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this paper, we place a new trace bilinear form on Fy;, which is called the * trace
bilinear form and is a generalisation of the trace inner product when ¢ =t = 2
and Hermitian trace inner product when ¢ is even and ¢t = 2. We observe that it is
a non-degenerate, symmetric bilinear form on Fy; for any prime power g and is
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all the complementary-dual, self-orthogonal and self-dual cyclic Fy-linear IF 2-
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1 Introduction

Additive codes of length n over the finite field 4 are introduced and studied by Calderbank
et al. (1998). In the same work, the problem of finding quantum error-correcting codes is
related to the problem of finding self-orthogonal additive codes over F4 with respect to
the trace inner product on F}. Later, this theory is generalised to additive codes over the
finite field F,» by Rains (1999), where p is a prime. Additive codes over any arbitrary
finite field are further studied by Bierbrauer and Edel (2000) using twisted BCH-codes.
For any prime power g, self-orthogonal additive codes over F 2 (with respect to the trace
symplectic inner product) are related to g-ary quantum codes by Ashikhmin and Knill
(2001), thereby generalising the work of Calderbank et al. (1998). A general theory for
decomposing additive self-dual codes (with respect to the Hermitian trace inner product)
over Fy is presented by Huffman (2007). Cyclic additive codes of odd length over Fy
are further studied and enumerated by Huffman (2007a) by writing a canonical form
decomposition of these codes. Besides this, self-orthogonal and self-dual cyclic additive
codes of odd length n over [F4 (with respect to the trace inner product on F}) are also
enumerated. In another paper, this work is extended by Huffman (2008) for cyclic additive
codes of even length over F4. A parametric description and enumeration of these codes
are also given. In a related work, a transform domain characterisation of cyclic IF,-linear
[F,:-codes is obtained by Dey and Rajan (2005) using the discrete Fourier transform, where
t > 2 is an integer. In the same work, the non-existence of self-dual cyclic F-linear F:-
codes of certain parameters is also established. Cyclic F,-linear [Fy:-codes of length n
coprime to g are further studied by Bierbrauer (2007) using the theory of twisted codes. The
theory of cyclic F,-linear F+-codes of length n with ged(n,¢) = 1 is further developed
by Bierbrauer (2012).

In order to further explore the properties of cyclic F,-linear IF4:-codes, the theory
developed in Huffman (2007a) is further generalised by Huffman (2010). To be
more precise, cyclic F,-linear F :-codes of length n are viewed as F,[X]/ (X" — 1)-
submodules of the quotient ring F«[X]/ (X™ — 1) , where ged(n,¢) = 1 and ¢t > 2 are an
integer. Using this, the number of cyclic F;-linear IF ;s -codes of length n is determined and
their dual codes with respect to the ordinary and Hermitian trace inner products on IE‘;@ are
also studied. In addition to this, bases of all the self-orthogonal and self-dual cyclic F,-
linear FF ;2-codes with respect to these two trace inner products are explicitly determined.
Furthermore, for any integer ¢ > 2, all the self-dual and self-orthogonal cyclic [Fy-linear
IF,:-codes of length n are enumerated with respect to these two bilinear forms. In a recent
work, cyclic F,-linear [P -codes of length n are investigated by Cao and Gao (2015) using
the theory of linear codes over finite chain rings, where ged(n, ) # 1.

Let ¢ be a power of the prime p, n be a positive integer coprime to ¢, and ¢t > 2 be
an integer satisfying ¢ #Z 1(mod p). In this paper, a new trace bilinear form, denoted by *,
is introduced and studied on [, , which coincides with the trace inner product considered
by Calderbank et al. (1998) when ¢ = ¢ = 2 and Hermitian trace inner product considered
by Ezerman et al. (2013) when ¢ is even and ¢ = 2 (see Remark 3.1). The dual codes of
cyclic Fy-linear F:-codes with respect to * are also studied. Analogous to the class of
complementary-dual cyclic codes studied by Massey (1992) and Yang and Massey (1994),
we introduce and study complementary-dual cyclic F,-linear IF;:-codes with respect *,
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ordinary and Hermitian trace bilinear forms on F7,. To be more precise, basis sets of all
the complementary-dual cyclic F-linear F2-codes are explicitly determined with respect
to *, ordinary and Hermitian trace bilinear forms on F7,. By placing * trace bilincar
form on Fie, all the self-dual and self-orthogonal cyclic IF,-linear IF ;2 -codes are explicitly
determined in terms of their basis sets. All the self-dual and self-orthogonal cyclic IF,-linear
F,:-codes are also enumerated for any integer ¢ > 2 with respect to *. In a subsequent
work, we shall enumerate all the complementary-dual cyclic Fg-linear IF;:-codes of length
n with respect to *, ordinary and Hermitian trace bilinear forms on Fie, where t > 2 is an
integer.

This paper is structured as follows: In Section 2, we state some preliminaries that are
needed to derive our main results. In Section 3, we define * trace bilinear form (-, -). on
F:}t and study its properties (Lemma 3.2). We also define a sesquilinear form [-, -], on
Fqt[X]/ (X™ —1) and study its properties by relating it to * trace bilinear form (-, -).
onF7, (Lemma 3.3). In Section 4, we determine bases of all the complementary-dual cyclic
[F,-linear I >-codes of length n with respect to *, ordinary and Hermitian trace bilinear
forms (Theorem 4.2), and enumerate these three classes of codes (Theorem 4.3). Besides
this, by placing * trace bilinear form on [, we explicitly determine bases of all the self-
orthogonal and self-dual cyclic F,-linear FF :-codes of length n when ¢ = 2 (Theorems
4.4 and 4.6) and enumerate these two classes of codes for any integer ¢t > 2 satisfying
t # 1(mod p) (Theorems 4.5 and 4.7-4.9).

2 Some preliminaries

In this section, we state some preliminaries that are needed to derive our main results.
Throughout this paper, let ¢ be a power of the prime p, IF, denote the finite field

with ¢ elements, n be a positive integer coprime to p and ¢ > 2 be an integer. Let R%q)

and R\?" denote the quotient rings F, [X]/(X™ — 1) and F:[X]/(X™ — 1), respectively,

where X is an indeterminate over I, and over any extension field of IF,. We shall
t

represent elements of the rings Rg{]) and Rsbq ) by their representatives of degree strictly

less than n in IF,[X] and IF+ [ X], respectively. As gcd(n, q) = 1, by Maschke’s Theorem,

both the rings Rg{l) and R%qt) are semi-simple, and hence can be written as direct sums
of minimal ideals, all of which are fields. More explicitly, if {¢y = 0,01, -+ ,¢s_1}
is a complete set of representatives of g-cyclotomic cosets modulo n, then X" —
1 =mo(X)m1(X)---ms_1(X) is the factorisation of X™ — 1 into monic irreducible

polynomials over F, with m;(X) = H (X —n®) for0 <i < s— 1, where C’éf) (0<
kect?

1 < s — 1) is the g-cyclotomic coset modtﬁo n containing the integer ¢; and 7 is a primitive
nth root of unity in an extension field of IF,. Therefore if /C; is the ideal of Ri{“ generated
by the polynomial (X" — 1)/m,;(X) for 0 < i < s — 1, then it is easy to see that RW =
Ko® K1 @ ®Ks—1, where K;KC; = {0} for all i # j and KC; ~ F a; with d; as the
cardinality of C’éf). Note that when 7 is even, there exists an integer i# satisfying 0 <
i* <s—1and C’éii = Cg) = {2}, as ¢ is odd.

In order to write Rgf’t) as the direct sum of minimal ideals, we further factorise the
polynomials mo(X), m1(X), - -, ms—1(X) into monic irreducible polynomials over F:.
To do this, by Lemma 1 of Huffman (2010), we see that Cg]) = Cgt) U Cg{;) U---u
C (?t_)__l with ¢g; = ged(d;, t) for 0 < i < s — 1, which led to the following factorisation



22 A. Sharma and T. Kaur

of mZ(X) over thl ml(X) = Mi70(X)MZ‘,1(X) B 'Mi,gi—l(X)a where MZ,J(X) =
H (X - nk) for 0 < j <g;—1 with 0 <7 < s— 1. Therefore, if for each ¢ and

kecy,)

J» Z;; is the ideal of R%qt) generated by (X™ —1)/M, ;(X), then one can show that
s—1gi—1

R = P P ;. where Z; ;T;1jy = {0} for (i,j) # (i’,j') and I; ; ~ Fp, with
i=0 j=0

D, = %. Further, it is easy to see that J; = Z; o @ Z; 1 @ --- ® Z; 4,1 1S a vector space
of dimension t over K; for 0 <7 < s — 1.

In order to study the containment R - Rl )7 Huffman (2010) defined the

” ” n—1 . n—1 .
ring automorphism 7gu , : RS{Z ) Rﬁf’ ) as Tg w ( > a,;Xl) = > al X™ for any
i=0 i=0

integer r > 1, where u,w are integers satisfying 0 <u<r, 1<w<n-1 and
ged(w,n) = 1. When r = ¢, by Lemma 2 of Huffman (2010), we see that 7, ,, permutes

ideals Z; ;’s of the ring R%qt).
Now an Fy-linear Fg:-code C of length n is defined as an F,-linear subspace of
Ith. Further the code C is said to be cyclic if (co,c1, -+ ,¢n—1) € C implies that

(¢n—1,C0,¢1,*+ ,Cn—2) € C. Throughout this paper, we shall identify each vector a =
n—1

(ag, a1, -+ an-1) € Fly with a(X) = - a; X e R Under this identification, one

can easily observe that the cyclic shift o(a) = (an-1,a0,a1, ++ ,an—2) of a € Fy, is

identified with Xa(X) € Rﬁ? t). Therefore every cyclic F,-linear F;:-code of length n can

be viewed as an R'?-submodule of R%qt). Huffman (2010) studied dual codes of cyclic
IF,-linear IF ;: -codes of length n with respect forms, which are as defined below:

t—1
Let Try; : Fyr — Fy be the trace map defined as Try (o) = > a7 foreach o € Fy:.
j=0
It is well known that Tr, ; is an F,-linear, surjective map with kernel of size ¢! (see Lidl
and Niederreiter (1994, p.51)). Then for any integer ¢ > 2, the ordinary trace inner product
onFy, isamap (-,)o : Fy, x Fy, — Fy, defined as

n—1
(a,b)o = Z Trg,¢(azb;) for a = (ao,a1,---,an—1), b= (bo,b1, -+ ,bn—1) € Fyy,
j=0

. : 1 (q") ; o1 L) (a") (9)
while the ordinary trace sesquilinear form on Ry, ’ isamap |-, ]0 TRy X Ry —= Ry
defined as

[a(X), b(X)], = iTqu,l (a(X)71,-1(b(X))) for a(X), b(X) € R{.
u=0

The Hermitian trace inner product on IE‘;Q is a generalisation of the trace inner product
considered by Calderbank et al. (1998) and Rains (1999) on IF‘;Z . It is defined only for even
integers ¢ > 2, which can be written as ¢t = 2Ym, where y > 1 and m are odd. It is easy to

y—1
see that there exists an element v € F»v satisfying v + ’yqz = 0. Then the Hermitian
trace inner product on Fy; is a map (5, )y ¢ Fe x Fy, — Fg, defined as

n—1
(@b)y = 3 Trg,e(vab?"") for a = (ao,ar,--- ,an—1), b= (bo,b1,-- ,bu_1) € F,
7=0
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while the Hermitian trace sesquilinear form on R%qt) is a map [, ‘] 4t R%qt) X RE{” —
R defined as

[a(X),b(X)],, = Z_: Tgun (va(X)7pe 1 ((X))) for a(X), b(X) € R,
u=0

For more details, one may refer to Huffman (2010).

