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Abstract: In vehicle routing, estimating route lengths using continuous
approximation models can be valuable for delivery planning, particularly for
tour cost estimation and territory design, because it eliminates the
computational costs associated with solving TSP and VRP directly. In this
study, we propose a route-length estimation formula based on rectilinear
distances by considering the shape of the arca. We calibrate the parameters
through numerical experiments and apply them to a territorial decision
problem. Thus, our proposed formula can estimate the average tour length over
a rectilinear distance with high accuracy. As the number of points increases, the
influence of the shape decreases.
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This paper is a revised and expanded version of a paper entitled ‘Average TSP
tour length approximations for territory design’ presented at The 7th Asian
Conference of Management Science and Applications (ACMSA2023),
Okinawa, Japan, 15 December 2023.

1 Introduction

In logistics, suppliers often designate separate pick-up and delivery territories for each
driver. There are two reasons to set driver territories (Kovacs et al., 2014). One is
customer satisfaction. Customers who are visited frequently want to be delivered by the
same familiar driver. Another reason is that designating each driver’s territory not only
improves employee satisfaction, but also employee productivity by eliminating the need
to learn new routes and customers. Consequently, managers periodically review their
territories to minimise the total working time of all drivers. For example, in Japan, an
average customer replaces a gas cylinder ten times a year. Then, for a driver, the
customers to whom cylinders are delivered in each trip differ; that is, the customers are
stochastic. A typical driver changes 30—40 cylinders per trip. To design the territories, we
estimated the average tour length in the rectangle for a small number of customers (less
than 100 customers) by the continuous approximation approach and the rectilinear metric,
where the origin is located at the corner of the rectangle.

Finding the shortest travel distance is known as the travelling salesman problem
(TSP) (Applegate et al., 2006) and the vehicle routing problem (VRP). With
improvements in computer performance and algorithms, the number of problems that can
be optimally solved has increased. However, multiple calculations are still required in
cases where the number of demand points is excessively high, when the exact locations
of the demand points are unknown, or when the locations of the demand points change
daily. In such cases, a continuous approximation model can be used. A continuous
approximation model is characterised by its use of continuous representations of input
data and decision variables as density functions over time and space, and the goal is to
approximate the objective function into an expression that can be optimised by relatively
simple analytical operations (Carlsson et al., 2023). In this study, we apply this model to
estimate not only the average routing distance for each territory, but also the total routing
distance in the area with high accuracy. Franceschetti et al. (2017) reviewed
approximation models for freight transportation management. They also suggested that
most applications of continuous approximation models can be categorised into districting,
location, fleet composition, and vehicle routing. Note that the definitions of districting
and territory design for our purpose are the same as those used in their study. Ansari et al.
(2018) also reviewed them for the last 20 years. As recent studies,
Alvarez-Miranda and Pereira (2021) have proposed a hybrid method for districting with a
quality-of-service objective. Banerjee et al. (2022) have applied the model for same-day
delivery systems to decide fleet size and territory design. Zhang et al. (2024) have
provided the application for integrated truck and drone systems. In their previous studies,
the models mainly assumed that customers are generated uniformly and randomly in the
planar area. Although this assumption is a primitive condition, it has been providing
insight for applying for the delivery plan in the city and each area.
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Several previous studies have approximated tour distances using the Euclidean
distance metric (Kwon et al., 1995). However, we focused on using the rectilinear
distance metric because of its practical ease of use to evaluate the shape of each territory.
Figure 1 shows an example of territory design. If we assume a Euclidean metric between
customers and the depot, we need to estimate the linehaul distance, which is the distance
from the depot to the first or last customers in the rectangle. According to the position of
depot and territory, the accuracy of tour length estimations is sometimes poor. Therefore,
in this study, we used rectilinear distance estimation. This distance metric does not
require distance estimation for linehaul distances, imitating travel in a real urban road
network such as New York, Kyoto and Barcelona. After calculating the linehaul distance
from the depot to the origin, which is the nearest corner of the rectangle as shown in
Figure 1, we added the calculated distance and estimated tour length to visit all customers
and return to the origin in the rectangle. However, for the distance between any two
points, the ratio of the rectilinear distance to the Euclidean distance is 1.280 for a
rectangle (Koshizuka and Kobayashi, 1983) and 1.273 for a circle (Kurita, 2001).
Therefore, the differences in distance metrics affect the TSP tour distance through
multiple points.

