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1 Introduction

During last decades, many efforts have been made for mathematical modelling and analysis
of viral infections. A proper model of virus dynamics could provide insights of a better
understanding of the disease and clinical treatments used to fight against it. The basic
virus dynamics model focused on exploring the relation between three main compartments,
uninfected cells (s), infected cells producing viruses (y), and free viruses (p) and is given
by Nowak and Bangham (1996):

§=0—E&s—dsp, ()
Y = dsp — ey, 2
p = sy — Up. 3

The generation and death rate constants of compartments (s, y, p) are give by (o, d, ») and
(&, €, 9), respectively. The term § sp represents the incidence rate of infection. The parameters
0,90, 2, &, e and ¥ are positive. The model has been developed in order to describe within-host
dynamics of many human viruses such as human immunodeficiency virus (HIV) (Nowak
and Bangham, 1996; Perelson et al., 1997; Perelson and Nelson, 1999; Elaiw et al., 2014,
2018a, 2018b, 2019b; Zhao et al., 2013; Gibelli et al., 2017; Elaiw and Elnahary, 2019;
Elaiw and Alshaikh, 2019; Elaiw and AlShamrani, 2018, 2019; Elaiw and Almuallem,
2015, 2016, 2019; Li and Wang, 2014; Prakash et al., 2019; Liu and Zhang, 2019; Bellomo
and Tao, 2020; Wang et al., 2019), hepatitis B virus (HBV) (Wang et al., 2010; Yousfi et al.,
2011; Chenar et al., 2018), hepatitis C virus (HCV) (Neumann et al., 1998; Zhang and Xu,
2017; Pan and Chakrabarty, 2018; Kitagawa et al., 2019), human T-cell leukemia virus
(HTLV) (Li and Shu, 2012; Wang et al., 2018) and chikungunya virus (CHIKV) (Wang and
Liu, 2017; Elaiw et al., 2018c, 2019a) etc.
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Manna and Chakrabarty have formulated and analysed the following HBV infection
model with HBV DNA-containing capsids (Manna and Chakrabarty, 2015):

$=p0—E&s— dsp, ()
Y =0sp — ey, ®)
Z=ny— (a+7)z, 6)
p=az—Jp, 7

where z is the concentration of the capsids. The capsids are produced at rate sy, die at
rate vz and cause viral replication at rate avz, where ~y and « are positive constants. Model
(4)—(7) has been extended in Manna and Chakrabarty (2017), Manna (2017), Xu and Geng
(2019) and Guo et al. (2018).

In Manna and Chakrabarty (2015, 2017), Manna (2017), Xu and Geng (2019) and
Guo et al. (2018), it has been assumed that the uninfected cells become infected due to its
contact with the virus (viral infection). The uninfected cells can be infected via two ways of
transmissions, namely, the diffusion-limited virus-to-cell transmission and the direct cell-
to-cell transfer using virological synapses (Shu et al., 2018). The cell-to-cell transmission
has been recognised in several works (see e.g., Jolly and Sattentau (2004), Lehmann et al.
(2011) and Sato et al. (1992)). Recent studies have reported that over 50% of viral infection
is due to the cell-to-cell transmission (Iwami et al., 2015) and even with an antiretroviral
therapy, the cell-to-cell spread of the virus can still permit ongoing replication (Sigal et al.,
2011). Therefore, for some viruses, cell-to-cell transmission seems to be a more powerful
and efficient means of virus propagation than the virus-to-cell transmission (Komarova
et al., 2012). Several mathematical models of virus dynamics with two ways of infection
have been developed by many researchers (see e.g., Culshaw et al. (2003), Lai and Zou
(2014), Elaiw et al. (2019c), Hobiny et al. (2018), Elaiw and Raezah (2017) and Yang et al.
(2015)). However, in these papers the virus DNA-containing capsids was not included.

In the present paper we formulated a viral infection model with virus DNA-containing
capsids and with both virus-to-cell and cell-to-cell transmissions. The nonnegativity and
boundedness of the solutions of the model were proven. We established the global stability
of the equilibria by using Lyapunov method and applying LaSalle’s invariance principle.