From now onwards, we will follow the same notations as in Section 2. In the following
section, we shall introduce and study another generalisation of the trace inner product
considered by Calderbank et al. (1998) when ¢ = ¢ = 2 and Hermitian trace inner product
considered by Ezerman et al. (2013) when ¢ is even and ¢t = 2.

3 x-Trace sesquilinear forms on IF‘Zt and R%qt)

In this section, we will define new sesquilinear forms on 7, and RSf‘t) for any integer
t > 2 satisfying ¢t #Z 1(mod p), and study their properties. For this, we need the following
lemma:

Lemma 3.1: Let t > 2 be an integer satisfying t £ 1(mod p). Then the map ¢ :
Fge —Fye defined as

2 t—1
dola)=a?’4+a? +---+a?  foreacho € F,
is an F ;-linear vector space automorphism.

Proofi  To prove this, by Sylvester’s law of nullity, it suffices to prove that ¢ is an injective
IF,-linear vector space homomorphism (see Hoffman and Kunze (1971, p.71)). Towards
this, we first observe that ¢ is an [F,-linear map. Next to prove that ¢ is an injective map,
we will show that the kernel of ¢ is {0}. For this, we first note that ¢(0) = 0. Further, if
o lies in the kernel of ¢, then ¢(a) = a4 + a?” + -+ a? ' =0, which gives ¢(a)? =
a+a? 4. +a? " =0. From this, we obtain ¢(a) — ¢(a)? = a? — o = 0, which
gives a4 = a for each integer v (1 < u < t — 1). This implies that (t — 1)ov = ¢(cr) = 0,
which holds only when o« = 0, as ¢ # 1(mod p). This proves the lemma. 0

Next we define a mapping (-, -)s : IE‘;Z X th — g as

n—1
(a,b)+ = Z Trq,t(ajep(bs)) foralla = (ap,a1, - ,an—1) and b= (bo,b1, -+ ,bp_1) in]FZt.
j=0
It is easy to see that for all a = (ag, a1, -+ ,an—1) and b = (bo, by, -+ ,b,—1) in ]Fj;t7
n—1 n—1

(a,b) = Y {Trq,u(a;)Tro,e(b;) — Trg,e(azb;)} = Y Trg,i(a;)Tre,e(b;) — (a,b)o. (1)

j=0 =0
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In the following lemma, we prove that the mapping (-,-). is a non-degenerate and
symmetric bilinear form on Iy, for any prime power ¢, and is alternating when ¢ is even.

Lemma 3.2: Fora,b,c € ]F:;t and o € T, the following hold:

(a,0). €
(a,b+ ) (a,b)« + (a,¢)« and (a+b,¢). = (a,¢)x + (b, ).
i (aa,b). = (a,ab). = ala,b)..
(-
(-
(-

i

il

v , )« IS Symmetric.

A\

)
, )« is non-degenerate.
vi )

, )« IS alternating when q is even.
Proof:  Parts (i)—(iv) follow immediately from (1) and using the fact that Tr, ; is an F-
linear map.

In order to prove (v), we see that as (-, ), is symmetric, it is enough to show that
if (a,b). =0 for all b € Fies then a = 0. Suppose, on the contrary, that there exists a
non-zero vector a = (ag, a1, - ,a,—1) € Fy: such that (a,b). = 0 for all b € Fj,. Let
J (0 < j <n—1)beaninteger such that a; # 0. Now as Tr, ; is an onto map, there exists
0 € F,+ such that Try ,(6) # 0. Then for b = (bg, b1, - -+ ,b,—1) withb; = d)’l(ﬁa;l) and
b; = 0 forall i # j, we get (a,b). = Try(6) # 0, which is a contradiction.
To prove (vi), we assume that ¢ is even. Then for each a = (ag, a1, - ,an—1) € th,

n—1
we have (a,a). = Y {Trg.(a;)? — Trgi(a?)}, by (1). Now as ¢ is even, it is easy to see
=0

that Tr, +(a;)* = Trg(a?) for 0 < j < n — 1, which implies that (a, a). = 0. O
n—1 q n—1 4 q

Remark 3.1: When ¢ = 2, we have (a,b). = 7;0 Trg,2(a;b]) = ]go(ajbj + ajb;) for

alla = (ag, a1, yan—1),b= (by, b1, ,b,_1) € F". Therefore, * trace bilinear form

on IE‘;Q is a generalisation of the trace inner product considered by Calderbank et al. (1998)
when ¢ = ¢ = 2 and Hermitian trace inner product considered by Ezerman et al. (2013)
when ¢ is even and ¢t = 2.

Next we define a mapping [, -], : R%qt) X R%qt) — R as follows:

t—1 t—1
[a(X),b(X)], = Y g1 (a(X) D g, —1(b(X
u=0 w=1

HMI

z e 2 (X))
for all a(X), b(X) € R,
In the following lemma, we relate the mapping [-, -], with the bilinear form (-,-), on

t
[+, and prove that it is a non-degenerate and Hermitian 7, -sesquilinear form on Rslq ),

Lemma 3.3: Fora(X),b(X),c(X) € R and f(X) e R the following hold:



il

il

v

A%

vi
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[a(X),b(X)], € RY

[a(X), b(X) + c(X)], = [a(X),b(X)], + [a(X),c(X)], and
[a(X) + b(X), c(X)], = [a(X), c(X)], + [b(X), e(X)], -
[f(X)a(X),b(X)], = f(X) [a(X),b(X)], and

[a(X), F(X)b(X)], =71,-1(f(X)) [a(X),b(X)], -
[a(X),b(X)], = 71,-1([b(X),a(X)],)

[

Proof: To prove this, we write a(X)=ag+a; X + - +a, 1 X" 1, bX)=
bo+ b1 X+ +b, 1 X1 and c¢(X)=co+er X+ +c, 1 XL Let a=
(G/O)al)”' aan71)7b:(b0)b17”' 7b’n71) andC:(C()7C]_7"' 701’171)-

i

il

il

v

vi

By definition, we have

t—1 t—1
[a(X),b(X0OL = > e (alX) Tgurw 1 (b(X))
7::](-)1:7_11 n—1 n—1 v utw
XS (X @R
u=0w=1 k=0 i,7=0

i—j=k(mod n)

which clearly equals (a, b). + (a,0 (b))« X + -+ + (a, 0" 1(b)) X" L.
It follows from part (i) and Lemma 3.2(i).

Since 74«1 and T4+, are ring automorphisms for each integer u > 0, part (iii)
follows.

As f(X) € R%Q), one can observe that the ring automorphisms 7« 1 and 74 _;
satisfy 7qu 1 (f(X)) = f(X) and 7gu 1 (f(X)) = 71,-1 (f(X)) for each integer
u > 0. From this, part (iv) follows immediately.
By part (i), we have [a(X),b(X)], = (a,b), + (a,0(b)), X +---+

k = (c*(b), a), for
0 < k < n — 1. Further for each k, we observe that (o*(b),a). = (b,0" *(a)).,
from which we obtain

[(X),b(X)], = (b,a)s + (b,0" (@) X + -+ + (b,0(a)) . X"
=711 ((b’ a)y + (b, o’(a))*X N (b7 J"—l(a))*Xn—l)
= 71,1 ([b(X), a(X)],),

using part (i) again.
In order to prove (vi), we need to show that if [a(X), b(X)], = 0 for all

b(X) € Rgft), then a(X) = 0. Suppose, on the contrary, that a(X) # 0. Then there
exists j (0 < j < n — 1) such that a; # 0. As Tr, , is an onto map, there exists

6 € Fye such that Tr, 4 (6) # 0. Then for b(X) = ¢~ *(fa; ') X7, by part (i), we
have [a(X),b(X)], = (a,b). = Try() # 0, which is a contradiction.
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Now we proceed to study dual codes of cyclic Fy-linear IF:-codes of length n with respect
to the bilinear forms (-, )o, (-, ) and (-, ). on Fy;.

4 Dual codes of cyclic [F,-linear I :-codes

For ¢ € {x*,0,~}, throughout this paper, let Ts be defined as

i the set of all integers ¢ > 2 satisfying ¢  1(mod p) when § = x
ii  the set of all integers t > 2 when § = 0

iii  the set of all even integers ¢ > 2 when § = ~.

Now for each § € {*,0,~} with ¢ € Ty, the J-dual code of C is defined as C+5 = {v €

FPi : (v,¢)s = 0forall c € C}. Itis easy to see that the dual code C1s is also an FF-linear

[F,:-code of length 7. Further, if the code C is cyclic, then its dual code C1s is also cyclic.
From now onwards, we shall view cyclic IF;-linear F:-codes of length n and their -dual

codes as R%q)—submodules of R%qt). Furthermore, if C C R&‘” is any cyclic IF;-linear IF ¢ -

t
code, then one can easily view its dual code C Ls C R%q )

as the dual code of C with respect
to the sesquilinear form [+, |5 on R for each § € {*,0,7}.

