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Figure 6 Fluid profiles for flow down a cylinder for dimensionless cylinder radius R̂ = 2.56, (a) t = 20 (b) t = 60 (c) t = 100
(see online version for colours)

(a) (b) (c)

Figure 7 Fluid profiles for flow down a cylinder for dimensionless cylinder radius R̂ = 5.10, (a) t = 20 (b) t = 60 (c) t = 100
(see online version for colours)

(a) (b) (c)

Two and three-dimensional profile evolution of a film
flowing down a plane are displayed in Figures 4 and 5,
respectively. It is shown that the travelling type solution
occurs in the two-dimensional and three-dimensional
simulations, and the travelling type solution always keeps
stable for D(α) ≥ 0 (Lin and Kondic, 2010, 2012). The

code for the simulation is supplied in the section of the
appendix, which can be operated directly in the Freefem++
software or Freefem++-cs environment. All the calculations
were carried out in our personal computers of I7-4790 CPU
and 8 G RAM, showing great computation performance of
Freefem++.
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Figure 8 Fluid profiles for flow down a cylinder for dimensionless cylinder radius R̂ = 7.66, (a) t = 20 (b) t = 60 (c) t = 100
(see online version for colours)

(a) (b) (c)

Figure 9 Fluid profiles for flow down a cylinder for dimensionless cylinder radius R̂ = 10.21, (a) t = 20 (b) t = 60 (c) t = 100
(see online version for colours)

(a) (b) (c)

5 Three dimensional flowing down cylinders

Annular liquid films flowing on the surface of vertical
cylinders were also widely investigated (Ding et al., 2017;
Ding and Wong, 2015; Liu and Ding, 2017; Ma, 2019). The
differential equation for a thin film flow down a vertical
cylinder has been derived:

ht + (h3)z +∇ ·
[
h3∇∇2h+

1

R̂2
h3∇h

]
= 0 (15)

where ∇ = ( 1
R̂

∂
∂θ ,

∂
∂z ), parameter R̂ = R( ρg

γH )1/2 is the
dimensionless radius of the cylinder, and γ, H and R
are the surface tension, average thickness of the film and
physical radius of the cylinder, respectively. Comparing
equations (3) and (15), one can find that with D(α) =

− 1
R̂2
, the two equations have the same form, hence similar

numerical simulations are given to study the thin films
flowing down a cylinder.

Figures 6–9 show the three-dimensional simulations
of thin films flowing down cylinders of different radius.
The dimensionless radius is employed as R̂ = 2.56,
R̂ = 5.10, R̂ = 7.66 and R̂ = 10.21, respectively. The
smallest value of the non-dimensional radius is given as
R̂ = 2.56, meaning that the parameter in equation (3) is
equal to –0.15. Therefore, the axisymmetric travelling wave
occurs for these four cases. The total calculation time is
100, and the time evolution plots for t = 20, t = 60 and
t = 100 are given, the calculation domain is rectangular,
while the results are displayed in a cylindrical coordinate.
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From the experiments, it has been found that the
gravity-driven liquid film flow is inherently unstable (Spaid
and Homsy, 1996). Here, a small perturbation of single
mode is applied to the steady travelling wave solutions
as a initial condition, and the development of fingers will
be observed after a while of the flow (Lin and Kondic,
2012; Mayo et al., 2013). From the four figures, at t =
20, the small perturbations drive the contact lines to the
form of a series of fingers, and the large capillary ridges
are found at the tip of the fingers. The space of the fingers
is equal, and it can be counted that the number of the
fingers is 1, 2, 3 and 5, respectively, demonstrating that
the number of fingers in the contact line is approximately
linearly with the radius of the cylinder. From the plots, it
is noted that the finger length does not significantly change
with R̂, illustrating that the travelling wave speed has no
relationship with the radius of the cylinder. The numerical
results show good consistency with that given by Mayo
et al. (2013), however much shorter computation time and
much fewer grids are used in the simulation of this paper.

6 Conclusions

This study mainly reported numerical simulations of liquid
films flowing on planes and the surface of cylinders. Based
on the finite element method, the derivation of the weak
form of the differential equations and the implementation
of the Freefem++ code was given. Complex behaviour of
two-dimensional evolution and three-dimensional spreading
was discussed and concluded.