2 The model

In this section we extend model (4)—(7) by incorporating

e  Dboth virus-to-cell and cell-to-cell transmissions
e saturated incidence rate

e antibody immune response

. bisp Gasy
@S - 8
S=e- T T T ®)
d o
15p 25Y — ey, 9)

y= 1+wip 14wy
2=y~ (a+7)z (10)
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p = az —Vp — pup, (11
W=+ pup — Tu, (12)

where u is the concentration of the antibodies. Antibodies attack the viruses at rate pup.
The antibodies are generated at a constant rate 3, proliferate at rate pup and die at rate Tu.
Parameters w; > 0 and we > 0 are the saturation constants. All the other parameters of the
model are positive.

2.1 Basic properties

Lemma 1: There exist such positive numbers A;, A, and Aj that the compact set
I'={(s,y,2,p,u) € Rszo 0<s8,y<A,0<2,p<As,0<u<As}

is positively invariant.

Proof:  Since

S |S=O =0> 07
d18p

7, —g = >0 A >0
y‘yfo 1+W1p_ ) s,p =V,
é'z:O:%yZOa V1/207
Plpmo—az>0, V>0,

ﬂ|u=0:B>O7

then (u(t), y(t), z(t), p(t), u(t)) € R, with (u(0), y(0), 2(0), p(0),u(0)) € RL. Define

Os(t) = 2(t) + p(t) + Lu(t). (13)
Then from equations (8)—(12) we get
O1(t) = 0 — &s(t) — ey(t) < 0 — vi(s(t) + y(t)) = 0 — L1101 (1),

where, v; = min{¢, ¢}. Hence O (

t) <Ay, if ©1(0) < Ay, where Ay = U—gl It follows
that 0 < s(t),y(t) < A1 if 0 < s(0) +

<
y(0) < A;. Moreover, we have

65 (t) = sey(t) — v2(t) — Ip(t) + g/s — R

< el B = (200 4 200 + 2utr))
=21+ %ﬂ — v204(t),

where, vz = min{y,9,7}. Hence ©s(t) < Ag, if ©2(0) < Ay, where Ay = “2 127,

Since z(t), p(t) and u(t) are all non-negative, then 0 < z(¢), p(t) < Ag and u(t) §U2Ag if

0 < 2(0) + p(0) + 2u(0) < Ay, where Ag = 222 0
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2.2 Egquilibria
We define the basic reproduction number of equations (8)—(12) as:

drmra+ do(a+ ) (97 + pp)]
(U7 + pB)(a+7)

which represents the average number of secondary infections and it can be written as:
Ro = Ro1 + Ro2, where

Ry =

: (14)

Ror — 061 »TQ
U+ pB)at)
_ 0%
ROQ = Ef .

In fact, Ro; is the average number of secondary viruses caused by a virus, that is the
basic reproduction number corresponding to virus-to-cell infection mode, while Ry is the
average number of secondary infected cells that caused by an infected cell, that is the basic
reproduction number corresponding to cell-to-cell infection mode.

Lemma 2: If Ry < 1, then system (8)—(12) has only one equilibrium Qq, and if Rg > 1,
then the system has two equilibria Qg and §1.

Proof: Let (s, y, z,p, u) be any equilibrium satisfying:

015p a8y
0=0—¢&s— - , 15
0—§ Ttwp  1twy (15)
1 0
-, (16)
14+ wip 14 woy
0=y — (a+17)z, amn
0= az—9p — pup, (18)
0= 08+ pup — Tu. (19)
From equation (19) we get
U = s . (20)
T —=pp
Substituting from equation (20) into equation (18) we get
9 —pdp+ 9
L PO+ pu) _ p(Bp—pip+97) @
Y a(T = pp)
From equation (21) into equation (17) we get
z(a+ a+ —pdp+ 97
Y= (@+7) _ platy)(Bp—pip+ 1) 22)

