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Abstract: For Dirichlet initial boundary value problem (IBVP) for
two-dimensional quasilinear parabolic equations, a monotone linearised
difference scheme is constructed. The uniform parabolicity condition 0 < k1 ≤
kα (u) ≤ k2 , α = 1, 2 is assumed to be fulfilled for the sign alternating solution
u(x, t) ∈ D̄(u) only in the domain of exact solution values (unbounded
nonlinearity). On the basis of the proved new corollaries of the maximum
principle not only two-sided estimates for the approximate solution y but its
belonging to the domain of exact solution values are established. We assume
∂u
that the solution is continuous and its first derivatives ∂x
have discontinuities
i
of the first kind in the neighbourhood of the finite number of discontinuity lines.
No smoothness of the time derivative is assumed. Convergence of approximate
solution to generalised solution of differential problem in the grid norm L2 is
proved.
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1 Introduction
When the solution of the given problem is smooth enough in the theory of finite difference
schemes a fairly complete study of convergence has been performed and the estimates
of accuracy have been obtained in the corresponding metrics. However, real physical
processes, as a rule, take place in heterogeneous environments when various solution
domains have various physical characteristics. Nowadays study of the computational
methods accuracy depending on the smoothness of the sought solution is actual and in
demand.
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In Samarskii et al. (1987), a new apparatus for obtaining the estimates of accuracy of
the method in which an order of the convergence rate is consistent with the smoothness of
the given differential problem has been suggested
||y − u||W2s (ω) ≤ M |h|k−s ||u||W2k (Ω) ,
where k, s are integer non-negative numbers, k > s, and || · ||W2s (ω) , || · ||W2k (Ω) are
Sobolev norms on the set of functions of a discrete and continuous argument. In Lazarov
et al. (1984) this estimate was generalised for real non-negative numbers k and s.
We consider some results on convergence of difference schemes with non-smooth input
data for linear non-stationary problems of mathematical physics. In Ladyzhenskaya (1973)
has proved a convergence of the solution of difference scheme for a linear hyperbolic
equation of the second order to the generalised solution of the mixed differential problem
not defining the order of convergence rate but assuming the existence of discontinuities
of the first kind in the first derivatives of the solution. In study of the difference schemes
with discontinuous coefficients the most important results have been obtained by Samarskii
(2001). In Moskal’kov (1974), for linear wave equation under weak discontinuities of
the solution Moskal’kov (1974)
√ has
√ proved the convergence in average to the generalised
solution with the rate O( h + τ ). In Samarskii et al. (2002), the convergence of
difference schemes with weights for linear parabolic equation with generalised solutions
has been proved. In particular, the estimate of accuracy of the form of
(
)
2
∂u
2
2 ∂ u
||y − Sx u|| ≤ τ
+h
∂t L2 (QT )
∂x2 L2 (QT )
has been obtained. Here
Sx2 v(x, t)