Figure 1 Tour from depots to stochastic customers

Territory Territory

/" Linehaul
,

4 .
. distance

Depot
Euclidean metric Rectilinear metric

Therefore, in this study, we focus on estimating the tour length from the origin to the
customers randomly generated in the territory. To design the territories, we estimated the
average tour length in the rectangle for a small number of customers (less than 100
customers) using the continuous approximation model by the rectilinear metric, which
considers the horizontal and vertical differences as distances, and the origin is located at
the corner of the rectangle. The remainder of this paper is organised as follows: Section 2
provides a literature review of the TSP length using the continuous approximation
approach. Section 3 describes the estimation procedure. Section 4 describes the
experimental design and the validation results. Section 5 presents the application to
territory design and analysis in accordance with the number of territories and
length-width ratio. Finally, the conclusions are presented in Section 6.
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2 Literature review

In this study, we first introduce the previous studies to estimate the optimal TSP tour
length, the length of the shortest tour covering all points, in continuous approximation
models. Let Ij and I, denote the approximate tour lengths for the rectilinear and
Euclidean metric, respectively, in each previous study. The approximation of the optimal
length has been studied since the 1940s. Several previous studies have assumed that the
area is a unit square [0, 1] x [0, 1] and n points are uniformly and independently
distributed. Beardwood et al. (1959) showed that

EI_ETDIOT Bra, @)
with probability one for a constant f3,. Several researchers have given different estimates
of B, using various methodologies (Vig and Palekar, 2008). Applegate et al. (2006)
estimated [, using ordinary least squares (OLS) regression for 100 to 2,000 points and
obtained [, ranging from 0.7256 to 0.7765. Lei et al. (2015) applied a similar approach
to Applegate et al. (2006) for 20 to 90 points and obtained [, ranging from 0.7774 to
0.8584, i.e., B, has a downward trend as points increase. Then, Choi et al. (2024) have
proposed installing an adjustment factor depending on » for ..

Some researchers also estimated f.1, the constant in the rectilinear metric. Daganzo
(1984) derived upper bounds of S and S, are 1.15 and [, respectively. Also, Johnson
et al. (1996) estimated f; to be 0.8943 + 0.0007 while £ was 0.7124 + 0.0002.
However, they did not show the calculation of £ in detail. Vig and Palekar (2008)
showed that:

=0.765+0.892v/n, )
and
I =0.662+0.7108n 3)

using OLS regression for 11 to 2,000 points and proposed that G = 0.892 and
f2=0.710.

Cavdar and Sokol (2015) proposed the tour length formula for the dispersion of any
points in the Euclidean metric. The points are scattered in a rectangle with central
horizontal and vertical axes. Using regression by tour length for 3,000-8,000 points in 27
rectangles, they proposed the tour length formula L5 as:

A(ox
13 = 2791 n(onon) + 0267 |42 )

CiCy

where ¢, and ¢, are the average distance of points to the central horizontal and vertical

axes, o, and g, are the standard deviation of the horizontal and vertical coordinates of the
points, oy and oy, are the standard deviation of the absolute distances of the points from
the central horizontal and vertical axes, and 4 is the area of a rectangle.

Meanwhile, some researchers have suggested that n is small during actual deliveries.
Vig and Palekar (2008) demonstrated that repair people travel between 15 and 20 stops in
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a single trip. Holguin-Veras and Patil (2005) suggested that 35% of all trip chains have
only two stops and that the maximum number of stops in a trip chain is 23 for
commercial vehicles in Denver. In Japan, as mentioned in the first section, a driver
replaces 30—40 gas cylinders per trip. In addition, the person for periodic inspection for
gas appliances travels at most ten stops. A home delivery driver for an online
supermarket travels a maximum of 20 stops. Therefore, to discuss each driver’s territory
in practice, tour length formula should be created for a small n. In fact, Choi and
Schonfeld (2022) presented a comprehensive review to approximate the TSP tour length
for a small n.