Now to study the properties of ¢-dual codes of cyclic Fy-linear F:-codes of length
n, we need to study actions of the ring automorphisms 75« 1 (0 <wu <t —1) on the
ideals 7; (0 <i<s—1)of R%q ) For this, we observe that C(_qé)0 = Céf), and further for
eachi (1 < i < s — 1), there exists a unique integer ¢’ (1 < ¢’ < s — 1) satisfying C(—qtz)i =
C’é?/). This gives rise to a permutation p of {0,1,2,-- ,s — 1} defined by Ciqe)i = C’éizi)
for 0 <4 < s—1. Note that (0) = 0 and p(u(i)) =i for 0 <4i <s— 1. That is, p is
either the identity permutation or is a product of transpositions. When n is even, there
exists an integer i# (0 < i# < s — 1) satisfying Céﬁ = C(%q) = {5}, as ¢ is odd. Note

that C’(_qz)r‘# = C’éii so that u(i#) = i#. Next we make the following observation:

Lemma4.1:  Letu (0 < u <t — 1) be a fixed integer. Then we have Tgu _1(J;) = Jyu(i)
for0<i<s—1.

Proofi  Working in a similar way as in Lemma 8§ of Huffiman (2010), the result follows. [J

Huffman (2010) proved the following theorem for § € {0,~} and we observe that it
also holds for § = *. The proof, being similar to that of Huffman (2010, Theorem 7), is left
to the reader.

Theorem 4.1:  Let C be a cyclic F,-linear F:-code of length n. For 6 € {*,0,~} with
teTs, we have C=Cy B C1 & ---® Cs_1 and C* :C((Jé) @C?) @H-@C(é)

s—1»
Ci=CnNJ; and CZ-((S) =CtNJ; for all 0 <i < s— 1. Furthermore, for each i, we
s . 5
have CI(L&) = {a(X) € Tuiy + [a(X),e(X)]s = 0 forall «(X) € C;} and dlmgu(i)cls(i) =
t — dimi,C; for 0 < ¢ < s — 1. (Throughout this paper, dimi'V denotes the dimension of
a finite-dimensional vector space V over the field K.)

where
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Further, a cyclic Fy-linear IF ;¢ -code C of length 7 is said to be

e  J-complementary-dual if it satisfies C N C+s = {0}.
e  J-self-orthogonal if it satisfies C C CLs.
e  §-self-dual if it satisfies C = C+5.

The following lemma characterises all the J-complementary-dual, §-self-orthogonal and
0-self-dual cyclic F,-linear F ;:-codes.

Lemma 4.2: Ford € {*,0,v} witht € T, let C be a cyclic Fy-linear F ;:-code of
length n. Let us write C = Co ®C; ® -+ ® Cs_1 and C+5 = Cé(s) @ C%g) SSERRNC> Cii)l,
where C; = CN J; andCi(J) =ChNJforall0<i<s—1.Then

i the code C is 0-complementary-dual if and only if C; N CZ-((S) = {0} for all
0<i<s—1

ii  the code C is §-self-orthogonal if and only if C; C C\) forall 0 < i < s — 1
i the code C is §-self-dual if and only if C; = C\*) for all 0 < i < s — 1.

Proof:  Proofis trivial. O

First of all, we will consider the case ¢t = 2 and we will study J-dual codes of cyclic [F-
linear F2-codes for each § € {x,0,~}. For this, we see that when ¢ = 2, the minimal

ideal Z; ; of ’Rf{f) is the finite field of order ¢?>P for 0 <i<s—1and0 < j < g; — 1,
where D; = % with g; = ged(2,d;). For0 <i < s — 1, in view of Lemma 2 of Huffman
(2010), we choose primitive elements p; o(X), pi1(X), - -, pi,g:—1(X) of the finite fields
Zio,Zi1, - ,Lig,—1, respectively, satistying Tqa‘,1(ﬂi,0(X)) =p;;(X) forall 0 <j <
g; — 1. Let e; ;(X) be the multiplicative identity of Z; ; for each ¢ and j. Recall that when
n is even, there exists an integer i# satisfying 0 < i# < s — 1 and C’éi = C(%,q) = {2},

since ¢ is odd. As C(_qe)‘# = C,F?i = {%}, we have pu(i%) = i#.
4.1 Determination of 6-complementary-dual cyclic F,-linear IF ;2-codes

In the following theorem, we explicitly determine bases of all the J-complementary-dual
cyclic [F,-linear F 2 -codes of length n for each § € {*,0,~}, provided ged(n,q) = 1.

Theorem 4.2: Let t =2, q be a power of the prime p and n be a positive integer
with ged(n,q) = 1. Let C be a cyclic Fy-linear F2-code of length n. Let us write

C=Co®C, D BCs_y and C*s :Céé) @Cié) @---@Céa_)l, where C; = C N J; and
Cl-(é) =CHNJfor0<i<s—1. Then C is d-complementary-dual if and only if for
eachi (0 < i < s—1), the following hold:

i Ifi=0ori=1i" (provided n is even), then

a C;,={0}or
b Ci:‘ZOV



28

il

il

iv

A. Sharma and T. Kaur
¢ C;is a one-dimensional KC;-subspace of J; with basis {p; o(X)*}, where

for 6 = x:  k does not exist when q is even and 0 < k < q when q is odd.

ford =0: 1<k<qgwhenqiseven 0 <k <qwhenq=1 (mod4)and
0<k<qgwithk # q%(mod%) when ¢ = 3 (mod 4).

for 6 =~ : k does not exist.
]fZ ¢ {O, i#}, ,U,(Z) =i and T17_1(Ii70) = Ii,o, then

a C;,={0}or
b C;=J or

¢ C; is a one-dimensional KC;-subspace of [J; with basis as follows:

for 6 = x:  {e;0(X) + pir(X)*}, where 0 < k < q% — 2 satisfies k # 0
(mod q%/? 4 1) when q is even and k # qdﬂ% (mod q%/? + 1) when q is
odd.

for 6 =0: {e;0(X)}or{e;1(X)}or{eio(X)+ pi1(X)*}, where
0 <k < q% — 2 satisfies k # 0 (mod q%/? — 1) when q is even and

k# L5 (mod g™/2 — 1) when q is odd.

for 6 =v: {eio(X)+ pi1(X)F}, where 0 < k < g% — 2 satisfies
k # 0 (mod ¢%/? +1).

Ifi g {0, i#}7 ,u(z) =i and Tl,fl(Ii,O) = Ii,l; then

a C; ={0}or
b Cl = ._71 or
¢ C;is a one-dimensional K;-subspace of J; with basis as follows:
for 6 =x:  {e; 0(X)}or {e;1(X)} or {eio(X) + pi1(X)*}, where

0 < k < q% — 2 satisfies k # 0 (mod q%/* — 1) when q is even and
k £ qd/% (mod q%/? — 1) when q is odd.

for 6 =0: {e;0(X)+ pi1(X)*}, where 0 < k < q% — 2 satisfies

k # 0 (mod q%/? 4 1) when q is even and k # % (mod q%/? 4-1)
when q is odd.

for 0 = v {€i70(X)} or {ei,l(X)} or {ei,O(X) + pi,l(X)k}, where
0 <k < q% — 2 satisfies k # 0 (mod q%/* —1).

When (i) # i, d; is even and 71, —1(Z; 0) = L,(5),0, we have the following:

a  IfC; = {0}, then C,,;y = {0}.
b IfC;i = T, then Ciy = Tu(a)-
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¢ IfC; is a one-dimensional KC;-subspace of J; having basis {a(X)}, then C,,(;) is
also a one-dimensional IC,,(;)-subspace of J,,(;y having basis {b(X)}, where

ford =x: b(X)=eu)1(X) orb(X) = eu),0(X) + pu@iy1 (X)* with
0<k<q%—2whena(X) =e;0(X); b(X) = eu0)0(X) or
b(X) = €u(i),0(X) + ppugiy,1 (X)F with 0 < k < ¢% — 2 when
a(X) = e;1(X); and b(X) = e,,(5),0(X) or b(X) = e,),1(X) or b(X) =
eu(iy,0(X) + p#(i)J(X)k/ when a(X) = €;,0(X) + pi1 (X)F with
0 <k, k' <q% —2satisfying k' # k (mod q% — 1) if q is even and

K % b+ 2L (mod q® — 1) if q is odd.

foro =0: bX)= e#(i),O(X) orb(X) = eﬂ(i)wo(X) + p#(i)’l(X)k with
0<k<q%—2whena(X) =e;o(X); b(X) = e, 1(X) or
b(X) = €u(i),0(X) + ppugiy,1 (X)F with 0 < k < ¢% — 2 when
a(X) = €;,1(X); b(X) = e,(i),0(X) or b(X) = €)1 (X) or b(X) =
eu(i),0(X) + p#(i)J(X)k/ when a(X) = e; 0(X) + pi1(X)* with
0 <k, k' <q% —2satisfying k' # q% — 1 — k (mod q% — 1) if q is even
and k' # qd;—_l — k (mod q% — 1) if q is odd.

foro =~: bX)= e#(i),l(X) orb(X) = 6#(1-),0()() + p#(i)’l(X)k with
0<k<q%—2whena(X) =e;0(X); b(X) = eu0)0(X) or
b(X) = eu@iy,0(X) + p“(i)J(X)k with 0 < k < q% — 2 when
a(X) = e;1(X); and b(X) = €,,33),0(X) or b(X) = e,3y1(X) or b(X) =
eu(i),0(X) + p#(i)J(X)k/ when a(X) = e; o(X) + pi1(X)* with
0 <k, k' <q% — 2satisfying k' # k.

v When (i) # i, d; is even and 71, _1(Z; 0) = L,(i),1, we have the following:

a  IfC; = {0}, then C,\(;y = {0}.
b If‘C2 = ‘:71', then Cu(i) = jlu,(z)