1 To solve the thin film equations of the fourth order, a
new parameter ϑ = ∇2h was introduced, transforming
the governing equation of the falling film into two
equations. Then a variational form of the two
equations were derived and interpreted in the
numerical computation code of Freefem++. The
proposed method and supplementary Freefem++ code
can be extended to similar problems, such as liquid
film flowing without dynamic contact lines and liquid
spreading in the Hele-Shaw cell.

2 The obtained numerical results showed good
agreement with the results from the previous
investigation. For thin liquid films, steady travelling
wave solutions existed with a single capillary ridge
while an unperturbed contact line profile was initially
given. A small perturbation resulted in a pattern of
viscous fingers. The radii of the cylinder played an
important role in the flow pattern of the contact line.
The number of fingers was approximately linearly
with the radius of the cylinder, and the growth of the
fingers was almost unaffected by the radii of the
cylinder.

Acknowledgements

We wish to acknowledge the supports from the National
Natural Science Foundation of China (Grant Nos. 11702162
and 11972375), Key Technology R&D Program of
Shandong Province (Grant Nos. 2019GHZ001 and
2019GGX104070) and Youth Science and Technology
Innovation Program in Higher Education of Shandong
(Grant No. 2019KJB033).

References

Albert, C., Raach, H. and Bothe, D. (2012) ‘Influence of surface
tension models on the hydrodynamics of wavy laminar falling
films in volume of fluid-simulations’, International Journal of
Multiphase Flow, Vol. 43, pp.66–71.

Bach, P. and Villadsen, J. (1984) ‘Simulation of the vertical flow of
a thin, wavy film using a finite-element method’, International
Journal of Heat and Mass Transfer, Vol. 27, No. 6, pp.815–827.

Chen, J., Zhang, R. and Niu, R. (2015) ‘Numerical simulation of
horizontal tube bundle falling film flow pattern transformation’,
Renewable Energy, Vol. 73, pp.62–68.

Craster, R.V. and Matar, O.K. (2009) ‘Dynamics and stability of
thin liquid films’, Reviews of Modern Physics, Vol. 81, No. 3,
pp.1131–1198.

Ding, Z. and Liu, Q. (2011) ‘Stability of liquid films on a porous
vertical cylinder’, Physical Review E, Vol. 84, No. 4, p.46307.

Ding, Z. and Wong, T.N. (2013) ‘Stability of a localized heated
falling film with insoluble surfactants’, International Journal of
Heat and Mass Transfer, Vol. 67, pp.627–636.

Ding, Z. and Wong, T.N. (2015) ‘Falling liquid films on a slippery
substrate with Marangoni effects’, International Journal of Heat
and Mass Transfer, Vol. 90, pp.689–701.

Ding, Z. and Wong, T.N. (2017) ‘Three-dimensional dynamics of
thin liquid films on vertical cylinders with Marangoni effect’,
Physics of Fluids, Vol. 29, No. 1, p.011701.

Ding, Z., Wong, T.N., Liu, R. and Liu, Q. (2013a) ‘Viscous liquid
films on a porous vertical cylinder: dynamics and stability’,
Physics of Fluids, Vol. 25, No. 6, p.64101.

Ding, Z., Wong, T.N. and Li, H. (2013b) ‘Stability of two immiscible
leaky-dielectric liquids subjected to a radial electric field in an
annulus duct’, Physics of Fluids, Vol. 25, No. 12, p.124103.

Ding, Z., Liu, R. and Liu, Z. (2017) ‘Interfacial instabilities in
two immiscible flows in an annular duct: shear-thinning fluids
surrounded with Newtonian fluids’, Physics of Fluids, Vol. 29,
No. 5, p.53101.

Ding, Z., Liu, Z., Liu, R. and Yang, C. (2019) ‘Breakup of ultra-thin
liquid films on vertical fiber enhanced by Marangoni effect’,
Chemical Engineering Science, Vol. 199, pp.342–348.