Kou et al. (2022) created 90 instances, precisely ten instances for each of the three
square sizes (1 x 1,2 x 2 and 5 x 5) and each of three kinds of points (10, 20 and 50), and
estimated the TSP tour length by a regression analysis as

In L =1.506+0.9401In std )

L =1.564+0.904/nA, (6)
and

In Z; =1.440+0.933In stdp;, )

where stdgr the standard deviation of tour lengths for 1,000 random tours. That is, stdgr is
needed to compute L.

Two well-known studies have discussed the approximation of the TSP tour length for
a small » in a rectangle. Chien (1992) estimated the TSP tour length using the Euclidean
metric in eight rectangles with a length-width ratio A of 1 to 8 and eight sectorial-shaped
regions. They produced 4,160 instances in which 5-30 customers were randomly
distributed, and the origin was one of the corners of the region. For the ease of
convenience in the following section, we now use the tour length 7, (4, n) instead of L.

After seven tour length estimators are considered and evaluated, 7, (4, n) is proposed as:

£i2(4, n) = 2.107 +0.67/(n—1)4;, ®)

where 7 is the average Euclidean distance from customers to the depot, and 4, is the
area of the smallest rectangle that covers only the customers. #;, (A, n) was obtained with
high accuracy (adjusted R?> = 0.99). In addition, they presented

IZQ (/1, I’l) = (1174‘(12\&(7’!—1)1‘11 N (9)

in the rectangle corresponding to 4, as shown in Table 1.

Table 1 Results of #7, (4, n)

Coefficient t1a (I, n) t 2,n) tr (3, n) ti, (4 1)
ai 2.39 2.26 2.25 2.41
a 0.57 0.59 0.58 0.54
Coefficient 72 (5, n) t1» (6, n) ti> (7, n) 72 (8 n)
ai 245 2.38 2.53 2.57

az 0.54 0.57 0.54 0.54
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Kwon et al. (1995) also estimated the tour length in the rectangle whose length-width
ratio A is 1 to 8 and whose customers from 10 to 89 are randomly distributed. Then, the
TSP tour length #7, (4, n, A) of the rectangle was proposed as

f32(4, n, A) = (0.833—0.00111 +Mj\/m, (10)
n
or
£i2(A, n, A)=0.4147 + (0.775 —0.0008n + 22034 j JnA, (11)
n

where A is the area of the rectangle with high accuracy (R? = 0.998). Inspired by Kwon
et al. (1995), our research is a more practical and general formulation of the rectilinear
distance metric, taking into account the length-width ratio, for application to territory
design.

3  Our approach

3.1 Notation

We make use of the following notation throughout the paper:

N set of the number of points (demand points and the origin)

A set of length-width ratios

A area of a driver’s territory

n,n number of points (demand points and the origin)

m number of instances

A length-width ratio

ay, ax, b coefficient for independent variables

tin,i rectilinear tour length for n points with the length-width ratio 4 in instance i

Lin average tour length for » points with the length-width ratio 4 for all
instances

t71 (A, m)  approximate rectilinear tour length for 7 points with the length-width ratio 4
and an area of one

t71 (4, n, A) approximate rectilinear tour length for n points with the length-width ratio 4
and an area of 4.

3.2 Experimental procedures

Several methods can be used to approximate the TSP tour length. In particular, there are
two main methods. One method is to perform OLS regression on all data, whereas the
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other is to summarise the data, for example, by averaging and then performing OLS
regression. Considering our objective, we used the average TSP tour length in a
rectangle. Our procedure was based on that of Choi and Schonfeld (2022).