¢ IfC; is a one-dimensional K;-subspace of J; having basis {a(X)}, then C,,;) is
also a one-dimensional KC,,(;)-subspace of J,,(;y having basis {b(X)}, where

for 6 =« b(X) = eu),0(X) or b(X) = e,u),0(X) + puiy(X)F with
0<k<q%—2whena(X) = e;0(X); b(X) = eu)1(X) or
b(X) = eu(i),0(X) + pugiy,1 (X)F with 0 < k < ¢% — 2 when
a(X) = e;1(X); and b(X) = e,,(5),0(X) or b(X) = e, (y,1(X) or b(X) =
eu(i),O(X) + pu(i)J(X)k when a(X) = ei,O(X) + p7;71(X)k with
0 <k, k' <q¥% —2satisfying k' # q% — 1 — k (mod q% — 1) if q is even
and k' # ‘1(12;1 — k (mod q% — 1) if q is odd.

for ) =0: b(X) = e“(i)yl(X) or b(X) = eu(i)70(X) + Pu(1)71(X)k with
0<k<q%—2whena(X) = e;0(X); b(X) = eu3),0(X) or
b(X) = €u(i),0(X) + ppugiy,1 (X)F with 0 < k < ¢% — 2 when
a(X) =¢;1(X); and b(X) = eu(i%O(X) or b(X) = eui),1(X) orb(X) =
eu(i),O(X) + pu(i)J(X)k when a(X) = ei,O(X) + p7;71(X)k with
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0 <k, k' <q¥% —2satisfying k' # k (mod q% — 1) if q is even and
k' £ qdl;l +k (mod q% — 1) if q is odd.
ford =~: b(X)=euu),0(X)orb(X)=euu)o(X)+ pu,(X)* with
0<k<q%—2whena(X) =e;0(X); b(X) = eu)1(X) or
b(X) = eu@iy,0(X) + pu(i),l(X)k with 0 < k < q% — 2 when
a(X) = e;1(X); and b(X) = e,,(5),0(X) or b(X) = e,(y,1(X) or b(X) =
eu(i),0(X) + pu(iy 1 (X)" when a(X) = e;,0(X) + pi,1(X)* with
0 < k,k < q% —2satisfying k' # q* — 1 — k (mod q% — 1).

vi  When u(i) # i and d; is odd, we have the following:

a [fCZ = {0}, then C‘u(i) = {0}
b  IfC; = J;, then C#(i) = jy(i)-
¢ IfC, is a one-dimensional K;-subspace of J; having basis {p; o(X)*}, then

Cy(i) Is also a one-dimensional K, (;)-subspace of J,,(;y having basis
{Pu(i),o(X)k/L where 0 < k, k' < q% satisfy

for § = * : k’;«ékifqisevenandk'#_k—l-qdi%l (mod q% + 1) if q is odd.

. i i ; ; dit1
for6 =0: k'%qdJrlfk(modqd+1)lfqzsevenandk’;7éqT—k
(mod q% + 1) if q is odd.

foro=~: Kk #k.

Proof: By Lemma 4.2(i), we see that the code C is J-complementary-dual if and only if
C; OCZ.((;) = {0} for 0 <i<s—1.So foreachi (0 <i < s—1), we need to determine
all /C;-subspaces C; of J; satistying

c;ne® ={oy, )

where dimy,C; < 2 and dim;CiCi(‘s) < 2 for each 7.

When (i) =4, by Theorem 4.1, we have dim;CiCi(é) = 2 — dimy,C;. From this,
we see that C; = {0} and C; = J; satisfy (2). Further when dimg,C; =1, we have
dim;CiCi(é) =1.AsC;nN Ci(é) is a JC;-subspace of C; as well as Ci(é), we observe that C; will
satisfy (2) if and only if C; # C°).

When /(i) # 4, by Theorem 4.1, we have dim’cmwc;(:z) = 2 — dimg;,C;. Here we will
determine the pairs (C;,C,,(;)) satisfying

¢ine ={0}and €,y NCY) = {0}. 3)

When C; = {0}, we have Cff(z,) = Jyu(s)- Here we observe that (3) will hold if and only
if C,;y = {0}, which gives CZ.((S) = J;. When C; = J;, we have C,(jz) = {0}. In this
case, we note that (3) holds if and only if Ci(é) = {0}, which gives C,,;) = J.(s)- When

dimy,C; =1, we have dim’@mc;(:z) = 1. Here we assert that dimg, ,,C,,(;) = 1. This is
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because, if dimy, ,,C,,(;) = 0 or 2, then we have CZ-(‘S) = J; or {0} in the respective cases,
and hence (3) does not hold in both the cases. Therefore, in this case, we need to determine
the pairs (C;,C,,(;)) with C; as a one-dimensional K;-subspace of 7; and C,,(;) as a one-
dimensional I, (;)-subspace of J,,(;) satisfying C; # CZ-(‘S) and C,(;) # Cff&)-

From the above discussion, it follows that we need to determine all one-dimensional
IC;-subspaces C; of J; satisfying C; # CZ-(‘;) for 0 <4 < s — 1. To do this, we shall first
consider the case § = .

i  Firstleti = 0 ori# (if n is even). Here we have d; = 1, which gives g; = 1 and
D; =1andso J; = Z; o ~ F;2 and K; ~ IF,. In this case, it is easy to observe that
there are precisely ¢ + 1 distinct one-dimensional /C;-subspaces of 7; having bases
sets as {p; o(X)*} for 0 < k < ¢. Here we assert that C; = CZ-(*) holds for all
k (0 <k < g) when g is even and C; = Ci(*) does not hold for any k& when ¢ is odd.
To prove this, we see that {p; o(X)*} (0 < k < q) is a basis of C; = Ci(*) if and only
if [95,0(X), pio(X)¥], = 0, by Theorem 4.1. That is, C; = C!*) holds if and only if
(0i,0(X)*) 7q,—1 (i o (X)F) + 74,1 (pi,0(X)*) 71,-1 (pi,0(X)*)= 0. Now by
Lemma 11(i) and (ii) of Huffman (2010), we have 71,1 (pi,0(X)) = pi,o(X) and
a1 (pi0(X)) = pi,o(X)?, which implies that 7, 1 (p;0(X)) = 741
(7'1,—1 (Pi,O(X))) = pi,o(X)?. This gives (Pi,O(X)k)Tq,—l (Pi,O(X)k) +7g1
(pi.0(X)%) 711 (pi,0(X)F) = 2p; 0(X)@HDE. From this, it follows that C; = C\*) if
and only if 2p; o(X )@+ = 0, which holds if and only if ¢ is even. From this, part
(1) follows.

When d; is even, we have g; = 2 and D; = d,;/2. This implies that J; = Z; o ® Z; 1 and
Zio ~Zin ~ K; ~Fa;. Here by Theorem 2 of Huffman (2010), it is easy to show that

there are precisely g% + 1 distinct one-dimensional K;-subspaces of 7; having bases
sets as {e;0(X)}, {ei1(X)} and {e; 0(X) + p;,1(X)¥} for 0 < k < g% — 2. From now
onwards, throughout the proof, we shall consider the subscript j + 1 of Z; ;1 modulo 2.

ii Leti ¢ {0, i#} be such that u(i) =i and 71__1(Z; 0) = Z; 0. In In this case, by
Lemma 10(i) of Huffman (2010), we see that the integer d; is even. Here we assert
that C; = Ci(*) holds if and only if C; has basis sets as {e; o(X)}, {e;1(X)} and
{e;0(X) + pi1(X)*}, where 0 < k < ¢% — 2 satisfies k = 0 (mod ¢%/? + 1)
when ¢ is even and k = % (mod ¢%/? + 1) when g is odd. To prove this
assertion, by Lemma 11(iii) of Huffman (2010), we see that for j € {0, 1},

/2

m1-1(p1,5(X)) = pi(X)7" . Also we have 74,1 (pi (X)) = pi j41(X) and
Tq,l(ei,j(X)) = 61J+1(X). SO we get ’7}17_1 (pz,j(X)) = Tq71 (’7’17_1 (p17J(X))) =

d;/2 .
piijrl(X)q and Tq7,1 (ei,j (X)) = Tq,l (Tl_rfl (em(X))) = 6i7j+1(X). In view
of this, for j € {0, 1}, we observe that [e; ;(X),e; ;(X)], = 0, so by applying
Theorem 4.1, we see that the subspace C; with basis {e; ;(X)} satisfies C; = Ci(*).
Further, for 0 < k < ¢% — 2, {e;0(X) + pi1(X)*} is a basis of C; = Ci(*) if and
only if [e; 0(X) + pi,1(X)*, €5,0(X) + pi,1(X)*], = 0 by Theorem 4.1. This holds
if and only if (61'70(X) + pi71(X)k)Tq,_1 (61'70(X) + pi,l(X)k) + Tq,1 (€i70(X) +
pm(X)k)Tl,_l (ew(X) + pi,l(X)k) = 0 ifand only if (ei70(X) + pm(X)k)

d;/2 di/2

(e0.1(X) + pio (X5 ") + (e3,1(X) + pro(X)F) (e1,0(X) + pia (X)¥" ) =0
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if and only if p; o(X)* + p;o(X)F"* = 0 ifand only ifk( di/2 1) =
(mod q% — 1) when ¢ is even and k(q%/2 — 1) = 2= (mod ¢% — 1) when ¢ is
odd. From this, part (ii) follows.

Leti & {0, } be such that yu(i) = i and 71, _1(Z; o) = Z; 1. In this case also, by
Lemma 10(i) of Huffman (2010), we note that the integer d; is even. We also note
that 7y _1(Z; 1) = Z; 0. Further, by Lemma 2 of Huffman (2010), we have
Tq,l(Ii,j) = Ii,j+1 fOI‘j S {0, 1} From this, we obtain Tq’,l(L-J) = Ii,j for

j €{0,1}. Now by Lemma 11(iv) of Huffman (2010), we have

Tq,—1 (pi,j (X)) = Pi,j ()()qdi/2 and Tq,—1 (€i7j(X)> = €45 (X) As T¢2,1 = T1,1, W€
see that T1,—1 (pi,j (X)) = Tgq,1 (Tq7_1 (pi,j (X))) = Pij+1 ()()qdi/2 fij € {O, 1}
and 71,1 (4,5 (X)) = €;,j41(X). From this, we see that [e; ;(X), e; ;(X)], # 0 for
j € {0,1}, which implies that the subspace C; with basis {e; ;(X)} does not satisfy
C; = Ci(*). Further, working in a similar way as in part (ii), one can prove the desired
result for the subspace C; with basis {e; o(X) + pi1(X)*}, where 0 < k < ¢% — 2.

