 N —— B
c [ 7s
>~.c 0
Q3 Reference
25 ) e
2 c
O v 73 1 1 1 1 L 1 1
0 50 100 150 200 250 300 350 400
k5 3 - . - - - -
° Extended controller
G 2r Reference 1
% 1 VN i
(o]
zy of
S E -1F — F. Do
QS
e
5§ 2f i
O o
0 50 100 150 200 250 300 350 400

Step
Figure 7 Outputs of simulation #3 and #4 with step
disturbance to y(k) and parameter step deviation
of by (see online version for colours)

C
o . " : " .
= 4l Non extended controller
[
£ Reference
c
G S 2r / T
c
37T o i J
- [0}
-
o =
= O -2+ "
3 %
3% ) \ I . | L )
0 50 100 150 200 250 300 350 400
= B . . . . . . -
3 Extended controller
c
2 2} Reference ]
b)
B o
- = N
a2 W
£ 2r ]
S o . L . L L . L
Oco , 50 100 150 200 250 300 350 400

Step

Remark: In simulations #2 and #4, different parameters of
Un(271) and Uy(271) are used. This means for different
type of disturbances and parameter changes, different values
of parameters in the extended controller are required. To
make effective for different types by using single value in
the controller is remains a future work.

7 Conclusions

This paper proposed an extended controller to suppress
slowly changing disturbances such as friction, backlash or
caused by changes of payload in mechanical systems and
parameter deviations caused by aged deterioration or parts
replacement in steady state for high precise positioning
control. The extended controller is obtained by applying

Youla-Kucela generalised stabilising controller. Conditions
for suppression of effects of disturbances and parameter
changes in steady state are derived. The suppression
is attained by selecting the parameters in the extended
controller satisfying the conditions.

Figure 8 Outputs of simulation #5 and #6 with ramp
disturbance to u(k) and parameter ramp deviations
of a; and a2 (see online version for colours)
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Figure 9 Outputs of simulation #7 and #8 with ramp
disturbance to y(k) and parameter ramp deviation
of by (see online version for colours)
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For suppression of different disturbances to input and
output and different parameter changes in transfer functions,
different values of parameters in the extended controller are
necessary. To make effective for different types by using
single value in the controller is remains as a future work.

The derived closed-loop system shows that responses
from reference 7(k) to output y(k) are independent to
parameters of the extended controller. This means that the
extended controllers do not improve the transient responses.
This fact is confirmed by simulations. To improve the
transient responses is also a future work.

This paper considers slowly changing disturbances and
parameter changes because such cases occur frequently in
mechanical systems. Also, to consider randomly changing
disturbances or parameter deviations is important. To
consider such cases is also an open problem.
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This paper gives numerical simulations of using fourth
order mechanical model. To confirm the effectiveness of the
proposed controller by experiments is important and is a
future work.
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