1
= 2
h

x+h
∫ ∫ξ

v(η, t)dηdξ.
x

ξ−h

Much more complicated case is investigation of an accuracy of the method for nonlinear
and non-stationary mixed problems of mathematical physics (Akrivis et al., 1999; Amosov
and Zlotnik, 1987, 1986). There are two approaches. The first one is used when
certain properties imposed on nonlinear coefficients (boundedness and continuity, uniform
ellipticity of the quasilinear operator, etc.) are fulfilled for all values u ∈ R. In this case the
solution is a parameter. We have the so-called problems with bounded nonlinearity. The
convergence analysis of difference schemes for the problems of such type is considerably
simplified since it coincides in essence with the investigation of the analogous problems in
linear case. Unfortunately, nonlinearity of such type does not allow to consider a series of
interesting applied problems (problems of gas dynamics, heat conductivity etc.).
Among the works on the investigation of the convergence of difference schemes
approximating the problems with unbounded nonlinearity we would like to point out the
works by Abrashin (1976a, 1976b) and Yakovlev (1983b, 1983a). Under the nonlinearities
of such kind one can prove that a grid solution belongs to the neighbourhood of the exact
solution values D̄ε0 which can be small enough. This even for quasilinear equations leads
to the necessity to investigate the method accuracy in the uniform norm not only for the
solution of the difference scheme but for its first derivatives. In Matus (1985) and Matus
and Stanishevskaya (1991), it was shown that such analysis demands extreme smoothness
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of the solution and does not allow to make a corresponding investigation of the generalised
solutions. In Jovanović et al. (1999), for the quasilinear heat conductivity equation with
unbounded nonlinearity a consistent estimate of accuracy for the solution of the difference
scheme on generalised solutions from the class W22,1 (QT ) was obtained.
One of the main results of the given paper is the determination of remarkable property
of difference schemes satisfying the maximum principle. As it appears, solution of such
difference problems belongs to the domain of the values of exact solution or its small
neighbourhood even in the class of generalised solutions of the given differential problem.
Here we do not need to obtain a priori estimates of the method accuracy in the norm L∞ .
The maximum principle allows not only to prove uniqueness and continuous dependence
on the input data of the solution of the initial-boundary problems for parabolic and elliptic
equations, but also, in contrast to the method of energy inequalities, to obtain a priori (upper)
estimates of the solution in the uniform norm for such problems in arbitrary dimension
with non-selfadjoint elliptic operator (Vladimirov, 1981, p.500). In the theory of difference
schemes, the maximum principle is also used for studying the stability of a difference
solution with respect to input data and its convergence to an exact solution of the problem
in a uniform norm. Finite-difference methods that satisfy grid maximum principle are
usually called monotone (Samarskii, 2001, p.228). Different classes of monotone difference
schemes are developed and investigated for multidimensional linear convection-diffusion
equations [see, e.g., the monograph (Samarskii and Vabishchevich, 1999, p.35)]. Monotone
schemes play an important role in computations, since they allow to obtain a numerical
solution without non-physical oscillations, even in the case of non-smooth solutions
(Godunov, 1959).
Equally important are lower or, in general, two-sided estimates of the solutions of
differential-difference problems. Such estimates are especially important in the study of
the properties of computational methods for problems with unbounded nonlinearity, since
in this case it is necessary to prove that discrete solution belongs to a neighbourhood of
the exact solution (Matus, 2014; Matus et al., 2014). For linear problems, these estimates
allow to find the boundaries of the change of the values of the desired solution through
the input data of the problem (the coefficients of the equation and the right-hand side,
initial and boundary conditions). In the nonlinear case, such estimates permit to prove
the non-negativity of the exact solution, important in physical problems, and also to find
conditions on the input data when the nonlinear problem is parabolic or elliptic.
The derivation of non-trivial estimates for the solutions of initial-boundary value
problems is based on a special technique first applied by Ladyzhenskaya (1958) [see also
the monograph (Ladyzhenskaya et al., 1968, p.22)]. It consists in a parameter-containing
change of variable with subsequent minimisation or maximisation of certain functions with
respect to this parameter. These extremal values give the corresponding estimates of the
solution. Naturally, such estimates are required in computational algorithms, which give
an approximate solution of initial-boundary value problems. In the theory of difference
schemes (Samarskii, 2001, p.229) there is well-designed for linear problems apparatus of
the grid maximum principle, which allows obtaining two-sided estimates of an approximate
solution. Note, that these estimates for solutions of difference problems are less precise
(Farago and Horvath, 2006) than the corresponding estimates for the solution of differential
problems (Ladyzhenskaya et al., 1968, p.22). For linear problems and problems with
bounded nonlinearity, similar estimates for the finite element method were obtained
in works of I. Farago and co-authors (see, e.g., Farago et al., 2012). In Matus and
Poliakov (2017), for linearised difference scheme on uniform grid that approximates the
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Dirichlet problem for multidimensional quasilinear parabolic equation with unbounded
nonlinearity two-side pointwise estimates of the solution consistent with the corresponding
estimates for the differential problem are established. Note that the proven two-sided
estimates do not depend on the diffusion coefficients. Such estimates are directly used
for proving of the convergence of the considered difference scheme in the grid norm
L2 . An example of the calculation by the Crank-Nicolson difference scheme is given; it
shows that the violation of consistency conditions of differential and difference estimates
leads to non-monotonic numerical solutions. On uniform grids for the one-dimensional
convection-diffusion equation, the simplest approximations of first-order derivatives lead
to difference schemes that use upwind differences. Such schemes are certainly monotone,
but, as a rule, they have only first order of approximation. On the other hand, difference
schemes are constructed using the central difference relations to approximate the convective
term. In spite of the second order of approximation, the monotonicity of these schemes is
satisfied under constraints on the spatial grid. Using the regularisation principle (Samarskii
et al., 1996, 1999), unconditionally monotone difference schemes of the second order of
approximation for convection-diffusion problems were constructed on uniform grids.
In Matus et al. (2017) the previous results are generalised for construction of
unconditional monotone difference scheme of second-order of local approximation on
uniform grids in space for the 1D quasilinear parabolic equation with unbounded
nonlinearity. The obtained results are generalised for the case of non-uniform spatial grids.
This article is devoted to the development of the technique of Ladyzhenskaya (1958)
and its application to difference schemes for 2D quasilinear parabolic equation with
Dirichlet boundary conditions with unbounded nonlinearity and obtaining two-sided
estimates of their solutions completely consistent with estimates of the solutions of the
corresponding differential problem. Note that the proven two-sided estimates do not depend
on the value of diffusion coefficients. We assume that the exact solution generalised solution
satisfying the balance equation in the non-stationary case. In particular, u(x, t) ∈ C(QT )
∂u
is continuous and its first derivatives ∂x
have discontinuity of the first kind in the
α
neighbourhood of the finite number of discontinuity lines. No smoothness of the time
derivative is assumed. On the basis of the proved new corollaries of the maximum principle
the convergence of the approximate solution to the generalised solution of differential
problem in the grid norm L2 is proved.