First, n — 1 demand points were generated according to a given distribution in a
rectangle with an area of one. For 4 € A, by generating two random numbers uniformly
distributed in the interval [0, /4 ] and [0, 1/~/1 ], respectively, the numbers are regarded
as the x- and y-coordinates of a demand point in the rectangle, i.e., each demand point in
the rectangle [0, +/4 ] x [0, 1/+/2 ] is equally likely to be selected. In addition, one point is
generated at the corner of the rectangle as the origin.

Second, we selected a solution method to compute the rectilinear TSP tour length for
n points. In this study, we computed the rectilinear tour length using Helsgaun’s
implementation of the Lin-Kernighan heuristic (LKH) algorithm by Helsgaun (2000).
Vig and Palekar (2008) also applied this algorithm because Johnson and McGeoch (2002)
showed that the solutions from this algorithm are typically very close to the optimal
solution.

Third, m instances of the given n points and the length-width ratio 4 were produced.
After the rectilinear TSP tour length #,,; were computed by for every instance, the
rectilinear tour lengths for each n and 1 were averaged, i.e.,

— 1 m
G =D i (12)

Subsequently, the repeated runs moved to other » and A. Finally, after the averaged
rectilinear tour length was fitted using OLS regression, the tour length formula #, (4, n)

was obtained.

3.3 Features of the tour length

In this study, we assumed that N = {11, 21, ..., 91,101}, A = {1, 2, 3, 4, 5}, i.e., the
maximum length-width ratio is five and 500 instances for eachn € Nand 1 € A.

Figure 2 shows the result of 7,,. This result indicates that the average length is
proportional to the concave function of 1. Previous studies used the factor +/n, which we

considered applying in the TSP tour approximation. Additionally, as the number of
demand points increased, the effect of the length-width ratio on the average length
decreased. In fact, %0 —%,00 = 0.3 while %,, -7, = 1.1. We must then consider the

factor proportional to the length-width ratio and inversely proportional to the points.

4 Regression-based approximations

4.1 Formula in the unit rectangle

In this study, we investigated a simple approximation formula with high accuracy. Since
our objective is territory design, we need the simple tour length formula. According to the
previous studies described in Section 2, candidate independent variables are Jn, n—1,
nn, /1/ Jn, 1/ J4, 4 and constant term. In addition, /A/n, A/n and A are also

candidate variables. Then, we sought independent variables where the number of them is
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minimum and the adjusted coefficient of determination (adjusted R?) is more than 0.99 by
running the OLS regression.

Figure 2 Average tour length

fl,n
10 g
Y g I
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8 3 9]
7 = £
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e}
4 M
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0 20 40 60 80 100
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As a result, we discovered the following TSP tour length approximation formula
(model 1):

(10 = an + 2 b, (13)
n

7
where the area of the rectangle is one; the estimated parameters a; and a, are 0.880 and
0.872, respectively; and the constraint b is 0.875, with an adjusted R?> = 0.999. In this

study, we applied three measures to estimate quality, in addition to R?. The mean
percentage error (MPE) is defined as

1 t_A n _til(/ls n)
MPE = — Do TR T 1009, (14)
INIIAl 2

leA,neN t}“’"

the mean absolute percentage error (MAPE) is defined as

| ||A| leA,ne N t)“"

MAPE=—1 Y MXIOO%; (15)

and the maximum absolute percentage error (MaxAPE) is defined as

t_/ln_t* /19
MaxAPE= max Y Mxm% (16)

leA,neN
" leA,ne N t't”

We also proposed another formula (model 2), which is a simplified version of model 1
since a1, a» and b are similar, i.e., a> and b in equation (13) are replaced by ay, as:
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e n)=a1[x/;+%+lj. 17

The statistics for model 1 are shown in Table 2, and the three measures for models 1 and
2 are listed in Table 3. Table 2 shows that the standard errors were small for all the
coefficients. In addition, the MPE, MAPE, and MaxAPE were small for both equations.
Moreover, model 1 had low measures. In particular, MaxAPE is an important factor when
considering territory design; the values for both equations are 2.0% or less.