Let u(i) # 4, d; be even and 71, _1(Z;0) = Z,,(;),0- Here we observe that for

J €{0,1}, 71,-1(Z; ;) = Z,u(4),5, which gives 71, _1(Z,,s),;) = Zi,;. From this, we
get T1,—1 (piJ(X)) = pu(i)J(X) and T1,—1 (ei,j(X)) = e”(i),j(X) fOI'j S {O, 1}
Further, by applying Lemma 2 of Huffman (2010), for j € {0, 1}, we have

Ta1 (i (X)) = €ij41(X), T (€u) 3(X)) = eusy,j+1(X) and

70,1 (pi5 (X)) = pij+1(X), 74,1 (Pui),i (X)) = pu(iy,j+1(X) by our choice of
identity elements e; ;(X')’s and primitive elements p; ;(X)’s. From this, we get
Ta-1(p15 (X)) = 741 (11,21 (pi,5(X))) = pp(i),j+1(X) and

a1 (Pu(iy, (X)) = 741 (71,21 (Pugi),j (X)) = pij+1(X). Besides this, we have
7g.-1(ei§ (X)) = 791 (m1,-1(€i 5(X))) = €,5),j41(X) and

Ta—1 (€015 (X)) = Tq.1 (11,21 (€p(),; (X)) = €i,j+1(X). Using this, it is easy to
observe that [e,,(;).;(X), € ;(X)], =0, [eu(),j41(X), €:,;(X)]s # 0 and
[€(),0(X) + Py (X)F, €5 ;(X)], # 0 for j € {0,1}. This, by Theorem 4.1,
implies that if the subspace C; has basis {e; j(X)}, then the subspace Cl(ja) has basis
{eu(),;(X)}. Since the subspace C,,(;) has to satisfy (3), its basis set has the
following possible choices: {€,,(;) j+1(X)} and {e,(:).0(X) + ppuiy,1(X)*}, where
0 < k < % — 2. We next observe that if C,(;) has basis {e,,(;) j+1(X)}, then CZ-(*)
has basis {e; j+1(X)} and this choice satisfies (3). On the other hand, if C, ;) has
basis {e,(),0(X) + ,ou(Z H(X)ED, thenC (*) has basis {e;0(X ) + pi, 1(X)k/},
where k' = k (mod ¢% — 1) when g isevenand k' = k + g%zl on L (mod ¢% — 1)
when ¢ is odd. Note that in this case also, (3) holds. Further workmg ina s1rn11ar
way as above, one can show that if C; has basis {e;0(X) + pi1(X ) } for

0 <k < g% —2 then {e,)0(X) + pue), ) } is a basis ofC )» where

0=k (mod¢% —1)ifgisevenand ¢ = k + 4~ S (mod g% — 1) 1fqisodd.We

next observe that (3) holds if the subspace C,,,) has basis sets as {e,,(;),;(X)} or

{e(i),0(X) + pugiy,1 (X)) for each j € {O, 1}, where m # ¢ (mod g% — 1) when

q%i-1
2

qisevenand m # ( + (mod g% — 1) when q is odd. These two possible

choices for basis of C,,(;) give rise to the following choices for basis of Ci(*) in the
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respective cases: {¢; j+1(X)} and {e; o(X) + ,oZ 1(X)“} where u = m

(mod g% — 1) when q is even and u = m + TR L (mod g% — 1) when ¢ is odd.
One can easily verify that in all these cases, (3) holds. This proves (iv).

Let p1(4) # 4, d; be even and 71,_1(Z; o) = Z,,(s),1- Here we note that

71,-1(Zi,5) = Lyu(iy,j+1 for j € {0, 1}. Next by Lemma 2 of Huffman (2010), we
have 7,.1(Z; ;) = Z; j+1 for j € {0,1}. This implies that 71,1 (p; ; (X)) =
Puiyj+1(X), 111 (i,5(X)) = euiy j+1(X), 74,1 (pi (X)) = pijra(X),
Ta1(€ij (X)) = €ij+1(X), 74,1 (Pu(i),i (X)) = pu(iy,j+1(X) and 741

(), (X)) = €u(i),j+1(X). From this, it follows that 74, _1 (p; ; (X)) =

Ta1 (71,21 (i, (X)) = a3 (X) and 7,1 (puiy 5 (X)) = 741 (71,1

(Pui) (X)) = pi;(X). Also we have 74,1 (€53 (X)) = 741 (1,1 (€:;(X))) =
i), (X) and 74,1 (€u(i) (X)) = 741 (11,1 (u(r) 5 (X)) = €i3(X). Now
working in a similar way as in part (iv), part (v) follows.

Finally, we assume that p(i) # ¢ and d; are odd. Here we have g; = 1,

JZ =1~ q2d,; and KC; ~ qui . In this case, we observe that there are precisely
g% + 1 distinct one-dimensional /C;-subspaces of .7; having basis sets as
{pio(X)*}, where 0 < k < g%. Further, it is easy to show that if, for 0 < k < ¢%,
the set {p;,0(X)"*} is a basis of C;, then {p,,(;) 0(X)*} is a basis ofCL’Ez), where

0 < ¢ < q% is an integer satisfying £ = k (mod ¢% + 1) when ¢ is even and
(=k+ ‘142—“ (mod g% + 1) when g is odd. To prove this, we observe that 7, ; is
an automorphism of 7; of order 2, so we have 7, 1 (piyo(X)) = piyo(X)qd'i and

g1 (€i,0(X)) = €;,0(X). Further by applying Lemma 2 of Huffman (2010), we get
71,-1(£i,0(X)) = pugiy.0(X) and 71 1 (ei0(X)) = epui),0(X). This gives

71 (pi0(X)) = 0. (1121 (pi.0(X))) = pugoyo(X)?" and

Tq,—1(es, O(X)) =T741(11,-1(€5,0(X))) = €,(s),0(X). Now working in a similar
manner as in part (iv), the result follows.

For 6 € {0,~}, working in a similar way as above, the desired result follows. O

In the following theorem, we enumerate all the §-complementary-dual cyclic F,-linear
[F42-codes of length n for § € {*,0,~}, provided gcd(n, ¢) = 1. For this, throughout this
paper, let § be the set consisting of all the fixed points of x excluding 0 and i# (if n is
even) and 91 be the set containing one element from each of the transpositions in .

Theorem 4.3: Lett = 2, q be a power of the prime p and n be a positive integer coprime
to q. For 6 € {*,0,~v}, let N be the number of distinct §-complementary-dual cyclic
F-linear IF j2-codes of length n.

ii

When § = *, we have N = A H(qdl’ —q%/%2 1 2) H (% + ¢ 4 2), where
S heMm
A =2ifqisevenand A = (q+ 3)8°4"2) if q is odd.

When 6 = 0, we have N = A H(qd" —q%/% 4 9) H (% + ¢ 4 2), where
i€ hem

A=q+2ifqiseven, A= (q+3)54"2) if g =1 (mod 4) and

A= (q+1)2d2) if g = 3 (mod 4).
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iii  Whend =~,wehave N = A H(qdi —q%/%2 1 2) H (% + g% 4 2), where
Sy hem
A =2ifnisodd and A = 4 ifn is even.

Proof. For i € FU{0,i*}, let N; be the number of distinct C;-subspaces C; of J;
satisfying C; N Ci(‘;) = {0}. For h € 91, let N}, be the number of distinct pairs (Cr,Cy (1))
with C}, as a [Cp-subspace of 7, and Cu(h) as a ICM(h)—subspace of J,,n) satistying C, N
C,(f) = {0} and C,) ﬂij)h) = {0}. Then in view of Lemma 4.2(i), we see that the
number N of distinct §-complementary-dual cyclic F,-linear I 2-codes of length n is
given by

No [T N: II Nn if n is odd;

s—1
— — 1€F  heM
N= H N NoNg# [1 Ni T] Npifniseven.
=0 i€ hem
Now using Theorem 4.2, the desired result follows. 0

4.2 Determination of *-self-orthogonal cyclic IF4-linear F j2-codes

In the following theorem, we explicitly determine bases of all the *x-self-orthogonal cyclic
[Fy-linear F2-codes of length n, provided ged(n, ¢) = 1.

Theorem 4.4: Lett = 2, q be a power of the prime p and n be a positive integer coprime

to q. Let C be a cyclic F -linear F 2-code of length n. Let us write C =Cy ©C1 @ --- ®
Corand C+ =V @ @ @), where C; = C 1 J; and C = ¢+ 0 T, for

all0 < i < s—1. Then C is x-self-orthogonal if and only if for each i (0 < i < s — 1), the
following hold:

i Ifi=0ori=/i" (provided n is even), then

a C;={0}or

b C, is a one-dimensional K;-subspace of J; having basis {p; o(X)*}, where
forqeven: 0 <k <gq.
for q odd: k does not exist.

il IfZ ¢ {O,i#}, M(’L) =1 and T17_1(Ii’0) = Ii70, then

a C;,={0}or

b C; is a one-dimensional IC;-subspace of J; having basis as follows:
for qeven: {e; o(X)} or {e;1(X)} or {eio(X) + pi1(X)F}, where
0 < k < q% — 2 satisfies k = 0 (mod q%/? + 1).
for qodd: {e;o(X)} or {e;1(X)} or {eio(X) + pi1(X)F}, where

i/
0 <k < g% — 2 satisfies k = 5+ (mod ¢%/? + 1).
111 IfZ g {071#}; ,U/(Z) - Z and Tl,*l(Ii,O) = Ii,1> l‘hen

a C;={0}or
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C; is a one-dimensional IC;-subspace of J; having basis {e; o(X) + pi1(X )k}
with) < k < g% — 2 satisfying
for q even: k = 0 (mod q%/? —1).

q%i/? 1

for g odd: k = =+ (mod q%i/? — 1).

iv When u(i) # i, d; is even and 71, _1(Z; 0) = L,,(),0, we have the following:

a
b

C

IfC; = {0}, then C,u(z') - ._7“(7;).