% <7 — pp)

Now if p = 0, then from equations (20)—(22) we have u = é and z = y = 0. Substituting
in equation (15) we get s = g In this case, we have only one possible equilibrium, that is
=8

= .

the healthy equilibrium Qg = (s0, 0, 0,0, ug), where sy = § and uq
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If p # 0, then from equations (20)—(22) into equation (16) we get

ey(1 4+ wip)(1 + way)

5= . (23)
pd1 + yda + py(dawy + d1wo)

Finally, from equations (20)—(23) into equation (15) we get

Dip* + Dyp® + D3p® + Dyp + Ds
Cip? + Cyp + C3

:O,

where

and

Dy = —9%ep?(a + 7)?[0%wy + (S1ws + Ewiws)],

Dy = Dy + Dyy + Doz + Doy + Dos,

D3 = D31 + D3z + D33 + D3y + D35 + D3 + D37 + Dss + D3g + D30,
Dy = Dyy + Dyz2 + Daz + Dag + Dys + Dyg + Da7 + Dyg + Dag + Daio,
D5 = D51 + Dsg,

C1 = Ci + Cr2 + Ci3,

Cy = Ca1 + Ca + Cag + Coy,

C3 = C31 + Csa,

Day = —dprape(a +7) (61 + Ewr),
Doy = Ypreapo(a+ v) (02 w1 + d1ws),
Doy = 20pepB(a+ 7)?[0awr + (S1wz + Ewrws)],
Doy = —92pedy (o + )2 (p — 21w1),
Dos = —9?pe(a + 7)?[€pwa — 2Twa (81 + Ewl)],
D3y = 3’06197,
D3y = —927e(av + 7)%(T6awy — 202p + T 1wy — 26 pwy + TEW1wWo),
D33 = —pi”ef*(a + )2 (0w + S1wa + Ewwo),
D3y = sepafpe(o +7) (01 + wr),
D35 = —spaBpo(a + ) (f2wr + d1w2),
Dyg = 0p?sa(e+7) (082 — € €),
Dyr = 20ppef(a+7)? (52 + Ews),
Dsg = =207 peB(a +7)[62 wi + (S1w2 + Ewiws)],
Dsg = 297 cape(a + v)( 61 + Ewr),

D319 = —2103capo(a + 7) (2w + d1ws),

Dyy = —0°m2e(o+7)? (82 + Ews),
Dyo = —pBrap(a+v)(0ds — &e),
Dyz = —p” e (a +7)?(02 + Ewa),
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Dyy = —23cad7p(a + ) (02 — Ee),

Dys = —207pef(a +7)*(02 + Ewa),

Dy = =012 sce(a + ) (61 + &wy),

D47 = 19T2J4ag(a +7)(aw1 + d1w2),

Dys = —27:202 001 p,

Dyg = —7xcapfe(a + ) (01 + &wr),
D10 = mcapBo(a + 7) (2w + d1ws),

D5y = mxalrxapd — IT(a+ v)(Ee — 0d2)],
D35y = —prsaf(a+v)(Ee — 0ds),

C11 = asxp(adatip + vo29p + ady x2p),

Cho = —axp(afdspws + Bydapwr + 2ad0Tw + 27d07w1),
Cr3 = —waasepdy (o + ) (B + 207),

ey (—202p + JoTwi + 17W2),

Caa = a®5Bu(—062p + SaTw1 + 017w2),

Caz = asfryp(—02p + daTwy + d17W2),

Coy = a27%(725219p — 2015p + Jo0Twy + d19TwWs),

et Boap(a 4 ),

Cso = aser((o + 7) 0297 + by 2¢7).

S
[

$
I

Let us define a function A(p) as:

_ D1p* + Dyp® + Dsp® 4+ Dap + D5
Cip? 4 Cop + Cs

A(p) =0.