Table 2 Statistics of model 1

Parameter Coefficient Standard error t-value Pr(>|t)
ai 0.880 0.0353 24.8 <0.001
a 0.872 0.0036 240.0 <0.001
b 0.875 0.0259 33.7 <0.001
Table 3 Fit comparison for two equations
Formula MPE MAPE MaxAPE
Model 1 0.006% 0.5% 1.8%
Model 2 0.1% 0.5% 2.0%
Table 4 Measures for other instances
Formula MPE MAPE MaxAPE
Model 1 0.05% 0.6% 1.9%
Model 2 0.7% 0.6% 1.8%

To evaluate the robustness, we generated other 7, from 200 instances each and

computed three measures, as shown in Table 4. The MPE for both formulas become
worse, however, the values were small. These results indicate that the proposed formulas
perform well.

4.2  Formula in arbitrary rectangle

In the previous section, our experiment assumed that the area of the rectangle was one.
Then, we finally revise models where the area of the rectangle is A. Since each demand

point in the rectangle [0, ~AL] x [0, \J4/4] is equally likely to be selected, the
approximation models become:

(2 n, A)=(a1 n+‘%+bjﬂ (18)
n

as model 1 and

* A/
(A n, A)=a (JZ v

+1j\/2, (19)
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as model 2 respectively. The independent variables of equation (19) are similar to those
of equation (10) and both include the term +nA4, but equation (10) includes the term

n\nA4 while equation (19) includes the term JA.

As mentioned in the first section, our objective was to model to evaluate the territory
design. For example, in Figure 3, we consider a territory divided into six equally sized
rectangles. Since each size of territory is identical, we only need to calculate the sum of
the linehaul distance and all/ Jn for each territory. Therefore, our approximation model

can be easily used in territory design.

5 Application for territory design

The design of the territory is one of the most important factors in devising for strategies
for distribution company. When there are many customers to a given area, one tour route
can provide the shortest tour distance which means only one driver is needed for a
delivery. However, this assumption may not be possible due to driver’s working hours or
the size of the vehicle, in other words time and capacity constraints. In this section, we
show examples of applications of our model to actual territory designs. Specifically, we
analyses how much the total tour distance increases with the dividing of the zone using
our proposed model.

5.1 Problem settings

In this section, the following additional notation is used.

P number of horizontal divisions in a square zone

(@] number of vertical divisions in a square zone

nq  total number of demand points

A area of a distributor’s square service zone (the sum of the areas of all territories).

Suppose that a distributor’s square service zone is divided into PQ equal parts
(territories), i.e., Aa; = POA. In each territory, n — 1 demand points are uniformly and
randomly generated, resulting in a total of n,; = (n — 1) PQ points in the service zone. In
this section, we analysed how the shape of the territory, as defined P and O, affects the
total tour distance. This includes both the tour distance within the territory, as formulated
in equation (19) in the previous section, and the linehaul distance where P < Q. Figure 3
provides an example of two shapes of territories with six equal parts. The shape of the
territory becomes more and more square as P becomes closer to Q.

In Figure 3, the tour and linehaul distances are represented by solid and dashed lines
respectively. Let Z(P, Q, A, na) where nay = (n — 1) PQ be the total tour distance in the
service zone. Then, Z(P, O, Aau, nay) is the sum of tour distance function t7; (A, n, Au)
and linehaul distance function I(p, q, P, O, A.) as follows.

"U

-1 O-1

Z(P,Q, Aut, nan) = (21 P-4, P, 0, Aa/l)+tL1(Q Aun D (20)
1 ¢g=0 PQ

bS]
Il
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where

1(p4.P,0. ) = P DL en

The linehaul distance /(p, g, P, Q, Aa) represents the rectilinear distance from the depot
to the nearest node (corner) of territory from the depot.

