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Abstract: The role of breakup channel in fusion reactions involving two and
four neutron halos is discussed in this paper. The cross-sections oy, barrier
distributions Dy, probability of fusion Py, and the mean angular momentum
(L) were calculated utilising quantum mechanics by means of the CC code. The
systems ‘He+%Cu, *He+*Zn and *He+'*’Au were used as base systems to
study the fusion reaction for the systems *He+%Cu, *Het+*Cu, *He+%Cu,
®He+'"20s to understand the effect of breakup of “He and *He halo nuclei. The
Woods-Saxon parameters for the studied systems were fitted using the x>
method to fit the centroid to the experimental height barrier V. The
comparison of theoretical results with the corresponding experimental data
shows clearly that for these halo systems the breakup channel plays crucial role
in the calculations and should be taken into consideration to enhance the
calculations especially below the Coulomb barrier V5.
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1 Introduction

The fusion reaction of weakly bound nuclei is one of the interesting topics nowadays
with the advancements of radioactive beam facilities. The main question is still under
investigation whether the fusion cross-section is enhanced due to large cross-section of
fusion for these nuclei (Vinodkumar et al., 2013). The height of fusion barrier is
significantly affect on fusion cross-sections, the barrier consists of the Coulomb and
nuclear potentials. The repulsive Coulomb energy is supplied by the atomic numbers of
the projectile and the target nuclei, as for the mass numbers are connected to the
attractive nuclear energy. If fallen flux on barrier is less than the barrier height, more of
fallen energy does not pass through the interaction barrier and elastic scattering occurs.
When the quantum tunnelling occurs, the fusion process is produced between two nuclei.
Also, the increase in incident flow helps improve cross-sections of fusion (So, 2011;
Choi et al., 2018). Lately, various unstable isotopes neutron-abundant nuclei, like **He,
*1Li, "Be and '*'°C, have been created which is due to the progress in the technique of
isotopes with unstable nuclides. The fusion mechanism of such isotopes has given a lot of
interest. In fact, many practical measurements have been made for cross-sections of total
fusion, e.g., *He+*"Bi (Choi et al., 2018; Kolata et al., 1998; Hassan et al., 20006),
"Be+*Bi (Signorini et al., 2004), "Li+**Pb (Vinodkumar et al., 2013), *Het+***U
(Raabe et al., 2004), “*He+'"’Au (Lemasson et al., 2009) and *C+**Th (Alcorta et al.,
2011) reactions. The breakup processes of nuclei with neutron-rich halo construction
were studied by achieving several theoretical calculations at lower energy (Canto et al.,
2006, 2015; Diaz-Torres and Thompson, 2002; Hagino et al., 2000; Ito et al., 2006).

An appearance of radiation beams has enhanced this concern because modern
specifications are interested with several of these isotopes, especially with the weakly
bound that at most available so far, imply that (Signorini et al.,2004):

1) Halo: The last nucleon weakly bound at most in the s-states wavefunction which
have verry long tail expanded behind the core “He nucleus. This result in many states
with different maximum values of r.m.s. radii which deviates from the elation ro4"?
systematics with (rp~1.18 fm) used for most stable nuclei. This phenomenon is
found in many light nuclei such as, ''Be and ''Li (Signorini et al., 2004; Tanihata
et al., 1985; Tanihata, 1996).

2) Shell: The last nucleons spin in the shell away from the core. The case is of *He, *He
(Tanihata et al., 1992; Alkhazov et al., 1997). Identical constructions were expected
in neutron abundant nuclei by any relativistically mean field enumeration (Suzuki
et al., 1995), they are performed in sodium nuclei (Signorini et al., 2004; Fukunishi
et al., 1993) and expected in aluminium nuclei (Ozawa et al., 2002).

3) Last nucleons have weakly linked energy, which is a common characteristic and
it is obviously expected in all the radioactive nuclei close to the limits of the stable
nuclei.