2 Two-sided estimates of the solution of initial-boundary value problems for
parabolic equations with unbounded nonlinearity.
In a parallelepiped Q̄T = Ω̄ × [0, T ], Ω = {x : 0 < xα < lα , x = (x1 , x2 ) , α = 1, 2}
let us consider the following problem for a quasilinear diffusion equation:
2
∂u ∑ ∂Wα
=
+ f (x, t) ,
∂t
∂xα
α=1

x ∈ Ω,

t ∈ (0, T ] ,

(1)

with the initial condition
u(x, 0) = u0 (x),

x ∈ Ω,

(2)

and the Dirichlet boundary conditions
u(x, t) = µ(x, t),

(x, t) ∈ ∂Ω × [0, T ],

(3)
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∂u
, α = 1, 2, functions f, u0 , µ, are continuous on QT and
∂xα
the corresponding matching conditions are fulfilled.
Let u(x, t) be a solution of problem (1)–(3), and let Du = [m1 , m2 ] be a segment
containing the set of its values: m1 ≤ u(x, t) ≤ m2 . The functions kα = kα (u) > 0 ∈
C 2 (Du ), α = 1, 2, for u ∈ Du are sufficiently smooth. Suppose that the function
u(x, t) is continuous in the domain Q̄T , has continuous derivatives from equation (1)
in QT , and satisfies (1), initial (2) and boundary (3) conditions in QT . Moreover, let
u(x, t) ∈ C 4,2 (QT ). Let t1 ≤ T and Qt1 = {(x, t) ∈ QT : t ≤ t1 }.
The theorem below is of a big importance for our further investigations.

where

Wα = kα (u)

Theorem 1 (Ladyzhenskaya, 1958): For the solution u(x, t) of the problem (1)–(3) at any
point (x, t1 ) ∈ Q̄T the following two-sided estimate is valid:
u(x, t1 ) ≥ m1
(
{
λt1
= sup e min 0,
λ>λ0

u(x, t1 ) ≤ m2
(
{
λt1
= inf e max 0,
λ>λ0

min

e

−λt

(x,t)∈Qt1

max

e

−λt

(x,t)∈Qt1

{µ(x, t), u0 (x)} ,

{µ(x, t), u0 (x)} ,

min

f (x, t)e−λt
λ

max

f (x, t)e−λt
λ

(x,t)∈Qt1

(x,t)∈Qt1

})
, (4)

})
.(5)

We will give a sketch of the proof of the upper bound (5) in a convenient for us form, since
analogous arguments will be used below in the difference case. Let us take the auxiliary
function v(x, t) = u(x, t)e−λt , where λ > λ0 is a parameter. Let (x0 , t0 ) be the maximum
point of the function v in the parallelepiped Qt1 and v 0 = v(x0 , t0 ). Only the following
three possibilities exist:
1

The maximum v 0 is non-positive (then v(x, t) ≤ 0,

(x, t) ∈ Qt1 )).

2

The point (x0 , t0 ) is on the boundary of the parallelepiped Qt1 (then the following
inequality is valid: v(x, t) ≤ max e−λt {µ(x, t), u0 (x)} , (x, t) ∈ Qt1 ).
(x,t)∈Qt1

3

The maximum v 0 is positive, and the point (x0 , t0 ) is the interior point of the
parallelepiped QT .

In case 3 at the maximum point (x0 , t0 ) the following relations are fulfilled
∂v(x0 , t0 )
≥ 0,
∂t

∂v(x0 , t0 )
= 0,
∂xα

∂ 2 v(x0 , t0 )
≤ 0,
∂x2α

α = 1, 2.

Therefore from the equation
(
)2
2
2
∑
∑
∂2v
∂kα ( λt ) ∂v
∂v λt
λt
2λt
e + λveλt = eλt
+f
k
(ve
)
+
e
ve
α
∂t
∂x2α
∂u
∂xα
α=1
α=1
it follows that the inequality λv 0 eλt ≤ f is valid, that yields to the following estimate for
the auxiliary function v:
v(x, t) ≤

max

(x,t)∈Qt1

f (x, t)e−λt
,
λ

(x, t) ∈ Qt1 .
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Combining cases 1–3 and returning to the original function u, we obtain the upper bound
(5). Analogous arguments for the minimum point give a lower estimate (4).