Then, we obtain

A(0) = e€la+7)(Bu+97)(Ro— 1)
Boapi(cr+ ) + 0297 (a0 + ) + adyser’
lim A(p) = _ Bept(a+y){ba2(p + Tw1) + d17ws + Ewa(p + Tw1)}

pozt prax(d2p + 027wy + 017ws)

< 0.

Therefore, if Ro > 1 then A(0) > 0and Ip; € (0, %) such that A(p;) = 0. It follows from
equations (20)—(23) that

¥
B Lo n=n@tma)
T = pPpP1 «Q
~z(a+9) S0, s = yre(1 + wip1)(1 4 wayr)

= 4 YT pioy + 16 + p1y1(dowr + d1w2)

Uy =

> 0.

Therefore, if Ry > 1, then the system has an infected equilibrium Q4 = (s1, w1, Y1, P1,
uy). O
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2.3 Global properties

The global stability of the equilibria will be established by constructing Lyapunov functions
following the method presented in Korobeinikov (2004) and followed by Huang et al. (2010),
Shu et al. (2013), Elaiw (2010), Elaiw and AlShamrani (2015a), Elaiw (2012), Elaiw and
Azoz (2013), Elaiw and AlShamrani (2015b) and Elaiw and AlShamrani (2017). Define a
function G(6) =6 — 1 — Iné6.

Theorem 1: If Ry < 1, then the equilibrium Qg of system (8)—(12) is globally asymptotically
stable.

Proof: Define Lo(s,y, z, p, u) as:

S 51500[ 5180
Lo(s,y,z,p,u) = soG| — | +y+ z+
0( Y P ) 0 (80) 4 (19+MUO)(04+’7) 19+/LU()p

10180 U
SRRCLIL e () .
p(0 + pug) - \uo
Calculating % along system (8)—(12) we obtain

dLg S0 d18p 028y O18p 028y
— =(1-—)loe—&— - + + —€y
dt s 1+wip 14wy 1+wip 14wy

0180 018
Ty (v @z + g (= op )

JISEN Uo
_ HU1°0 1 20 _
N p(0 + pug) ( u ) (ﬁ oup Tu)

50 S15ow1p?  asoway?
=(1-— —&s | — — + 0280y — €
( S)(Q 5) 1+ wp 1+ woy 250y — €Y

51800[ /J(Slso ( U()> ( )
+ + 1—-— —Tu
Ot mo)arn Y T st w JVP T

Substituting o = £sp and B = Tuy we get

dLy (s —50)* disowip®  dasoway’
dt S 1+ wip 14+ way
np 9280 015020 B ) _ phisor (u-— up)?
€ e(¥ + pug) (a+7) p(0 + pug) u
=—¢ (s—50)° Ousowip®  dasoway®  pdisor  (u—uo)? +€(Ro — 1)y.
5 L+wp  1+wy  p(d+pu) w
(24)

If Rg < 1,thenforall s,y, z, p,u > 0 we have % < 0. It can be easily shown that % =

0 at Q. Applying LaSalle’s invariance principle we get 2 is globally asymptotically
stable. 0
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Theorem 2: [f R > 1, then the equilibrium 2, of system (8)—(12) is globally asymptotically
stable.

Proof: Let

s 018 z
Ll(S,?J,Z,p,’LL) SlG() +y1G<y> +11p121G(>
51 Y1 sy (14 wipr) 21

L Gisp(at ) G(p) UL Chk)) ula(“).

nG( L
sera(l+wip) \p pryra(l + wipr)

dL, S1 518]9 523y
(1= (0-gs- -
dt S 1+wip 14wy
1) )
(2 o
Yy T+wip 1+wy
015101 ( 21>< )
bt (1= ) 2y — (@ +7)2
sey1 (1 + wipr) z v (at7)

er (1 - P1> (az —Up— MUP)

syro(l 4+ wipr) P

1) +
+ pé1s1p1 (e + ) (1 _ Ul) (ﬁ—i—pup— TU)
pryra(l + wipr) u

s1 d151p 0251y
=|1-— —&s )+ +
( 5)<Q 6) 1+wp 14wy

_O0isp yr Gasyr e + eyy + 0151p1 Y
I+wipy 1+wy T lrwpn
d151p1 Y21 0151p1 (a+7)x

L+wipr iz sy (1 +wipr)
_dsipi(a+9) zp - Gisip(a+9)
syi(L+wipt) p zeyra(l +wipr)
d1s1p1(a+7) d1s1p1(a+7) _ M5181P1(04+7)u