The above characteristics are reliant on each other, especially the halo format is tightly
connected to a weakly linking energy of the valence nucleons. Cross-sections of fusion
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can be improved or suppressed when the above features output an opposing or
disagreeing influence of the fusion mechanism about fusion barrier (Signorini et al.,
2004). The halo-nucleus *He presents the peculiar properties and has a relatively small
breakup threshold (the two-neutron separation energy is S,, = 0.973MeV) (Raabe et al.,
2004). The multi-neutron halo nuclei such as *He in addition to °He have increasing
segregation energy quite different in demeanour from the other nuclei. In the empirical
and theoretical difficulties related with *He produce complicated trouble when the review
of the tunnelling of this nucleus with the highest neutrons or protons ratio (Lemasson
et al., 2009). Majeed and Abdul-Hussien (2016) investigated the role of the break-up
channel in the semiclassical theory for “*He halo neutron nuclei, which have impact of
their calculations of the fusion cross-sections oy, and the fusion barrier distribution D,
Majeed et al. (2017) compared semi-classical and quantum theories of fusion reactions in
medium and heavy nuclei ““Ti+*Ti and *Ni+*Ni with “Ar+'*“Sm, “Ar+'“*Sm and
“Ar+ **Sm, they proved that the coupled channels involved in semi-classical have an
effective role in producing in the total fusion reaction cross-sections oy, and the fusion
barrier distribution Dy, around fusion barrier in Majeed et al. (2017) and Hussain et al.
(2019a). The influence of the breakup channel on systems loosely bound light systems by
virtue of a quantum mechanics and semi-classical theories has been debated by Majeed
(2017). And in other studies, Majeed et al. (2019) described fusion barrier distribution
results for *Ca +'"?0s, *°Ca + '"'Pt, and **Ca + '""Au reactions by applying a
Wong formula using full quantum mechanical model. Hussain et al. (2019b) studied
coupled channel mechanism of two quantum mechanical approaches for light stable
nuclei.

In this study, the effect of the breakup channel will be investigated for the systems
4He+65Cu, *He+%Cu, *He+*Cu, ’He+%Cu s 6He+64Zn, ®He+'20s and *He+'"’Au that
included multi-nucleon halo nuclei. The study will be conducted using the quantum
mechanical model using the CC code and the results will be compared with the measured
data.

2 Theoretical framework

The valence neutron action is achieved by determining the distance with radius, and
barrier height of interaction potential. This parameters Ry (r3) and Vz were found by
employing the total potential of optical model as in equation (So et al., 2013).

Vf (r):VC (r)+VN (r)+Vf(r) )

Here, V. and V, are the Coulomb and the nuclear with V, central potentials,
respectively. The nuclear potential is combined of two fractions, as given

Vi (r)=V (r)+iW (r) =V, f, (r)+iW,f, (r)
V, and W, are the depths of the real and imaginary parts of the potentials with the
Woods-Saxon form f, (r)=[1+ AT Wwith i=Vand W
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Depending on Wong formula (Wong, 1973), the cross-sections form expressions of
angular-momentum partial waves, for distorted and directed nuclei (with direction
angles 0,), being in same planes, with collision energy E_, is

L’,,m 2
o(E.,0) ZFQZ 20+1)P,(E,, .0, 3)
(=0 =0

with k= % and g is the reduced mass, P, is the transmission coefficient for

each ¢ which describe the penetrability of barrier, assuming that projectile is a particle
separated from the core. When it interacts with the target nucleus, its status will be
disordered, also the strengths of the target appear quite differently on the particle and the
core. If one separates the projectile-target interaction into V. (rC ), the interaction of the

target nucleus with the core, and V), (r‘), the interaction of the target nucleus with the

particle, then there is a mechanism for coupling ground and inelastic (continuum) states
together (Nunes and Thompson, 1999).
To characterise the breakup process of nuclei like **He, the function excitations in

the 2n, 4n+*He reactions start than the ground level P (r) to excited levels in the status
Uin (r), for some momentum k and partial waves (. The use of singular energy

eigenfunctions, therewith, the results of the inelastic form factors which will not
converge, as the continuum wave functions do not degrade to zero as » — oo suitably
speedy to be square integrable. The solution (Nunes and Thompson, 1999; Sakuragi et
al., 1986) to transaction with this variation is to choose excitation states, not at a singular
energy, but mean over cramped range of energies, where these ‘‘bins’’ cases are square
integrable. We distinguish these bin cases by their wavenumber boundaries [kl. kz] and

their angular momentum quantum numbers (Zs) j . They have been utilised in the

Coupled Discretised Continuum Channels (CDCC) theory.
The radial wave functions fulfil the set of coupling equations

R s

7

FSTVL (1) Fy (1) =0

“)

where £([k,. k,]) indicates the mean energy of continuum bins [k,. k,]or £<0 for the
ground status, and V. (r) depicts the coupling between the various proportional

a.a

movement statuses.