3 Definition of generalised solution
According to Karchevsky and Pavlova (2008), function u(x, t) is called a generalised
solution of problem (1)–(3), if for each infinitely differentiable function with compact
support φ(x, t) the equality
∫∫∫ [
QT

]
2
∂u ∑ ∂Wα
−
− f φdx1 dx2 dt = 0
∂t α=1 ∂xα

(6)

takes place.
Such solutions, an existence of the derivative ∂u
∂t of which is not required, are often
called a weak generalised solution. However, (6) contains implicitly an information about
derivative (Karchevsky and Pavlova, 2008), i.e.
∂u
∈ L2 (0, T ; H −1 (Ω)).
∂t
∂u
If u(x, t) ∈ C(Q̄T ), ∂x
, α = 1, 2 are piecewise continuous functions then requirement
α
′
(6) is equivalent to that along any surface C constraining the volume Q ∈ Q̄T ,
∫∫
∫∫∫
∂u
∂u
udx1 dx2 − k1 (u)
dtdx2 − k2 (u)
dtdx1 =
f dx1 dx2 dt.
(7)
∂x1
∂x2
QT

∂QT

In this sence we will use the concept “generalised solution.”

4 The maximum principle for difference schemes with variable sign input data
To obtain a difference analogue of differential estimates, we will use the maximum principle
for difference schemes with variable sign input data Matus et al. (2017). Let in the
n-dimensional Euclidean space a finite number of points of the grid Ωh be given. To each
point x ∈ Ωh we put one and only one stencil M(x) – a subset of Ωh , containing this point.
The set M′ (x) = M(x) \ x is called neighbourhood of the point x. Let the functions A(x),
B(x, ξ), F (x) be given at x ∈ Ωh , ξ ∈ Ωh and they take real values. Next, to each point
x ∈ Ωh corresponds equation (Samarskii, 2001, p.226)
A (x) y (x) =

∑

B (x, ξ) y (ξ) + F (x) ,

x ∈ Ωh ,

(8)

ξ∈M′ (x)

which is called a canonical form of the difference scheme at a point x. Together with the
grid Ωh , we will consider its arbitrary subset ω h and we will denote
Ωh =

∪
x∈ωh

M (x).

(9)
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We will assume the fulfilment of the following positivity conditions for the coefficients
ξ ∈ M′ (x) , x ∈ Ωh ,
∑
D(x) = A(x) −
B(x, ξ) > 0, x ∈ Ωh .
B(x, ξ) ≥ 0,

(10)
(11)

ξ∈M′ (x)

They guarantee the unique solvability of the difference scheme (8), as well as its
monotonicity and stability (in the linear case) in the uniform norm with respect to small
perturbation of input data. Let us note that if conditions (10)–(11) are met, then coefficients
A(x) > 0, x ∈ Ωh .
Theorem 2 (Matus et al., 2017): Suppose that the positivity conditions for coefficients
(10)–(11) are fulfilled. Then the maximal and minimal values of the solution of the
difference scheme (8) belong to the value interval of the input data
min

x∈Ωh

F (x)
F (x)
6 y (x) 6 max
.
x∈Ωh D (x)
D (x)

(12)

5 Finite-difference scheme and two-sided estimates of its solution
In the domain Ω̄ we introduce an uniform grid Q̄T
ω̄hα = {xα,iα = iα hα , iα = 0, 1, ..., Nα ; hα Nα = lα },
ω̄τ = {tn = nτ, n = 0, 1, ..., N0 ; τ N0 = T },
ω̄ = ω̄h1 × ω̄h2 × ω̄τ ,
for which

N
∑α

hiαα = lα ,

α = 1, 2,

ω̄τ = ωτ ∪ {tN0 = T },

ωtn = {(x, t) ∈ ω̄ : t ≤ tn },

α = 1, 2. We denote by ω̂h the set of internal nodes of the grid

iα =1

ˆh.
ω̄
On a uniform grid ω = ω̂h × ω̂τ , we use the linearised finite-difference scheme
yt = (a1 (y)ŷx̄1 )x1 + (a2 (y)ŷx̄2 )x2 + fˆ,
y(x, 0) = u0 (x),

x ∈ ω̄h ,

(14)

y = µ.