Figure 3 Territory design

O« O Demand points
[0 Depot

—> Tour

O 'K—T --» Linehaul

»( )

Then, equation (20) becomes

P—1 0-1
Z(P’ Qn Aall, nall):ZZ(2p}/)ﬂ+2q\éE +a (\/;‘i‘i-}—l] Aall ]
(22)

p=0 ¢g=0 P\/; PQ
JAu (2PQ - P=0)+a1\[4uPQ (1+\/Z+%}
n

where

g = (I’l — I)PQ

5.2 Impact of zone dividing on tour and linehaul distance

In this section, we present the effect of increasing the distance using territory design. We
observed the total tour distance according to Q. If P = 1, then the total tour distance Z(P,
O, Aan, nan) is given by

& qu Najl 0 Au
Z(1,0, N l+———=+1
(1, O, At M) Z[ o ta o +1+ r[/QH+ 0 -

q=0
=\/Tall(Q_1)+alx/AallQ( ”"”+Hﬁ+l}

0

The first term is the linehaul distance, and the second term represents the tour distance
within every territory. Figure 4 shows the results of the tour, linehaul, total distance
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which is the sum of them, and the ratio of tour and total distance where a; = 0.88,
na = 1,200, Aqr = 1, and number of territories (it is O in this case) is between 1 and 100.

In Figure 4 there is a clear trend of increasing the total tour when the number of
territories was expanded. And it was caused by expanding increase in tour distances. This
is larger than the linear increase in linehaul distance. Therefore, the percentage of tour
distance increased after a decrease.

Figure 4 Total and tour distance (a1 = 0.88, na = 1,200, Aur = 1, P = 1) (see online version
for colours)
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100 —— Tour
>0 0.95 ::elha“'
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Next, we calculated the distances for the opposite example with P = 1, where the territory
is designed to be divided into squares as much as possible. We obtained the distance
where the shape of territory is a square-like shape (P = Q and 1 = 1.0) such as

Z(@, \/@a Aallsnall): N (Q—\/é)

Najy 1 1 1
+al@( QJr Jr\/nau/QﬂJr ’

Figure 5 shows the same distances and ratio as in Figure 4 when P = Q. The increase in
total distance with the number of territories is linear compared to the case of P = 1, as
shown in Figure 4. In particular, the linear increase in tour distance is a significant
difference.

At last, we compared Figure 5 to the result of the largest A (largest Q where P = 1) in
Figure 4. Figure 6 shows a comparison of the total distances between P = 1, P = 2 and
P = Q. If the number of territories is small (PQ < 27 for this condition), P = 1 results in a
shorter total distance. Nevertheless, the difference is not significant; therefore, the effect
of the territory design which adjust of the length-width ratio is small when fewer
territories are designed, while an increase in the number of territories has an larger
impact. On the other hand, the difference in the total distance increases when the number
of territories is large, and square-like territory travels less distance. However, the increase
of total distance is reduced if P = 2. In the empirical calculations in Section 3, we showed
that the total distance is shorter for square-like shapes, where the length-width ratio of the
territory is smaller. Furthermore, this numerical analysis shows that the increase in tour
distance increases as A increases above 30, thus the total distance is shorter for small 1.

24
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Figure 5 Total and tour distance (a1 = 0.88, nar = 1,200, Aur = 1, P = Q) (see online version
for colours)
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Figure 6 Comparison of total distance in shape of territories (a1 = 0.88, na1 = 1,200, Ao = 1)
(see online version for colours)
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6 Conclusions

In this study, we proposed a continuous approximation model for touring distance based
on the rectilinear distance metric, which has the advantage of reduced computational cost.
To evaluate the accuracy of our model, we varied the number of tour points and
length-width ratio of the region and then conducted numerical simulations.

The results indicate that our model can accurately estimate tour distances. In addition,
we observed that the influence of the length-width ratio decreased as the number of
demand points increased. The results are not only relevant to cities with gridded streets
but also prove to be effective for developing delivery plans in various urban
environments. Numerical experiments on territory designing demonstrated the
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relationship between the number of territories, length-width ratio of the zone, and tour
and linehaul distances. And, number of territories have an impact for increasing tour and
linehaul distance, but these increase are lower if length-width ratio was less than 30.

In future studies, our model will be extended to support VRP. The model will be used
for more realistic territory design and delivery planning by considering not only the way
areas are divided but also the modelling of time specifications and capacity constraints.
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