Va{a, =@, (r)|VC (rC)+VN (r')—l—Vé(r)\goa,(r) %)
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In equation (4) the equations of coupled status may be disbanded precisely if they are not
so numerous. Moreover, repetitive extensions are utilised starting with 7' (r) =0, and

ongoing as
w(d* ((l+1 n

(6)

where 7 (r) indicate to the function of elastic channel, also the asymptotic notation of

matrix S of the functions F") (r) at n=0;1....makes the cross-sections for n-th-order

DWBA. The wave function of bin is given by:

[2% .
(pé.yi[kl.kz](r)z ﬁjw(k)e JkUesjAk (r)dk (N
ky

where o, is the scattering phase shift for U,Ay._k(}”). The normalisation constant is
ky

N = J‘|w(k)|2 dk for the presumed weight function w(k), were chosen to be either unity
ki

for non-s-wave bins or k for s-wave bins. Their cases are normalised @|@ =1 time an
appropriately big radius 7,, for r is chosen. They are orthogonal to any tight statuses, and

are orthogonal to other bin statuses if its energy scales do not interfere. The phase factor

-5,

e guarantees that they are actual valued for actual potentials V' (r) .

Equation (6) is disbanded with an accustomed scattering border conditions (Diaz-

Torres and Thompson, 2002). The fusion cross-sections o, is described in terms of hat

quantity of influx which quits the coupling channels set due to the short-range imaginary
potential i W(r) . When the target’s stripped nucleus merges completely with the

projectile’s nucleus, leads to full-fusion process (Hagino et al., 2000), the cross-section
for the full-fusion may be considered as the absorption cross-section by the restricted
channels in the projectile (full-fusion from both ground state and excitation state) as
explained in equation (3), therefore the full-fusion probability P, is given as (Diaz-

Torres and Thompson, 2002; Balantekin and Takigawa, 1998)

pe—t 5]

_ FO N T=w ()14 8
TR () [ (r)]ar ®)

and the average angular momentum

DI ACH
e N

Z (Z)‘G/f (Ec.m. )

A substitute method of evaluating the measured cross-section values is to look at the
second energy derivative of the magnitude Eo is known the barrier distribution. To

((E,,) ©9)
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explain on the physical importance of this magnitude we treat penetration probabilities
for various partial waves in the status of coupling to an internal system. Under certain
conditions, to be explained in the following section, this can approach the ¢ requirement
of the transmission probability at a taken energy by easily diversion the energy

p=p E_M (10)
T 2uR(E)

As uR?(E) describes an active moment of inertia. R(E) was located to be a tardily

changing function of energy. Then, in several purposes R(E ) is exchanged by 7, the

location of the barrier height, in equation (10). If several values of ¢ are significant in
the set all partial-wave penetration probabilities in equation (3), we can approach that set
with an integral all ¢, utilising equation (10) find (Balantekin and Takigawa 1998)
E
Eo=7R* (E) [dE'R,(E') (11)
penetration probability is approach prorated to the second derivative of the amount Fo up
to improvements arising than the energy reliance of R (E )

dF,(E
L(E) 21 d2 Eo-(E)+®(d—R] (12)
dE. 7nR’(E)dE dE
dr, (E)
The term F can be more expanded and can be chosen to account for the

distribution of the fusion barrier, because of the coupling to the additional degrees of
freedom that will be included.

3 Results and discussion

In order to study the Coulomb excitations on multi-neutron halo nuclei in the fusion
processes for systems have few measured data. Several systems rich with experimental
data had been used to find the Woods-Saxon parameters which have close mass numbers.
All calculations were performed within the full quantum mechanical model and parameters
of real and imaginary nuclear potential of Woods-Saxon potential as given in Table 1.