(15)

As usual, the stencil functionals
aα (y) = 0.5(kα (yiα −1 ) + kα (yiα )),

(13)

α = 1, 2,

are chosen from the second-order consistency condition
(
)
∂u
∂
kα (u)
= O(h2α + τ ).
(aα (u)ûx̄α )xα −
∂xα
∂xα
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for the elliptic operator with respect to the spatial variables. Here and in what follows, we
use the standard notation [2, p.65]
ŷ − y
,
τ
vi +1 − viα
= α
.
hα

y = yin1 i2 = y(x1,i1 , x2,i2 , tn ),
vx̄α =

viα − viα −1
,
hα

vxα

yt =

ŷ = yin+1
,
1 i2

of the theory of finite-difference schemes.

6 Two-sided and a priori estimates of approximate solution.
Theorem 3: For the solution y(x, t) of the problem (13)–(15) at any point (x, tn ) ∈ ω the
following two-sided estimate is valid:
y(x, tn ) ≥ m1,τ
(
{
λtn
= sup e min 0,
λ>0

min

e

−λt

(x,t)∈ωtn

{µ(x, t), u0 (x)} ,

min

(x,t)∈ωtn

y(x, tn ) ≤ m2,τ
(
{
λtn
= inf e max 0, max e−λt {µ(x, t), u0 (x)} , max
λ>0

(x,t)∈ωtn

(x,t)∈ωtn

τ f (x, t)e−λt
eλτ − 1

τ f (x, t)e−λt
eλτ − 1

})
(16)

})
(17)
.

Proof: Let us prove the upper bound (17). We take the auxiliary function z = z(x, tn ) =
y(x, tn )e−λtn , where λ > 0 is a parameter. Let (x0 , t0 ) be the maximum point of the
function z in the grid domain ωtn and z 0 = z(x0 , t0 ). Only the following three possibilities
exist:
1
2

The maximum z 0 is non-positive (then z(x, t) ≤ 0,
0

(x, t) ∈ ωtn ).

0

The point (x , t ) is on the boundary of the grid domain ωtn (then the following
inequality is valid: z(x, t) ≤ max e−λtn {µ(x, t), u0 (x)} , (x, t) ∈ ωtn );
(x,t)∈ωtn

3

The maximum z 0 is positive, and the point (x0 , t0 ) is the interior point of the grid
domain ωtn .

In case 3 at the maximum point (x0 , t0 ) the following relations are fulfilled:
ẑeλτ − z
= (a1 (y)ẑx̄1 )x1 eλτ + (a2 (y)ẑx̄2 )x2 eλτ + e−λtn fˆ.
τ
We rewrite this equation in the canonical form
n
Cin1 i2 zin+1
= An1,i1 i2 zin+1
+ B1,i
z n+1 + An2,i1 i2 zin+1
1 i2 i1 +1i2
1 i2
1 −1i2
1 i2 −1
n
+B2,i
z n+1 + Kin1 i2 zin1 i2 + Fin1 i2 ,
1 i2 i1 i2 +1
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Cin1 i2 =

eλτ
eλτ
eλτ
+ 2 (a1,i1 +1i2 + a1,i1 i2 ) + 2 (a2,i1 i2 +1 + a2,i1 i2 ),
τ
h1
h2
eλτ
a1,i1 +1i2 ,
h21

An1,i1 i2 =

eλτ
a1,i1 i2 ,
h21

n
B2,i
=
1 i2

eλτ
1
a2,i1 i2 +1 , Kin1 i2 = ,
2
h2
τ

n
B1,i
=
1 i2

An2,i1 i2 =

eλτ
a2,i1 i2 ,
h22

Fin1 i2 = fin+1
e−λtn ,
1 i2

and introduce the coefficients Din1 i2 , iα = 1, Nα , α = 1, 2, as follows:
n
n
Din1 i2 = Cin1 i2 − An1,i1 i2 − An2,i1 i2 − B1,i
− B2,i
− Kin1 i2 ,
1 i2
1 i2

iα = 1, Nα − 1,

α = 1, 2.

Note that for tn = 0 y ∈ Du . We carry out the proof by induction over time layers. Since
τ
>0
eλτ − 1

Din1 i2 =

for λτ > 0, we see that the assumptions of Theorem 2 are satisfied for n = 1 n = 1 and the
estimate
zin1 i2 ≤

τ
max f e−λt ,
− 1 (x,t)∈ωtn

eλτ

holds by inequality (10). We combine cases 1–3 and obtain the inequality
{
}
τ
−λt
−λt
z ≤ max 0, max e {µ(x, t), u0 (x)}, λτ
max f (x, t)e
.
e − 1 (x,t)∈ωtn
(x,t)∈ωtn
Now we return to the original function y and obtain the upper bound (24). Similar
computations for the minimum give the lower bound (23). We have proved the induction
assumption. Note that, by the results obtained above y 1 ∈ Du and the stencil functionals
a1 (y 1 ), a2 (y 1 ) satisfy the conditions of parabolicity on the solution (positivity). The
argument for the inductive step differs from that for the induction assumption only in the
notation of indices. The proof of the theorem is complete.
2