_— U
sapa(l+wip) %y1a(1+w1p1)“ P seyro(l + wipy)

TS N Y
prey1a(l + wipr) U

We have

d151p1 025191 _ d181p1 025131
1+wipr  14+wipr’ ! 1+wipr  1+wipr’

0=2¢&s1+

ny1 = (a+7v)z1, Up1 = azi — puipr, B =Tui — puipi,
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we get

@:_5(5—81)2 + 1_§ d151p1
dt s s 1+wip

0281Y1 ) i 01511 ((1 +wip)p p>

1+ wayn L+wipt \(I+wip)pr  p1

025141 ((1 +woyn)y Z/) _ 0isipr spyi(1+wipr)
T+woyr \(T+w2y)yr w1 1+ wipr sip1y(1l +wip)

_ asiyn s(L+wayr) | disipy 02511 0151p1 21y
Ttwyy si(I+wey)  l4wipr 14wy 1+wip 2y

01511 O1s1p1 zp1 | O1sip1 d1s1p1(e+7) i py
L+wipr  L+wiprzip | L+wips syra(l +wipr)
d1s1p1(a+7) d181p1(a+7) uy
syra(l + wlpl),uupl syra(l + wlpl)umplz
~ poisiprT(a+y) (u— u1)? (25)
preyra(l + wipr) u '
Equation (25) can be simplified as:
Ly _ _6(5 —s1)° " d151p1 14 (I4+wp)p p 1 erlp]
dt s T+ wipy (I+wip)pr p1 14+wipr
Gosigr [ (Adwoy)y y | L+wsy }
T+ wayr (I+wy)yr 1 1+wan
0151P1 _5 st spp(L+wipt) 2y zpr 1 +W1P}
14+wipr | s sipmy(l+wip) zy1 z1p 14+wip
02811 _3_ s1 s(L+wopn) 1+w2y}
14+ wayr | s s1(1 +w2y) 14 wou

1)
_ aisipi(a+9) iy {2 u }
syl + wipr) ur U
_ pdisipiT(e+y) (u—u)?
preyra(l +wipr) u

)

and then,

dLy —5(5_81)2 _ O1s1py ( wi(p —p1)? )
dt s L+ wipr \ (1 +wip)(1 + wip1)p1
0281 ( wa(y — y1)? )
1+ wayr \ (1 + way)(1 + w2y1)y1
~ disipi(a+9) ﬂ(u—ul)2
syra(l +wipr) pus U
01811 {5 s1 ospyi(l+wipr) 21y zpr 1+w1p]
14+ wipr

s sipy(l+wip) 2y z1p 14+wips
028191 51 5(1 + wzyl) _ 1+ way }
].+OJ2y1

s si(l+wy) 14wy
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Using the rule

we get

si sy tep)  zay  o2p Ltwp

>5
s sipiy(l+wip) 2y zp l4wipr —

s1 . s(14wayr) 14 woy > 5

s s1(l4woy)  14wayr —

It follows that dstl < 0 and dstl =0 at ;. The global stability of €2 is induced from

LaSalle’s invariance principle. 0

3 Special cases

In this section we outline two special cases of model (8)—(12):

Case (I): If w1 = wo = 0, then model (8)—(12) will reduce to the following model:

§=0—E&s— 015p — da2sY, (26)
§ = 015p + 025y — €y, (27)
2=y — (a+7)z, (28)
p=az —Jp — pup, (29)
=+ pup — TU. (30)

and the basic reproduction number is the same as given by equation (14). Therefore, applying
Theorems 1 and 2 to (26)—(30) immediately gives us the following results:

Corallary 1: (i) If Ro < 1, then the equilibrium )y of system (26)—(30) is globally
asymptotically stable,
(ii) If Rg > 1, then the equilibrium 1 of system (26)—(30) is globally asymptotically stable.