Ding, Z., Liu, R., Wong, T.N. and Yang, C. (2018) ‘Absolute
instability induced by Marangoni effect in thin liquid film flows
on vertical cylindrical surfaces’, Chemical Engineering Science,
Vol. 177, pp.261–269.

Ding, Z., Xie, J., Wong, T.N. and Liu, R. (2014) ‘Dynamics of liquid
films on vertical fibres in a radial electric field’, Journal of
Fluid Mechanics, Vol. 752, pp.66–89.



168 C. Ma et al.

Evans, P.L., Schwartz, L.W. and Roy, R.V. (2004) ‘Steady and
unsteady solutions for coating flow on a rotating horizontal
cylinder: two-dimensional theoretical and numerical modeling’,
Physics of Fluids, Vol. 16, No. 8, pp.2742–2756.

Feddaoui, M., Mir, A. and Belahmidi, E. (2003) ‘Cocurrent turbulent
mixed convection heat and mass transfer in falling film of water
inside a vertical heated tube’, International Journal of Heat and
Mass Transfer, Vol. 46, No. 18, pp.3497–3509.

Frank, A.M. (2003) ‘3D numerical simulation of regular structure
formation in a locally heated falling film’, European Journal of
Mechanics-B/Fluids, Vol. 22, No. 5, pp.445–471.

Gao, D., Morley, N.B. and Dhir, V. (2003) ‘Numerical simulation
of wavy falling film flow using VOF method’, Journal of
computational physics, Vol. 192, No. 2, pp.624–642.

Gu, F., Liu, C.J., Yuan, X.G. and Yu, G.C. (2004) ‘CFD simulation
of liquid film flow on inclined plates’, Chemical Engineering
Technology: Industrial Chemistry‐Plant Equipment‐Process
Engineering‐Biotechnology, Vol. 27, No. 10, pp.1099–1104.

Hecht, F., Pironneau, O., Le Hyaric, A. and Ohtsuka, K.
(2005) Freefem++ Manual, Laboratoire Jacques-Louis Lions,
Université Pierre et Marie Curie: Paris, France.

Hu, B. and Kieweg, S.L. (2015) ‘Contact line instability
of gravity-driven flow of power-law fluids’, Journal of
Non-Newtonian Fluid Mechanics, Vol. 225, pp.62–69.

Kondic, L. (2003) ‘Instabilities in gravity driven flow of thin fluid
films’, Siam Review, Vol. 375, No. 2093, pp.95–115.

Levy, M., Shearer, M. and Witelski, T.P. (2007) ‘Gravity-driven thin
liquid films with insoluble surfactant: smooth traveling waves’,
European Journal of Applied Mathematics, Vol. 18, No. 6,
pp.679–708.

Lin, T.S. and Kondic, L. (2010) ‘Thin films flowing down inverted
substrates: two dimensional flow’, Physics of Fluids, Vol. 22,
No. 5, p.52105.

Lin, T.S. and Kondic, L. and Filippov, A. (2012) ‘Thin films flowing
down inverted substrates: three-dimensional flow’, Physics of
Fluids, Vol. 24, No. 2, p.22105.

Lin, S., Zhang, Z., Liu, X., Zhuang, K. and Li, X. (2018) ‘Numerical
study of falling film flow on a horizontal rotating tube’,
International Journal of Heat and Mass Transfer, Vol. 117,
pp.465–473.

Lister, J.R., Rallison, J.M. and Rees, S.J. (2010) ‘The nonlinear
dynamics of pendent drops on a thin film coating the underside
of a ceiling’, Journal of Fluid Mechanics, Vol. 647, pp.239–264.

Liu, R. and Ding, Z. (2017) ‘Stability of viscous film flow coating
the interior of a vertical tube with a porous wall’, Physical
Review E, Vol. 95, No. 5, p.53101.

Liu, J. and Song, R. (2015) ‘Investigation of water and CO2 flooding
using pore-scale reconstructed model based on micro-CT images
of Berea sandstone core’, Progress in Computational Fluid
Dynamics, an International Journal, Vol. 15, No. 5, pp.317–326.