7 Problem for the method error z = y − u
By virtue of nonlinearity of the investigated scheme this problem is not trivial. Really
subtracting from the difference equation the consistency error equation
ut =

2
∑

(aα (u)ûx̄α )xα + f − ψ,

α=1

we get two equivalent forms for the method error equation
zt =

2
∑
α=1

((aα(y)ẑx̄α )xα + ((aα (y) − aα (u))ûx̄α )xα ) + ψ,

(18)
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2
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((aα (u)ẑx̄α )xα + ((aα (y) − aα (u))ŷx̄α )xα ) + ψ.

(19)

α=1

The corresponding equations for initial and boundary conditions
z(x, 0) = 0,

x ∈ ω̄h ,

zω̄∩∂QT = 0,

t ∈ ωτ ,

(20)

should be added to the given equations. Although these problems are equivalent but
in statement (19) we need a preliminary information about the local behaviour of the
difference derivative of the approximate solutions. Obtaining of a priori estimates for
the derivatives of approximate solution is not a simple task. Therefore further a priori
estimates of the method accuracy we will get for the problem of the form of (18), (20). For
this statement we do not need an information about the behaviour of the derivatives of the
approximate solution.
Remark 1: In case of the fully implicit difference scheme we would have to prove the
convergence of the iterational process and thus to analyse the behaviour of the derivatives
of the approximate solution.
Further we will use usual scalar products and norms in the space of the grid functions
(u, v) =

N∑
1 −1 N
2 −1
∑

h1 h2 ui1 i2 vi1 i2 ,

∥u∥ =

√

(u, u),

i1 =1 i2 =1

(u, v)α =

Nα
∑

N3−α −1

∑

h1 h2 ui1 i2 vi1 i2 ,

∥u∥α =

√

(u, u)α ,

α = 1, 2.

iα =1 i3−α =1

8 Main energetic identity
Taking the scalar product of the difference equation (18) and 2τ ẑ and using the formula of
summation by parts
(u, vx ) = −(ux̄ , v] + uN vN − u0 v1 ,
the identity
z n+1 =

1 n+1
τ
(z
+ z n ) + zt ,
2
2

we get an energetic relation
τ 2 ||zt ||2 + ||z n+1 ||2 +

2
∑

2τ (aα (y), ẑx̄2α ]

α=1

= ||z n ||2 +

2
∑
α=1

2τ (aα (y) − aα (u), ûx̄α ẑx̄α ] + 2τ (ẑ, ψ).

(21)

⎢ 1
⎢
⎣ h1 h2



1,i+

x1,i

i2 +
2


2

x2,i

1
1− 2

⎥
u([, tn )dx1 dx2 ⎥
⎦

1
2− 2

tn

⎡

2

−
α=1

t
n+1

⎢ 1
⎢
⎣ τ h2−α

x2−α,i



kα (u)
tn x2−α,i
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x1,i+ 1

t
n+1

⎤

1
2−α + 2



xi

1
2−α − 2

⎥

dt dx2−α ⎥
⎦

∂u
∂xα

x,iα

1
2+ 2



2

9 Presentation
of the consistency error in the divergence form: estimate of the
1
= method accuracy
f dx1 dx2 dt.
τh h
1 2

)LJXUH 

tn x1,i

1−

x2,i

1

2−

1

2
Lack of sufficient smoothness
of2 the generalised solution of the differential problem
requires use of the negative norms for the consistency error ψ both in space and time. For
getting a divergent form of statement we will choose as a contour C in (7) an elementary
cell (seeFHOO
Figure 1).
(OHPHQWDU\

Figure 1

Elementary cell

(x1,i1 +1/2 , x2,i2 +1/2 )

(x1,i1 −1/2 , x2,i2 +1/2 )

-

r

r

?