IfC; = J;, then C#(i) = {0}

If C; is a one-dimensional KC;-subspace of J; having basis {a(X)}, then either
Cuiy = {0} or C(iy is a one-dimensional K, (;)-subspace of J,,;y having basis
{b(X)}, where b(X) = e,,(5),0(X) when a(X) = e;0(X);

b(X) = euiy,1(X) when a(X) = e; 1(X);

b(X) = eu@iy,0(X) + p#(i)J(X)k/ when a(X) = e; 0(X) + pi1(X)* with

0 < k,k' < q% — 2satisfying

for q even: k' = k.

forqodd: k' =k + ‘ﬂT_l (mod q% —1).

v When p(i) # i, d; is even and 71, _1(Z; 0) = L,(:),1, we have the following:

a
b

C

IfC; = {0}, then C, ;) € Tpu(ay-
IfC; = J;, then C#(i) = {0}
If C; is a one-dimensional KC;-subspace of J; having basis {a(X)}, then either
Cuiiy = {0} or C,,(4 is a one-dimensional IC,,;y-subspace of J,,(;y having basis
{b(X)}, where
b(X) = euiy,1(X) when a(X) = e;,0(X);
b(X) = euiy,0(X) when a(X) = e;1(X);
b(X) = eu@iy,0(X) + pu(i)’l(X)k when a(X) = e; o(X) + pi1(X)F with
0 <k, k' < q% — 2satisfying
forqeven: k' =q% —1—k (mod q% — 1).
s — qti—1 d;
Jor qodd: k' = *5— — k (mod ¢ —1).

Vi When u(i) # i and d; is odd, we have the following:

a
b

C

IfC; = {0}, then Cu(i) - ju(i)'

IfC; = T, then cu(i) = {0}.

IfC; is a one-dimensional K;-subspace of J; having basis {p; o(X)*} with
0 < k < q%, then either Cuiy = {0} or C,(3) is a one-dimensional
K,.(iy-subspace of J,,(;) having basis {pﬂ(i)yo(X)k/} with 0 < k' < g%

satisfying
for q even: k' = k.

Jorqodd: k' =k + qdi'TH (mod q% +1).
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Proof: By Lemma 4.2(ii), we see that C is x-self-orthogonal if and only if C; C CZ.(*) for
all 0 <i<s—1.Soforeachi (0 <i<s—1), we need to determine all }C;-subspaces
C; of J; satisfying

¢ ce, )

where dimy,C; < 2 and dim;ciCi(*) < 2 for each i. It is clear that C; = {0} satisfies (4).
First suppose that i is an integer satisfying 0 <i < s —1 and (i) = i. Here we
observe that when C; = 7;, we have Ci(*) = {0} and so (4) is not satisfied. Further, by
Theorem 4.1, we have dim,ciCi(*) = 2 — dimg,C;. From this, we see that when dimx,C; =
1, we have dim;CiCi(*) = 1 and so C; satisfies (4) if and only if C; = C,L-(*) holds.
Next suppose that ¢ is an integer satisfying 0 < ¢ < s — 1 and u(i) # i. Here we have
dimg . .C g dimy,C;. Here we need to determine the pairs (C;, C#(Z-)) with C; as a

w8 7 (i)
Ki-subspace of J; and C,,(; as a K, ;)-subspace of J,(; satisfying

¢ cCand Cyp CCU). (5)

In this case, when C; = {0}, we have C/(jz) = Jyu(s) and so (5) holds if and only if C,,; is

any K,,(;)-subspace of J,(;). When C; = J;, we have C;(;Ez) = {0}. In this case, (5) holds

ifand only if C,,(;) = {0}. When dimy,C; = 1, we have dimy, , C\)) = 1. Here (5) holds
if and only if either C,(;) = {0} or C,(;) is a one-dimensional K, (;)-subspace of 7,
satisfying C,;) = Cf:g). Now it remains to determine all one-dimensional C;-subspaces

C; of J; satisfying C; = Ci(*) for 0 < i < s — 1, which can be determined working in a
similar manner as in Theorem 4.2. O

In the following theorem, we enumerate all the *-self-orthogonal cyclic I -linear [Fg2-
codes of length n. For this, we recall that § is the set consisting of all the fixed points of
u excluding 0 and i# (if n is even) and 90 is the set containing exactly one element from
each of the transpositions in /.

Theorem 4.5: Lett = 2, q be a power of the prime p and n be a positive integer
coprime 1o q.

i The number of distinct x-self-orthogonal cyclic F-linear IF ;2-codes of length n is
given blel_[(qdi/2 +2) H (3¢™ +6), where A = q + 2 if g is even and A = 1 if
i€F N
q is odd.
ii  The number of distinct *-self-orthogonal cyclic F ;-linear F ;2-codes of length n

generated by a single codeword is given by A l_l(qd'i/2 +2) H (3qd“ +4), where
1€ hem
A=qg+2ifqisevenand A = 1if qis odd.

Proof: i Fori€ §U{0,i"}, let M; be the number of distinct &C;-subspaces C; of 7;
satisfying C; C CZ-(*). For h € I, let M}, be the number of distinct pairs (C,C,,(n))
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with C, as a KCj,-subspace of Jj, and C,,(p,) as a KC,(,)-subspace of J,(5,) satisfying

Cr C C,(L*) and C, ) C Cf:gl). Then in view of Lemma 4.2(ii), we see that the number
M of distinct *-self-orthogonal cyclic F,-linear F ;2-codes of length n is given by

s—1 Mo H Mi H Mh if n is Odd;
_ o i€F  hem
M= HMl ) MoMx [ M; [] My, ifnis even.
=0 i€ hem

Now using Theorem 4.4, the result follows.

By Lemma 6 of Huffman (2010), we see that every cyclic F,-linear F ;2-code can be
generated by a single codeword provided dimy,C; < 1 with equality holding for at

least one ¢, which implies that C; # J; for 0 < i < s — 1. Now working as in part (i)
and applying Theorem 4.4, part (ii) follows. [

4.3 Determination of *-self-dual cyclic I ;-linear F ;2-codes

In the following theorem, we determine bases of all the *-self-dual cyclic F,-linear [F2-
codes of length n when ¢ is an even prime power and establish the non-existence of such
codes when ¢ is an odd prime power, provided ged(n, ¢) = 1.

Theorem 4.6: Lett = 2, q be a power of the prime p and n be a positive integer coprime
to q. Let C be a cyclic F j-linear I j2-code of length n. Let C = Co ® C1 @ - - - ® Cs_1 and

CL*

=cac @ ac whereC; =CN Jyand C) = CH+ N T forall 0 < i <

s—1.
When q is an odd prime power, there does not exist any *-self-dual cyclic F ;-linear IF 2-
code of length n.

When q is an even prime power; the code C is x-self-dual if and only if for each i (0 < i <
s — 1), the following hold:

i

il

il

iv

Ifi =0, then C; is a one-dimensional K;-subspace of J; having basis {p; o(X)*},
where 0 < k < q.

If1 <i<s—1lissuchthat u(i) =iand 1 _1(Z;0) = Lio, thenC; is a
one-dimensional K;-subspace of J; having basis {e; o(X)} or {e; 1(X)} or
{eio(X) + pi1 (X)*}, where 0 < k < q% — 2 satisfies k = 0 (mod q%/? +1).
If1 <i<s—1lissuchthat u(i) =iand 7 _1(Z;o) =L, thenC;is a
one-dimensional KC;-subspace of J; having basis {e; o(X) + p; 1(X)*}, where

0 <k < q% — 2 satisfies k = 0 (mod q%/? —1).

When (i) # i, d; is even and 11 _1(Z; 0) = ZL,,(;),0, we have the following:

a IfC; = {0}, then Cu(i) = jp(i)-
b IfCi = Ji, then Cyy = {0}

¢ IfC; is a one-dimensional K;-subspace of J; having basis {a(X)}, then C,,;) is
also a one-dimensional K, (;)-subspace of J,,(;y with basis {b(X)}, where
b(X) = eu(iy,0(X) when a(X) = e;,0(X);
b(X) = euiy,1(X) when a(X) = e;1(X); and



38 A. Sharma and T. Kaur

eu(iy.0(X) + pueiy 1 (X)F when a(X) = e;,0(X) + pi.1(X)* with

v When p(i) # i, d; is even and 71, _1(Z; 0) = L,(:),1, we have the following:

a IfC; = {0}, then Cﬂ(i) = jp(i)-
b Isz = \Yij then C;L(i) = {0}

¢ IfC; is a one-dimensional K;-subspace of J; having basis {a(X)}, then C,,;) is
also a one-dimensional K, (;)-subspace of J,,(;y with basis {b(X)}, where
b(X) = epui),1(X) when a(X) = e;,0(X);
b(X) = eu(i),O(X) when a(X) = 61’,1(X);
b(X) = eu@iy,0(X) + pu(i)J(X)k, when a(X) = e;0(X) + pm(X)k with
0 <k, k' <q¥% —2satisfying k' = q% — 1 — k (mod q% —1).

vi  When u(i) # i and d; is odd, we have the following:

a  IfC; = {0}, then C,,;y = Jyu(i)-
b IfC; = J;, then Cu(i) = {O}

¢ IfC; is a one-dimensional KC;-subspace of J; having basis {p; o(X )"} with
0<k<q%, then Cu(i) 1s also a one-dimensional KC,,(;)-subspace of J,,(;y with

basis {p,.(i),0(X)*}.

Proof:  In view of Lemma 4.2(iii), we see that the code C is *-self-dual if and only if C; =
Ci(*) for 0 <4 < s — 1. Further, by Theorem 4.1, we have dimy,C; + dim’CumeE) =2
for all 0 < ¢ < s — 1. From this, we see that dim,C; = 1 for all ¢ satisfying u(i) = 4,
while both the dimensions dimy,C; and dimg,, , C,,(;) are at most 2 when p(i) # 1.

Now by Theorem 4.2(i), we see that when ¢ is odd, there does not exist any one-
dimensional /C;-subspace C; of J; satisfying C; = Ci(*) fori =0ori=1i# (if nis even).
From this, it follows that when ¢ is an odd prime power, there does not exist any *-self-dual
cyclic F-linear I 2-code.

Next let ¢ be an even prime power. Here we must have dimy,C; = 1 for all ¢ satisfying
(i) = i and both dimy,C; and dimg,, ; C,,(s) are at most 2 when (i) # i. Now working
in a similar way as in Theorem 4.2, the result follows immediately. g

In the following theorem, we will count all the *-self-dual cyclic Fy-linear IF2-codes of
length n provided ged(n, ¢) = 1.