Luo, L.C., Zhang, G.M., Pan, J.H. and Tian, M.C. (2013) ‘Flow and
heat transfer characteristics of falling water film on horizontal
circular and non-circular cylinders’, Journal of Hydrodynamics,
Ser. B, Vol. 25, No. 3, pp.404–414.

Ma, C. (2019) ‘Fingering instability analysis for thin gravity-driven
films flowing down a uniformly heated/cooled cylinder’,
International Journal of Heat and Mass Transfer, Vol. 136,
pp.719–729.

Mahgoub, M., Hinkelmann, R. and Rocca L.M. (2014)
‘Three-dimensional non-hydrostatic simulation of gravity
currents using TELEMAC3D and comparison of results to
experimental data’, Progress in Computational Fluid Dynamics,
an International Journal, Vol. 15, No. 1, pp.56–67.

Marshall, J.S. and Ettema, R. (2005) ‘Contact-line instabilities of
driven liquid films’, WIT Transactions on State-of-the-art in
Science and Engineering, Vol. 6, pp.1–41.

Mayo, L.C., McCue, S.W. and Moroney, T.J. (2013) ‘Gravity-driven
fingering simulations for a thin liquid film flowing down the
outside of a vertical cylinder’, Physical Review E, Vol. 87,
No. 5, p.53018.

Milidonis, K.F. and Georgiou, D.P. (2018) ‘Film cooling effectiveness
predictions in the region of the blade-endwall junction corner
with injection assisted by the recirculating vortex flow’,
Progress in Computational Fluid Dynamics, an International
Journal, Vol. 18, No. 6, pp.362–375.

Mittermaier, M., Schulze, P. and Ziegler, F. (2014) ‘A numerical
model for combined heat and mass transfer in a laminar
liquid falling film with simplified hydrodynamics’, International
Journal of Heat and Mass Transfer, Vol. 70, pp.990–1002.

Miyara, A. (2000) ‘Numerical simulation of wavy liquid film flowing
down on a vertical wall and an inclined wall’, International
Journal of Thermal Sciences, Vol. 39, Nos. 9–11, pp.1015–1027.

Munch, A. and Wagner, B. (2005) ‘Contact-line instability of
dewetting thin films’, Physica D: Nonlinear Phenomena,
Vol. 209, Nos. 1–4, pp.178–190.

Nasr, A. and Al-Ghamdi, A.S. (2017) ‘Numerical study of
evaporation of falling liquid film on one of two vertical
plates covered with a thin porous layer by free convection’,
International Journal of Thermal Sciences, Vol. 112,
pp.335–344.

Pascal, J.P. and D’Alessio, S.J.D. (2010) ‘Instability in gravity-driven
flow over uneven permeable surfaces’, International Journal of
Multiphase Flow, Vol. 36, No. 6, pp.449–459.

Qiu, Q., Zhu, X., Mu, L. and Shen, S. (2015) ‘Numerical study
of falling film thickness over fully wetted horizontal round
tube’, International Journal of Heat and Mass Transfer, Vol. 84,
pp.893–897.

Raach, H., Somasundaram, S. and Mitrovic, J. (2011) ‘Optimisation
of turbulence wire spacing in falling films performed with
OpenFOAM’, Desalination, Vol. 267, No. 1, pp.118–119.

Spaid, M.A. and Homsy, G.M. (1996) ‘Stability of Newtonian and
viscoelastic dynamic contact lines’, Physics of Fluids, Vol. 8,
No. 2, pp.460–478.

Sun, F., Xu, S. and Gao, Y. (2012) ‘Numerical simulation of liquid
falling film on horizontal circular tubes’, Frontiers of Chemical
Science and Engineering, Vol. 6, No. 3, pp.322–328.

Teuber, K., Broecker, T., Bayon, A. et al. (2019) ‘CFD-modelling
of free surface flows in closed conduits’, Progress in
Computational Fluid Dynamics, an International Journal,
Vol. 19, No. 6, pp.368–380.

Uddin, M.J., Ferdows, M., Rashidi, M.M. et al. (2016) ‘Group
analysis and numerical solution of slip flow of a nanofluid in
porous media with heat transfer’, Progress in Computational
Fluid Dynamics, An International Journal, Vol. 16, No. 3,
pp.190–200.