6
r



r

(x1,i1 −1/2 , x2,i2 −1/2 )

$GGLQJ LW WR
HUURU
ψ n = ηt +

(x1,i1 +1/2 , x2,i2 −1/2 )

We will get an expression


WKH H[SUHVVLRQ xIRU
ψxiZH
1 REWDLQ D GLYHUJHQW SUHVHQWDWLRQ IRU
1,i+ 1
2+ 2
∫ 2 ∫
 1


u(x, tn )dx1 dx2 
 h1 h2

x1,i+ 1 xi + 1
x
x

2

1,i1 − 1
2

ξα,xα
α=1

2,i2 − 1
2

1tn
+ O(h21 + h2 + τ ), t∫n+1η nx2−α,i
=∫ 2−α + 12 (
2
h1 h2
∑
 1

2

−

α=1

ξαn = aα (u)un+1
x̄α −=

1

tn x2−α,i

11
ττhh2−α
1 h2

2

2

∂u
2∂xα

)

2



u([, tn )dx1 dx2 − un ,


x1,i
x2,i −
kα (u)
dt1 dx2−α 
−1



 τ h2−α

t
n+1

t∫
n+1



WKH FRQVLVWHQF\

x2−α,i

x1,i+ 1

∫

2

2

2

1
2−α − 2

x,iα

1

+
2
x2−α
i2 + 1

∫

2

x2−α,i
tntn x1,i
x2,i
−1
1

2

′

∂u

α (u)
f dx1kdx
2 dt. ∂x

1 1
2−α
2 −−
2 2

α



dt dx2−α .

$ XVDJH RI WKH
QHJDWLYH
QRUPV
LQ VSDFH
FDUULHG
HDVLO\ presentation
RQ WKH EDVLVforRIthe
WKHconsistency
IRUPXODV
Adding
it to the
expression
for ψ,LVwe
obtain RXW
a divergent
RI VXPPDWLRQ E\
SDUWV RU WKH *UHHQ¶V GLIIHUHQFH IRUPXOD
error
2τ (ẑ, ξα,xα )

n
= η(ẑ
t+
=ψ −2τ
x̄

2
∑
α

2
2 2
τ ),
, ξξαα,x
]≤
2τO(h
ε1 ||ẑ
1 +x̄h2]|+ +
α +
α

α=1
x1,i+ 1

xi

τ ε−1
1
||ξα ]|2 .
2



∫ 2 RQ WKH XVH RI WKH PRUH FRPSOLFDWHG FRPELQHG
7KH QHJDWLYH QRUPV
LQ 1WLPH ∫DUH2 EDVHG
u(x, tn )dx1 dx2 − un ,
ηn =
QRUPV 1RZ OHW XV HVWLPDWH
LQ2  WKH IROORZLQJ
VFDODU SURGXFW
h1 h
x1,i

1
1− 2

x2,i

2+

1

1
2− 2

2
2
1 − 2(z, η) + τ ||z ||
2τ (ẑ, ηt ) = 2(ẑ, η̂) − 2(z, η) − 2τ (ztt,∫n+1
η) x≤
2(ẑ,
+ ||η||2 . 
2−α,i
t
2(
)
∫ 2−α +η̂)

ξαn = aα (u)un+1
x̄α −

1
τ h2−α

kα (u)
tn x2−α,i

1
2−α − 2

∂u
∂xα

′

dt dx2−α .
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A usage of the negative norms in space is carried out easily on the basis of the formulas of
summation by parts or the Green’s difference formula:
2τ (ẑ, ξα,xα ) = −2τ (ẑx̄α , ξα ] ≤ 2τ ε1 ||ẑx̄α ]|2 +

τ ε−1
1
||ξα ]|2 .
2

(22)

The negative norms in time are based on the use of the more complicated combined norms.
Now let us estimate in (21) the following scalar product:
2τ (ẑ, ηt ) = 2(ẑ, η̂) − 2(z, η) − 2τ (zt , η) ≤ 2(ẑ, η̂)

(23)

−2(z, η) + τ 2 ||zt ||2 + ||η||2 .
Taking into account the inequalities aα (y) ≥ k1 , (22), (23), from (21) we get the estimate
||ẑ||21 +

2
∑

2τ (k1 − ε1 , ẑx̄2α ] +

α=1

+

2
∑

2τ L(|z(0.5) ||ûx̄α |, |ẑx̄α |] ≤ ||z||21

(24)

α=1

2
∑
τ ε−1
1
||ξα ]|2 + ||η̂||2 .
2
α=1

Here ||z||21 = ||z + η||2 . In virtue of the assumptions on the smoothness of generalised
solutions
1
|ûx̄α | ≤
hα

x∫
α ,iα

∂u
dxα ≤ c1 ,
∂xα

c1 = const > 0,

xα ,iα −1

using the Cauchy inequality with ε for the following scalar product we get the estimate
2τ L(|z(0.5) ||ûx̄α |, |ẑx̄α |] ≤ 2τ Lc1 ε2 ||ẑx̄α ]|2
−1
2
2
2
2
+0.5τ Lc1 ε−1
2 ||z|| ≤ 2τ Lc1 ε2 ||ẑx̄α ]| + τ Lc1 ε2 (||z||1 + ||η|| ).