Table 1 Parameters of real and imaginary nuclear potential and height of barrier
Reactions  VyMeV rofm ayfim W, MeV rfin a;fm Vy,MeV
‘He+®Cu  29.5 0.945 0.445 9.80 0.919 0.789 20.40
SHe+%Cu
8He+%Cu
(Het"Cu 57.1 1.073 0.736 19.0 0.927 0.784 8.60
6He+64Zn . . . . . . .
6 192
Het J0s 1366 1.00 0.50 78.9 0.929 0.783 21.34

6He+197Au
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3.1 The °He+%"Cu and *He+" Cu systems

The *He+%Cu system is taken to be as base system to estimate the Woods-Saxon
parameters for the systems *He+*Cu and *He+°°Cu, which consist of two and four halo
neutrons as a projectile fuse with the target °Cu. The estimated parameters chosen of
these systems are tabulated in Table 1. The measured data of *He+%Cu system for the
cross-section as function of centre of mass energy is taken from (Navin et al., 2004).
Figures 1 and 2 displays the comparison of the calculated cross-sections o, , barrier

distributions D, , probabilities P,  and mean angular momentum <L> for the two cases

where the breakup channel included and not included in the calculations. Panel (a) of
Figure 1, illustrates the curves of the theoretical cross-sections in no coupled and coupled
states compared with empirical values, we found excellent match above and under barrier
by chi square values are (0.01139806, 0.05264974) for *He+%Cu but less match in the
values of °Het+®Cu are (0.04500791, 0.16428200) and values of °He+®Cu are
(0.17030210, 0.42961800), where the breakup of 4n halo nucleus coupled with reaction
channels to produced perfect match. Panel (b) appears the best match of original system
*He+%Cu in barrier distribution values, as for the location of peaks to Coulomb barrier
energy are very close of these systems. We find that system *He+*Cu is very appropriate
choice as base system to find the best fitted Woods-Saxon parameters used for “He+*Cu
and *He+*Cu calculations.

Figure 1 The empirical values (black circles) from Navin et al. (2004) for *He+*Cu system
compared with the quantum mechanical results using CC code. The dash and solid
curves are for the no coupling and cougling results, (blue colour) *Het+*Cu,
(red colour) *He+%Cu and (orange colour) **He+%Cu, respectively, compared with
data. (a) for the total fusion cross-section oy, (mb) and (b) for the fusion barrier
distribution Dy, (mb/MeV)
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and the mean angular momentum <L> for *He+*Cu, *He+°*Cu and *He+°*Cu compared
to the measured values. The tunnelling probabilities and measured data perfectly matched
for the system *He+*’Cu in the case the effect of the breakup is included above the
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Coulomb barrier V5. All the studied systems ‘He+*Cu, *He+*Cu and *He+*Cu the
calculations the mean angular momentum <L> is not agreed with the experimental data
below the Coulomb barrier V5 indicated by the black arrow in the £, axis.

n

Figure 2 The empirical values (black circles) are compared with the quantum mechanical results
using CC code. The dash and solid curves are for the no coupling and coupling results,
(blue colour) *He+%Cu, (red colour) ®He+®Cu and (orange colour) *He+%Cu,
respectively, compared with data. (c) for the tunnelling probabilities Py, and (d) for the
mean angular momentum <L>.

e L o e e o e S BN B e e L L e o o B e

—— = =

(<) A 12

(d)

08— '] —
L __ 4+ =

= He+ Cu (nocoupling) -
| . ‘e
g 06— = I He+ Cu(coupling) _] A
= s & ) —_
= L He + Cu (nocoupling) | v
e 66
&= He+ Cu (coupling)

\I
*l

s
-
T

N
He+ Cu (nocoupling)

] .5
He+ Cu (coupling)

V, =204 MeV | T
TN TN I T T I P AN T T T N T T B '

14 16 18 20 n r- ] 2 28 30 n M 16 18 20 2 b 26 3 30 2
E... MeV) E.. (MeV)

9
8
7
6
- ] 5
4
3
2
1
0

02— ...‘HE*“C!: (Exp. data) |
lf

PR I N I NN N VRS

-
-

3.2 The °He+%Cu system

The base system is *Het+%'Zn has been chosen to fit the Woods-Saxon parameters
tabulated in Table 1, that is used for the calculations of “He+**Cu system. The projectile
is the same while the targets are different. The results of cross-sections o, , barrier

distributions D, , tunnelling probabilities P, and mean angular momentum <L> are

displayed in Figure 3, panels (a) and (b) and Figure 4, panels (c) and (d), respectively.
There is one experimental value below the barrier height V, for o, therefore we cannot

make clear judgment if the calculation successful below the Coulomb barrier V, , while
the calculations overestimated the measured data above V, . The coupling that involved

