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Abstract: We study the dynamics of a superattracting skew product f on
the attracting basin. As the first strategy, we find out forward f -invariant
wedge-shaped regions in the basin, on some of which f is conjugate to
monomial maps, and consider whether the unions of all the preimages of
the regions coincide with the basin. As the second strategy, we show the
existence and properties of several kinds of plurisubharmonic functions of f ,
the main functions of which are induced from the Böttcher coordinates, and
investigate the asymptotic behaviour of the functions toward the boundaries
of the unions. Consequently, we obtain a plurisubharmonic function on
the complement of specific fibres in the basin, which is continuous and
pluriharmonic on open and dense subsets of the complement and describes
an certain weighted vertical dynamics well.
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1 Introduction

1.1 Background

The dynamics around superattracting fixed points of holomorphic functions is
completely understood in dimension one. Let p : C → C be an entire function with a
superattracting fixed point at the origin: p(z) = azδ +O(zδ+1), where a ≠ 0 and δ ≥ 2.
Then Böttcher’s theorem Böttcher (1904) indicates that the limit

φp(z) = lim
n→∞

p−n
0 ◦ pn(z)

Copyright © 2025 Inderscience Enterprises Ltd.
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exists on a small neighbourhood of the origin, where pn is the nth iterate of p, p0(z) =
azδ and the branch is taken such that p−n

0 ◦ pn0 = id. This limit is called the Böttcher
coordinate for p at the origin, and it conjugates p to p0. We refer to Milnor (2006) for
details. We remark that the order of pn at the origin is clearly δn, which is also called
the attraction rate of pn. Let Ap be the attracting basin of p at the origin, and Ep the
union of all the preimages of the origin. We can extend φp from the neighbourhood to
Ap until it meets the other critical points than the origin. On the other hand, the limit

Gp(z) = lim
n→∞

1

δn
log |pn(z)|

exists on Ap. It is subharmonic and negative on Ap and harmonic on Ap − Ep. Note that
Gp(z) = log |φp(z)|+ (δ − 1)−1 log |a| on the neighbourhood of the origin. We remark
that similar statements hold even if p is a holomorphic germ.

Several studies have been made toward the generalisation of Böttcher’s theorem to
higher dimensions. For example, Ushiki (1992), Ueda (1993) and Buff et al. (2012)
studied the case in which holomorphic germs, with superattracting fixed points, have the
Böttcher coordinates on neighbourhoods of the points. The germs in Ushiki (1992) are
conjugate to monomial maps, whereas the germs in Ueda (1993) and Buff et al. (2012)
are conjugate to homogeneous and quasihomogeneous maps, respectively.

However, Böttcher’s theorem does not extend to higher dimensions entirely as
pointed out by Hubbard and Papadopol (1994). Let f be a two dimensional holomorphic
germ with a superattracting fixed point at the origin. Unlike the one dimensional case,
in which a superattracting fixed point of a holomorphic germ is an isolated critical
point and forward invariant under the germ, the origin is contained in the critical set
of f , which may have a singularity at the origin and is not forward invariant under f
in general. Hence it is difficult or impossible to take a nice normal form of f on a
neighbourhood of the origin.

Rigidity is a keyword for the study of the local dynamics of superattracting germs.
We say that f is rigid if the critical set is contained in a totally invariant set with
normal crossing singularities. Favre (2000) introduced and classified attracting rigid
germs. Favre and Jonsson (2007) proved that any two dimensional superattracting germ
can be blown up to a rigid germ, and hence the original germ is rigid on an open set
whose closure contains the fixed point. Using the normal form on the open set, they
proved that the asymptotic attraction rate is a quadratic integer, gave an inequality on the
attraction rates, and constructed a dynamically nice plurisubharmonic function defined
on a neighbourhood of the fixed point. Ruggiero (2012) extended their results to more
general cases.