Substituting the last inequality into the energetic relation (24) and choosing small enough
ε 1 , ε2 :
k1 − ε1 − c1 Lε2 ≥ 0,
we come to the recurrent inequality
||z n+1 ||21 ≤ (1 + τ c2 )||z n ||21 + τ c2 ||ψ n ||2(−1) ,

(25)

where
||ψ n ||2(−1) = τ −1 (||η n ||2 + ||η n+1 ||2 ) +

2
∑

||ξα ]|2 ,

(26)

α=1

c2 > 0 is a generalised constant independent of grid steps h, τ and grid functions y, z. For
the estimation of the consistency error in the negative norm (26) we need the following
lemma (Samarskii et al., 2002).
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Lemma 4: If f (x) is a piecewise continuous function over the interval [a, b] then
∫x

1
h

x ∈ [a + h, b],

f (ξ)dξ = O(1),
x−h

if f (x) is a smooth function then
(
)
h
f (ξ)dξ = f x −
+ Φ,
2

∫x

1
h

Φ(x) = O(h2 ).

x−h

Based on Lemma 4 at the points of smoothness of the integrands we have
ξαn = O(h2α + τ ),

η n = O(h21 + h22 ),

and in the neighbourhood of the finite number of the discontinuity lines we have
ξαn = O(1),

η n = O(h1 + h2 ).

In accordance with the structure η n
||η n ||2 = O(h31 + h32 ).
Likewise
||η n+1 ||2 = O(h31 + h32 ).
If the discontinuity line xα,k = vk (t) passes through the rectangle (see Figure 2), then based
on Lemma 4 ξα = O(1). At each fixed t = tn the number of points for which ξα = O(1)
∂u
can be estimated as
in the neighbourhood of one discontinuity line of the derivative ∂x
α
follows:
mk1 ≤

vk (tn+1 ) − vk (tn ) τ
vk (tn+1 ) − vk (tn )
+1=
+ 1.
hα
τ
hα

∂u
Figure 2On Discontinuity
line
of the derivative
convergence of
difference
schemes for
∂xαDirichlet IBVP

!!
xα,k = νk (t)
!!
!
r
!
!
¯α,k = νk (tn+1 )
!! x̄

t = tn+1
6

!!
!!
!
!
!!

τ
t = tn

?

!
r !
!!
!
! x̄α,k = νk (tn )
!!

Figure 2 Discontinuity line of the derivative



hα

-

∂u
∂xα

O(1) in the neighbourhood of one discontinuity line of the derivative
as follows:
mk1 ≤

13

∂u
∂xα

can be estimated

vk (tn+1 ) − vk (tn )
vk (tn+1 ) − vk (tn ) τ
+1=
+ 1.
hα
τ
hα

Since the number of the discontinuity lines of the derivative by hypothesis is ﬁnite, then
the general number of points ωpn on the layer t = tn , where ξα = O(1) is equal on the order


of O hαh+τ
. Based on the foregoing, we have
α
||ξα ]|2 = O(hα + τ ).
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Since the number of the discontinuity lines of the derivative by hypothesis is finite, then the
general number of points ωpn on the layer t = tn , where ξα = O(1) is equal on the order of
(
)
. Based on the foregoing, we have
O hαh+τ
α
||ξα ]|2 = O(hα + τ ).
Finally, for the consistency error in the negative norm we get
||ψ||2(−1) = O(τ −1 (h31 + h32 ) + h1 + h2 + τ ).
If
τ ≥ max{h1 , h2 },

(27)

√
√
||ψ||(−1) = O( h1 + h2 + τ ).

(28)

then

Else if
τ ≤ max{h1 , h2 },

(29)

then we again obtain (28).
Now using the difference analogue of the Gronwall lemma Samarskii et al. (2002), from
(25) we find the estimate
||z n+1 + η n+1 ||2 ≤ eτ c2 ||z n + η n ||2 + τ c2 ||ψ||2(−1) ≤ eτ (n+1)c2 ||η n ||2
+

n
∑

τ eτ (n−k) ||ψ k ||2(−1) .

k=0

Taking into account (28) provided (27) the final estimate of the method accuracy in the grid
norm L2 takes the form
√
√
||y n − un || ≤ c2 ( h1 + h2 + τ ), n = 0, 1, ..., N0 .
(30)
Theorem 5: Let the exact solution u(x, t) ∈ C(QT ) of the problem (1)–(3) be continuous
∂u
and its first derivatives ∂x
have discontinuity of the first kind in the neighbourhood of the
α
finite number of discontinuity lines and satisfies (7). Then the solution of finite-difference
scheme (13)–(15) convergences to the generalised solution of differential problem and a
priory estimate (30) in the grid norm L2 holds.
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