Case (I11): If we neglect the capsids in the virus dynamics, then model (8)—(12) becomes

R 018p 523y
s=p—Es— — , 31
0—¢ Tt wp 1+ wy (31
d18p ba8Y
= — € 5 32
¥y=1 o Tty Yy (32)
p =y — Up — pup, (33)

U=+ pup — Tu. (34)
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The basic reproduction number model (31)—(34) is given by ﬁo = 75,01 + ﬁog, where

R — @ 5 00
N r b)) TP e
Clearly
a ~ ~ ~ ~ ~
Ro = ——Ro1 + Roz2 < Ro1 + Roz2 = Ro.
a+y

It means that, the presence of capsids in the virus dynamics enhances the stability of the
healthy equilibrium €.

Corallary 2 (Elaiw et al., 2019a): (i) If 7%0 < 1, then the equilibrium Qg of system (31)—(34)
is globally asymptotically stable,

(i) If 7%0 > 1, then the equilibrium Q1 of system (31)—(34) is globally asymptotically stable.

4 Numerical simulations

In this section, we solve system (8)—(12) numerically with different initial conditions. We
simulate the system with values of the parameters givenas: p = 2, s =4, u = 0.5, 7 =1,
a=05¢=0.1,e=059=01,8=14,p=0.2,v=0.2. We assume that w = wy =
ws. The parameters 1, d2 and w will be selected.

4.1 Stability of equilibria

System (8)—(12) will be solved with different initial values as:
IV1: (s(0),y(0), 2(0), p(0),u(0)) = (14.0,1.0,1.0, 1.0, 1.5),
IV2: (5(0),y(0), 2(0), p(0), u(0)) = (8.0,2.0, 3.0, 3.0, 2.0),
IV3: (5(0),y(0), 2(0), p(0), u(0)) = (4.0,3.5,5.0,6.0, 2.5).

In Figure 1 we want to confirm our global stability results given in Theorems 1 and 2,
by showing that from any initial points (any disease stage) taken from a feasible set, the
trajectory of the system will tend to one of the two equilibria of the system.

We fix w = 0 and choose the parameters §; and d5 as follows:

Set (I): 61 = 92 = 0.001. With these data we get Rg = 0.1829 < 1. Figure 1 shows that,
the solutions of the system with initials IV1-IV3 goes to Q¢ = (20.0,0,0,0,1.4). This
shows that, €2 is globally asymptotically stable which supports Theorem 1.

Set (II): 61 = 65 = 0.05. Then, we calculate Ry = 9.1429 > 1. We found that the system
has two equilibria g = (20.0,0,0,0,1.4) and € = (4.65,3.06,17.54,3.53,4.76).
Figure 1 shows that in case of Ry > 1, the solutions converge to 2, for all IV1-IV3. Thus
the result Theorem 2 is numerically checked.
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4.2 Effect of saturation on the virus dynamics
We consider the values of the parameters given above and take §; = d; = 0.05. We choose
the following initial:
1V4: (s(0),y(0), 2(0), p(0),u(0)) = (12, 2.0, 10, 3.0, 3.4).
The variation of the states of the system with different values of w is shown in Figure 2. It

is clear that as the saturation parameter w is increased, the number of uninfected cells are
increased while the number of virus, infected cells, and antibodies are decreased.

Figure 1 The simulation of trajectories of system (8)—(12) with initial conditions IV1-IV3: (a)
uninfected cells; (b) infected cells; (c) capsids; (d) free virus particles and (e) antibodies

(see online version for colours)
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Figure 2 The simulation of trajectories of system (8)—(12) with different values of w: (a)
uninfected cells; (b) infected cells; (c) capsids; (d) free virus particles and (e) antibodies
(see online version for colours)
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