Wang, J.L., Zhou, S.X., Zhang, Z. et al. (2019) ‘High-performance
piezoelectric wind energy harvester with Y-shaped attachments’,
Energy Conversion and Management, Vol. 181, No. 2,
pp.645–652.



Finite element simulations of thin films flowing down planes or cylinders 169

Wehinger, G.D., Peeters, J., Muzaferija, S., Eppinger, T. and
Kraume, M. (2013) ‘Numerical simulation of vertical liquid-film
wave dynamics’, Chemical Engineering Science, Vol. 104,
pp.934–944.

Xu, Z.F., Khoo, B.C. and Wijeysundera, N.E. (2008) ‘Mass transfer
across the falling film: simulations and experiments’, Chemical
Engineering Science, Vol. 63, No. 9, pp.2559–2575.

Xu, Y., Yuan, J., Repke, J.U. and Wozny, G. (2012) ‘CFD study on
liquid flow behavior on inclined flat plate focusing on effect
of flow rate’, Engineering Applications of Computational Fluid
Mechanics, Vol. 6, No. 2, pp.186–194.

Yang, K., Wang J.L. and Yurchenko D. (2019) ‘A double-beam
piezo-magneto-elastic wind energy harvester for improving the
galloping-based energy harvesting’, Applied Physics Letters,
Vol. 115, No. 19, p.193901.

Yu, H., Gambaryan-Roisman, T. and Stephan, P. (2013) ‘Numerical
simulations of hydrodynamics and heat transfer in wavy falling
liquid films on vertical and inclined walls’, Journal of Heat
Transfer, Vol. 135, No. 10, p.101010.

Zeng, Q.D., Yao, J. and Shao, J.F. (2020) ‘An extended
finite element solution for hydraulic fracturing with
thermo-hydro-elastic–plastic coupling’, Computer Methods in
Applied Mechanics and Engineering, Vol. 364, p.112967.

Appendix

Freefem++ code

real Lx=60,Ly=40; // The size of the domain
real xn=Lx*2,yn=Ly*2; // Mesh seeds
real dt=0.0005,T=10000*dt; // Time and substep
real b=0.07; // Thickness of precursor film
real d=0;
real Da=1; // D(\alpha)

mesh Th=square(xn,yn,[x*Lx,y*Ly]); // Mesh

func perio=[[1,x],[3,x]];
// Periodic boundary condition

fespace Vh(Th,P1,periodic=perio);
//Finite element space

Vh delta,phi,K,psi, h0=(1+y*0+b)/2-
(1+0*y-b)/2*tanh(5*(x-5-0.1*cos(pi*y)));
// Initial conditons

Vh hh=h0,h2=h0^2,h3=h0^3,vartheta=dxx(h0)
+dyy(h0);

macro lpls(u,v)( dx(u)*dx(v)+dy(u)*dy(v)) //

problem finger([delta,K],[phi,psi],
solver=GMRES)=
int2d(Th)(
phi*delta+dt*3*h2*phi*dx(delta)+
dt*6*hh*delta*phi*dx(hh)-
dt*h3*(lpls(K,phi))+
dt*Da*3*h2*delta*(lpls(hh,phi))-
dt*3*h2*delta*(lpls(vartheta,phi))+
dt*Da*h3*(lpls(delta,phi)))+
int2d(Th)(3*dt*h2*phi*dx(hh)+
dt*Da*h3*(lpls(hh,phi)))+
int2d(Th)(psi*K+lpls(delta,psi))
+int2d(Th)(lpls(hh,psi))+
// The problem
int1d(Th,2)(d*phi)+ // Boudary conditons
int1d(Th,4)(d*phi)+
on(2,delta=0)+on(4,delta=0)+
on(2,K=0)+on(4,K=0);

savemesh(Th,"Gilgamesh.msh"); // Save mesh

for(real t=0;t<T;t+=dt){ //Iteration
finger;
h0=hh+delta;
hh=h0;
h2=h0^2;
h3=h0^3;
vartheta=dxx(hh)+dyy(hh);
}
plot(h0,fill=1,wait=1,dim=3); // Results plot