breakup channel is supported the calculations very well down barrier energy, with similar
parameters and barrier height are chosen in original and virtual systems. From the
comparison between two system with empirical data from Fisichella et al. (2011), the
best matching value of chi-square values in no and coupling state under barrier is
(0.01146328) of original system and (0.12500000, 0.04548522) in two states of virtual
system, while above barrier all cross-section calculations are shifted to top data due to
increased angular momentum values. The effect of the breakup was evident in part b,
which gave multiple peaks of barrier with more match above barrier in *He+*Zn system,
and single peak shows in®He+%Cu system, it is also closer to data around barrier.
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Figure 3 The empirical values (black circles) from Fisichella et al. (2011) for *He+%Zn system
compared with the quantum mechanical results using CC code. The dash and solid
curves are for the no coupling and coupling results, (blue colour) *He+®Cu and
(red colour) ®*He+%Zn, respectively, both compared with data. (a) for the total fusion
cross-section oy, (mb) and (b) for the fusion barrier distribution Dy, (mb/MeV)
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The tunnelling probabilities P

and the mean angular momentum <L> are shown in

Figure 4, panels (c) and (d), the calculation of probabilities under barrier indicated to
clear agreement between the two systems with experimental data. Although the
calculations have rambles, it is still very close to the experimental data. However,
including the coupling the calculations of the mean angular momentum <L> for the
system *He+%Zn is overshooting the experimental data.

Figure 4 The empirical values (black circles) are compared with the quantum mechanical results
using CC code. The dash and solid curves are for the no coupling and coupling results,
(blue colour) *He+%Cu and (red colour) 6I-Ie-*-MZn, respectively, both compared
with data. (c) for the tunnelling probabilities P, and (d) for the mean angular
momentum <L>
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3.3 °He + "0s system

The measured data are taken from Penionzhkevich et al. (2007) and consist of the *He +
TAu system, that we took as base system to find the best fit of Woods-Saxon
parameters. These parameters are tabulated in Table 1 which has been used to perform
the calculations. The ®He nucleus which has halo structure and the breakup of two
neutrons is considered in coupling channels, the parameters depend on two systems and
barrier height based on empirical data. The cross-sections o, , barrier distributions D,

us 2

tunnelling probabilities P, and mean angular momentum <L> calculations are

presented into Figure 5, panels (a) and (b) and Figure 6, panels (c) and (d), where the
coupling channel shows noticeable agreement of both systems calculations with
corresponding data. As in the panels (a) and (b), of cross-sections, barrier distributions,
around Coulomb barrier.

In Figure 6, panel (c), the results of coupled case of fusion probabilities in excellent
matching above and below the barrier energy, while no coupled case appears especially
matching above barrier. In panel (d), the mean angular momentum of virtual system
seems more matched and very close to the original system calculations of corresponding
empirical values which in turn show the same behaviour. We have succeeded in
reproducing the empirical values for virtual system based on numerical abundance of
empirical values in original system.

Figure 5 The empirical values (black circles) from Penionzhkevich et al. (2007) for *He+'’Au
system compared with the quantum mechanical results using CC code. The dash and
solid curves are for the no coupling and coupling results, (blue colour) *He+'"*Os and
(red colour) *He+'?’Au respectively, both compared with data. (a) for the total fusion
cross-section oy, (mb) and (b) for the fusion barrier distribution Dy, (mb/MeV)
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Figure 6 The empirical values (black circles) are compared with the quantum mechanical results
using CC code. The dash and solid curves are for the no coupling and coupling results,
(blue colour) “He+'"0s and (red colour) *He+'"’Au, respectively, both compared
with data. (c) for the tunnelling probabilities P;, and (d) for the mean angular
momentum <L>
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4 Conclusion

We have employed the quantum mechanics calculations, the fusion cross-section, barrier
distributions, probabilities and mean angular momentum for systems having halo
structure nuclei. The two and four halo nucleons are taken into account for virtual
systems SHe+%Cu, *He+%Cu, *He+'"?0s,*He+*Cu, respectively, which are made up of
one or two empirical values. We took care to accredit original systems in energy ranges
of virtual systems and close to their mass numbers. The results have been calculated by
quantum mechanics CC Code including the clear effect of breakup channel which helped
to improve the halo weakly bound nuclei calculations. We found from the comparison
between original and virtual systems very good matching with empirical data which
clearly indicates the dependence of the virtual systems as an alternative of original
system.
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