Theorem 4.7: Lett = 2, q be a power of the prime p and n be a positive integer coprime
to q.

i When q is odd, there does not exist any *-self-dual cyclic F ;-linear F ;2-code of

length n. When q is even, there are precisely (q + 1) I_I(qdi/2 +1) H (g% +3)

i€F hem
distinct x-self-dual cyclic F -linear F ;2-codes of length n.

ii  When q is odd, there does not exist any x-self-dual cyclic F -linear F ;2-code of
length n generated by a single codeword. When q is even, the number of distinct
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*-self-dual cyclic IF -linear IF ;2-codes of length n generated by a single codeword is

givenby (q+ 1) [[(@*/*+ 1) ] (a™ +1).
i€ hem

Proof: i Forie U0, i#}, let ]\Zfl be the number of distinct /C;-subspaces C; of J;
satisfying C; = Ci(*). For h € 9, let M, be the number of distinct pairs (Cj,, Cuny)
with C, as a KCj,-subspace of Jj, and C,,(p,) as a KC,(j,)-subspace of J,,(5,) satisfying

Cn = C}(L*) and Cy(n) = CI(ZEL). Then in view of Lemma 4.2(iii), we see that the

number M of distinct -self-dual cyclic Fy-linear F2-codes of length n is given by

s—1 Mo [1 M; T] My if n is odd;
Tl =] e wew

H) MoMx [1 M; T] My ifnis even.

= i€§  hem

Now using Theorem 4.6, the result follows.

ii By Lemma 6 of Huffman (2010), we see that every cyclic F,-linear F 2-code can be
generated by a single codeword provided dimy,C; < 1 with equality holding for at
least one ¢, which implies that C; # J; for 0 < ¢ < s — 1. Now using Theorem 4.6,
the desired result follows. B

4.4 Enumeration of x-self-orthogonal and *-self-dual cyclic F ,-linear ¥ ;:-codes

In this section, we assume that ¢ > 3 is an integer satisfying ¢ # 1(mod p). Here we will
enumerate all the *-self-orthogonal and *-self-dual cyclic F,-linear F;:-codes of length n,
where ged(n, q) = 1.

First of all, we proceed to enumerate all the *-self-orthogonal cyclic F,-linear IF:-codes
of length n. For this, let C be a cyclic F,-linear F,:-code of length n. Let us write
C=CodC & - &CyandC =CP ac @ acl™)), where ¢; = €N J and
Ci(*) =Ct*NJ; forall 0 <i<s— 1. Then by Lemma 4.2(ii), we see that C is *-self-
orthogonal if and only if C; C Ci(*) for all 0 < < s — 1. Further, for i € FU {0, },
let Ni denote the number of /C;-subspaces C; of 7; satisfying C; C Ci(*). For h € 9N,
let N, denote the number of distinct pairs (Cp, Cy(ny) With Cy, as a KCp-subspace of J,
and C,,() as a K,,(,)-subspace of J,,(,) satisfying Cj, C C,(I*) and C,,p) C C&L). Then by

Lemma 4.2(ii), the total number N of distinct x-self-orthogonal cyclic F-linear I ;¢ -codes
of length n is given by

NoN# I Ni I Npifniseven;
N _ . S hem (6)
NO H Ni H Nh if n is odd.
i€F hem

In the following theorem, we enumerate all the *-self-orthogonal cyclic [F,-linear F:-
codes of length n, provided ged(n, ¢) = 1.
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Theorem 4.8:  Let q be a power of the prime p, n be a positive integer coprime to q and
t > 3 be an integer satisfying t Z 1(mod p). Then the number N of distinct
x-self-orthogonal cyclic F ,-linear F ;i-codes of length n is given by

t/2 12 k=1 t/2 £/2 i SR
: = —=d d;(t—24-1)
[ e o) TSP T )
k=0 7 j=0 i \r=0 q% y—o
t t—u -
(> t} 5 t— u} )
heom (u—O L g p—g L b qn
when both q,t are even.
(t=1)/2 r—1
i Agcd(n,2) H Z (t - 1)/2:| H (q di(t;WZ) n 1)
ieg \ = L 7 a% y—o
t t—u
t} 5 t—u} >
H Z , where
heom (u—o L g p—g L b qn
(t—1)/2 k-1
t—1)/2 Py
A= Z [( k )/ ] H (q R + 1) when both q,t are odd.
k=0 qj=0
t/2 r—1
i Aged(n.2) H Z {t/? H (qw I 1)
ies \r=o b " g% 35
t q t—u
t t—
H (Z [ [ b u} ) , where
heom \u=0 L gt 420 qn
o t/2 £/2] k-1 oz - P B
—Z I H(q +1>whenq:3(m0 )and t = 2(mod 4).
k=0 dqj=0
t/2 r—1
v A9ed(n,2) H Z {t/ﬂ (qw N 1)
ies \r=o b " gt 35
t q t—u
t t—
([, 2[5, ) wen
hem \u—o Lg% 45 qn
(t—=2)/2 k—1
t—2)/2 t—2j
A= Z [( k)/ ] H(q = +1) when q = 3(mod 4) and t = 0(mod 4)
k=0 a5=0

or q = 1(mod 4) and t is even.

In order to prove this theorem, let [-, -], [ 7, x7 denote the restriction of the sesquilinear
form [-, -], to J; x J; for0 < i < s — 1. By Lemma 3.3(v), it is clear that the sesquilinear

form [, -], 7, x, is reflexive for each i. Further, we observe the following:

Lemma 4.3: Let 0 < i < s — 1 be an integer. Then the sesquilinear form [-,-], | 7,x 7,
is non-degenerate if and only if (i) =i if and only if i € FU{0} or i € FU{0,i%}
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accordingly as n is odd or even. Furthermore, for alli (0 < i < s — 1) satisfying p(i) = 1,
the sesquilinear form [-, -], | 7,x 7, is Hermitian if i € § and is symmetric otherwise.

Proof: Working in a similar manner as in Lemma 13 of Huffman (2010) and using Lemma
3.3(v), the result follows. O

In the following lemma, we will determine the numbers NZ for all ¢ satisfying 0 < i <
s— land u(i) =i.

Lemma 4.4: Lett > 3 be an integer satisfying t Z 1(mod p) and i (0 <i < s—1) be
an integer satisfying (i) = i. Then the following hold.:

t/2 k—1

t/2 i (t—26—1 .
E [2} H(qd(t 2 )-1—1) if't is even;
_ di
i  ForieF, wehave N; = ]:t_01)/2 =0
- k—1
t—1)/2 i(t— .
) [( k)/ } [T +1) itisodd.
k=0 q%i p—g

i Fori=0ori=1i# (provided n is even), we have

(t—1)/2 k—1
t—1)/2 t—2j—
Z {( k)/ } H(q A +1) if g is odd and t is odd;
k=0 q =0
t/2 t/? kol t—25—2
Z{k’} H(q 3 +1) if ¢ = 3(mod 4) and t = 2(mod 4);
k=0 4 =0
Ni = (t—2)/2 k—1
t—2)/2 t—2j
Z {( . )/ } H (g 4 1) ifq=3(mod4) andt = 0(mod 4)
k=0 4 =0
or ¢ = 1(mod 4) and t is even;
t/2 k—1
t/2 t—2j5
Z {2} H(q 7 +1) if q is even and t is even.
k=0 q =0

Proof: For 0 <i<s—1and u(i) = i, we recall that the number N; equals the number
of distinct C;-subspaces C; of J; satisfying C; C Ci(*).

i Wheni € §, by Lemma 4.3, we see that |-, -], [7,x7, is a non-degenerate, reflexive

and Hermitian sesquilinear form. Therefore (7, |-, -], [7,x7 ) is a unitary space
having dimension ¢ over K; >~ [F 4, . By Taylor (1992, p.116), the Witt index m of J;
is given by

_— L iftis even;
T L iftis odd.

In this case, from Lemma 10(i) of Huffman (2010), we note that d; is an even integer.
Now by Exercise 11.3 of Taylor (1992, p.174), for 0 < k < m, the number of distinct
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k-dimensional /C;-subspaces C; of J; satisfying C; C Ci(*) (or equivalently the
number of distinct k-dimensional totally isotropic /C;-subspaces of 7;) is given by

] g 11 (q%(m=<=7) + 1), where € = 1/2 if t is even and € = —1/2 if ¢ is odd.
7=0

From thi;, part (i) follows.

ii Leti=0orie {0,i%} accordingly as n is odd or even. By Lemma 4.3, we see that
[-,-], T7,x7 is a non-degenerate, reflexive and symmetric sesquilinear form. Here
we will consider the following two cases separately: 1. ¢ is odd and II. ¢ is even.

Case I. Let ¢ be odd. In this case, d; = 1 and so KC; >~ F,,. Here it is easy to see that
the map Q; : J; — K;, defined as Q; (u(X)) = L [u(X), u(X)], forall u(X) € J;,
is a quadratic map on 7;. That is, (J;, @;) is a non-degenerate quadratic space
having dimension ¢ over K;. Further, working in a similar manner as in the
discussion of Theorem 16 of Huffman (2010), the Witt index m of the quadratic

space (J;, @;) is given by

=L iftis odd;
m = 2iftisevenand ¢ =1 (mod 4) or t = 0 (mod 4) and ¢ = 3 (mod 4);
L ift =2 (mod 4) and ¢ = 3 (mod 4).

DN

Further, using Exercise 11.3 of Taylor (1992, p.174), we see that for 0 < k < m, the
number of distinct k-dimensional /C;-subspaces C; of 7; satisfying C; C Ci(*) (or
equivalently, the number of k-dimensional totally singular KC;-subspaces of 7;) is
k=1 ‘
given by [7] il (q%(m=<=7) + 1), where m is the Witt index of 7; and
j=0
€ = 2m — t + 1. From this, we get the desired result.

Case II. Let ¢ be even. In this case, n must be odd and ¢ = 0. Further, as

t # 1(mod p), the integer ¢ must be even. By Huffman (2010, p.264), we see that
Jo={ah(X):a€Fu}~Fuand Ky = {ah(X) : o € Fy} ~TF,, where
h(X)=(1+X+X?+ -+ X" 1). We next observe that [ah(X),bh(X)], =
Trg,: (ad(b))h(X) for all ah(X),bh(X) € Jy. Since h(X) # 0, we observe that if
the vectors ah(X), bh(X) € Jp are orthogonal with respect to [-, -], [7,x 7, then
the corresponding vectors a, b € [F+ are orthogonal with respect to (-, ). on Fy+ and

vice versa. So the number of distinct Cy-subspaces Cy of 7 satisfying Cy C Cé*) is
equal to the total number of totally isotropic IF;-subspaces of IF;« with respect to
(*,)«. Further, by Lemma 3.2, we see that (-, -), is a non-degenerate, reflexive and
alternating bilinear form on F ¢, i.e., (Fyt, (-, -)+) is a symplectic space having
dimension ¢ over F; and the Witt index of F« is £. Now by using Exercise 11.3 of

2
Taylor (1992, p.174), for 0 < k < %, the number of distinct k-dimensional totally

t—2j

k—1
isotropic IF,-subspaces of IF ;¢ is given by [%2] . 11 (q 2
j=0

+ 1) , from which the

desired result follows immediately. -

In the following lemma, we consider the case i € 9t and count the pairs (Cp, C,,(n)) With

Ch as a Kp-subspace of Jj, and C (1) as a K,(n)-subspace of J,, 1) satistying Cj, C C,(l*)
()

and Cﬂ(h) - Cu(h)'
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Lemma 4.5:  For h € M, the number N), of distinct pairs (Cp,, Cy(n) with Cy as a K-
subspace of Ty and C, () as a K ,,n)-subspace of J,,n) satisfying C, C C}(L*) and C,,py C

by kg
C(?L) is given by Np, = Z Z ) .
" k], g

k=0 oL J

Proof:  Its proof is similar to that of Lemma 12 of Huffman (2010). O

Proof of Theorem 4.8: 1t follows immediately from Lemmas 4.4 and 4.5, and
using (6). 0

Next we proceed to count all the *-self-dual cyclic F-linear IF :-codes of length n. For
all i satisfying 0 < ¢ < s — 1 and (i) = ¢, let N; denote the number of K;-subspaces C; of
J; satisfying C; = Ci(*). For h € 9, let N, denote the number of pairs (Cp, Cyu(y) With Cy,
as a KCp,-subspace of Jj, and C,,(p,) as a K, j,)-subspace of J, ;) satisfying Cj, = C,(l*) and
Cun) = C/(z?;z)' Then by Lemma 4.2(iii), the total number of *-self-dual cyclic IF,-linear
IF,:-codes of length n is given by

]\70]\71-# 11 N; I Ny, if n is even;
N = i€¥  heMm 7)

NoTIN; TI N»  ifnis odd.
S hem

In the following theorem, we enumerate all the *-self-dual cyclic F,-linear FF,:-codes of
length n, provided ged(n, q) = 1.

Theorem 4.9: Let q be a power of the prime p, n be a positive integer coprime to q and
t > 3 be an integer satisfying t Z 1(mod p).

i Whentisoddor q = 3(mod4) andt = 0(mod 4) or ¢ = 1(mod 4) and t is even,
there does not exist any x-self-dual cyclic F ;-linear F j:-code of length n.

it When q = 3(mod 4) and t = 2(mod 4), the number N of distinct x-self-dual cyclic
Fy-linear F ;:-codes of length n is given by

(t—2)/2 o
N _ ang(”72) H H (qdi(t*zz?* ) I 1) H (Z |:]i:| d ) ’
qn

IS j=0 heM \k=0
(t—2)/2

where a = H (qtir“;i2 =+ 1) .
£=0

iii ~ When both t and q are even, the number N of distinct x-self-dual cyclic F ;-linear
F:-codes of length n is given by

B (t—2)/2 . (t—2)/2 bt ¢ ’
S @I I @) (S]] )
j=0 i€F \ =0 nem \imo LR g

In order to prove this theorem, we need to prove the following two lemmas:
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Lemma 4.6: Let q be a power of the prime p, n be a positive integer coprime to q and
t > 3 be an integer satisfying t £ 1(mod p). Let i be an integer satisfying 0 < i < s — 1
and p(i) = .
i Ifi€F, then we have
(t-2)/2 d;(t—20—1)
i (t—286—
~ 2 + 1) if't is even;
o[ T

0 if t is odd.

ii Ifi=0ori=i" (provided n is even), then we have

(t—2)/2
t—2j—2
H (¢ 2 +1)ifqg=3(mod4) and t = 2(mod 4);
§=0
~ 0 if g = 3(mod 4) and t = 0(mod 4) or ¢ = 1(mod 4)
N; = . .
and t is even or t is odd,
(t—2)/2
t—2j
H (q 2+ 1) if both q and t are even.
§=0

Proof:  For all i satisfying 0 < ¢ < s — 1 and u(¢) = , the number N; equals the number
of IC;-subspaces C; of J; satisfying C; = CZ-(*). Further, by Theorem 4.1, we see that if the
K;-dimension of C; is k;, then the KC;-dimension ofCZ-(*) = C,(;Ez) ist — k;, as (i) = 4. This
implies that k; =t — k; for all i satisfying u(i) = ¢. From this, it follows that there does
not exist any /C;-subspace C; of J; satisfying C; = Ci(*) when ¢ is odd and the dimension of
the /C;-subspace C; of J; satisfying C; = Ci(*) must be % when ¢ is even. Therefore Z\~fi =0
when ¢ is odd. So from now onwards, we assume that ¢ is an even integer. In this case, if
there exists a C;-subspace C; of J; satisfying C; = Ci(*), then dimy, C; = %

i Firstleti € §. Here by Lemma 4.3, we see that [+, -], [ 7.« 7, is a non-degenerate,
reflexive and Hermitian sesquilinear form. Therefore (7, [, -], [ 7% 7;) is a unitary
space having dimension ¢ over K; ~ [F 4, . So it suffices to count all the
L-dimensional K;-subspaces C; of J; satisfying C; = ), which equals the number
of distinct totally isotropic %-dimensional KC;-subspaces of J;. By Taylor (1992,
p-116), as t is even, the Witt index m of J; is % By Lemma 10(i) of Huffman
(2010), we also note that d; is an even integer. Now using Exercise 11.3 of Taylor
(1992, p.174), we see that the number of distinct %-dimensional totally isotropic

. . +/2 (t=2)/2 di(t—2j—1)
IC;-subspaces C; of J; is given by [t?Q] .1 (q 2 + 1).
at =0
ii Nextleti=0ori€ {0,i"} accordingly as n is odd or even. Here we will consider
the following two cases separately: L. ¢ is odd and II. ¢ is even.

Case I. Let ¢ be odd. In this case, we have d; = 1, which implies that KC; ~ [F,. It is

casy to see that the map Q; : J; — K, defined as Q; (u(X)) = 1 [u(X),u(X)], for
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all w(X) € J;, is a quadratic map on 7;. That is, (J;, Q);) is a non-degenerate
quadratic space having dimension ¢ over K;. So it suffices to count all the
%-dimensional K;-subspaces C; of J; satisfying C; = CZ-(*), that is, we need to
enumerate all the totally singular %-dimensional K;-subspaces C; of J;. Now
working in a similar manner as in the discussion of Theorem 16 of Huffman (2010),
we see that the Witt index m of (;, ;) is given by

_— {t;iftisevenandqzl(modll) ort =0 (mod 4) and ¢ = 3 (mod 4);

£ ift =2 (mod 4) and ¢ = 3 (mod 4).

Now as the Witt index m is equal to the dimension of a maximal totally singular
KC;-subspace of 7;, we must have N; = 0 when ¢ is even and ¢ = 1 (mod 4) or
t =0 (mod 4) and ¢ = 3 (mod 4). On the other other hand, when ¢ = 2 (mod 4) and
q = 3 (mod 4), using Exercise 11.3 of Taylor (1992, p.174), we see that the number
of %—dimensional totally singular /C;-subspaces C; of J; is given by

t/2 (t=2)/2 t—2j—2 . (t=2)/2 =252

[t/Q]q I1 (¢ 2 +1), which equals I1 (¢ 2 +1).

Jj=0 Jj=0

Case II. Next let ¢ be even. In this case, n must be odd and ¢ = 0. Here also,
working as in Lemma 4.4(ii), we see that the total number of totally isotropic
%-dimensional Ko-subspaces J is same as the number of distinct totally isotropic
%-dimensional [F,-subspaces of F+ with respect to (-, ). Further, by Lemma 3.2,
we see that (-, -), is a non-degenerate, reflexive and alternating bilinear form on [F:,
i.e., (Fgt, (+,)«) is a symplectic space having dimension ¢ over F, and the Witt index
of Fe is % Now using Exercise 11.3 of Taylor (1992, p.174), we see that the number
of distinct totally isotropic 5-dimensional F,-subspaces of F: is given by

D2 C22
[t/Z]q [ (@7 +1)= H (@ +1).
Jj=0 =0 O

Lemma 4.7: Let q be a power of the prime p, n be a positive integer coprime to q and

t
~ t

t > 3 be an integer satisfying t = 1(mod p). For h € 9, we have N}, = E L{J .

k=0 qn

Proof: For each h € 9, the number Ny, equals the number of distinct pairs (Cp,, Cy(n))
with Cj, as a Kj-subspace of Jj and C,, (1, as a K,()-subspace of J,,(p,) satisfying Cp, =

C,(Z*) and C,,(p) = C;(:E)h)' Now for a given KCj,-subspace Cj, of J},, by Theorem 4.1, we have

') = {a(X) € Ty : [a(X), e(X)], =0 forall ¢(X) € C} and thus C,) = C\7)
can be uniquely determined for a given choice of Cy,. In view of this, we observe that the
number N}, equals the number of /Cj,-subspaces of J;,. Now as dimy, J, =t and K, is
the finite field of order ¢%», using Lemma 4 of Huffman (2010), we see that the number of

k-dimensional Kp-subspaces of 7, is given by [,ﬂ gin for each k (0 < k < t). From this,
t
~ t
btain N}, = E . O
we obtain Ny, 2 Lf] "

Proof of Theorem 4.9: 1t follows immediately from Lemmas 4.6 and 4.7, and
using (7). O
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