We restrict our attention to superattracting skew products in this paper. A skew
product is a map or germ of the form f(z, w) = (p(z), q(z, w)) defined on somewhere
in C2. The fundamental properties of the dynamics of polynomial skew products is well
studied and summarised in Jonsson (1999) and Favre and Guedj (2001), in which the
main topics are the Green functions, currents and measures. Lilov (2004) studied the
local and semi-global dynamics of holomorphic skew products near a superattracting
invariant fibre. As natural extensions of the one dimensional results, he obtained nice
normal forms on neighbourhoods of periodic points which are geometrically attracting,
parabolic and Siegel on fibre direction, except the superattracting case. See also Peters
and Smit (2018) and Peters and Raissy (2019) for the dynamics of skew products near an
invariant fibre of different types. Whereas the dynamics of skew products is mild in the
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sense that it can be regarded as the intermediate between the one and two dimensional
dynamics, it has very complicated aspects and gives new phenomena of the dynamics in
dimension two. For example, Astorg et al. (2016) found polynomial skew products with
wandering domains, which is the first example of non-invertible polynomial maps with
wandering domains. See also Astorg et al. (2023) and Astorg and Boc-Thaler (2024)
for other types of polynomial skew products with wandering domains. Furthermore,
polynomial skew products are used in Dujardin (2017) and Taflin (2021) to construct
robust bifurcations, i.e., open sets contained in a bifurcation locus.

1.2 Previous results: Böttcher coordinates

We have studied the dynamics of superattracting skew product germs and succeeded in
constructing Böttcher coordinates on invariant wedge-shaped regions in Ueno (2016b),
Ueno (2019a) and Ueno (2019b); we also studied the semi-global dynamics in Ueno
(2019a) in order to deal with indeterminacy points instead of superattracting fixed
points. Let us briefly review main results in Ueno (2019b), which are a consequence
of the studies in Ueno (2016b) and Ueno (2019a). Let f(z, w) = (p(z), q(z, w)) be
a skew product germ with a superattracting fixed point at the origin. More precisely,
we assume that the eigenvalues of Df(0) are both zero; this assumption is called
nilpotent in Ruggiero (2012), whereas the assumption Df(0) = 0 is imposed in
Favre and Jonsson (2007). Hence we may write p(z) = azδ +O(zδ+1) and q(z, w) =
bz +

∑
i,j≥0,i+j≥2 bijz

iwj , where a ̸= 0 and δ ≥ 2. Let bz = b10z
1w0 and q(z, w) =∑

bijz
iwj for short.

It is clear that the dominant term of p is azδ . We found in Ueno (2019b) that the
order δ of p and the Newton polygon of q assign a term bγdz

γwd of q that is dominant
on a forward f -invariant wedge-shaped region U , where U = Ur = {|z|l1+l2 <
rl2 |w|, |w| < r|z|l1} for some rational numbers 0 ≤ l1 < ∞ and 0 < l2 ≤ ∞. The study
depends on where δ falls in a partition of R≥0 given by a finite decreasing sequence
{Tk}, defined from the Newton polygon of q. Let f0(z, w) = (azδ, bγdz

γwd).

Lemma 1.1 (Ueno, 2019b): If d ≥ 2 or if d = 1 and δ ̸= Tk for any k, then f ∼ f0 on
Ur as r → 0, and f(Ur) ⊂ Ur for small r > 0.

The notation f ∼ f0 on Ur as r → 0 means that the ratios of the first and second
components of f and f0 tends to 1 on Ur as r → 0, and the definition of Tk is given
below. Moreover, we proved that the limit

ϕ(z, w) = lim
n→∞

f−n
0 ◦ fn(z, w)

exists on U , where the branch is taken such that f−n
0 ◦ fn

0 = id.

Theorem 1.2 (Ueno, 2019b): If d ≥ 2 or if d = 1 and δ ̸= Tk for any k, then ϕ is
biholomorphic on Ur for small r > 0, which conjugates f to f0. Moreover, ϕ ∼ id on
Ur as r → 0.

We call ϕ the Böttcher coordinate for f on U , although the second component of ϕ
looks like the Kœnigs coordinate if d = 1.
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Let us give the precise definitions in the results. We define the Newton polygon
N(q) of q as the convex hull of the union of D(i, j) with bij ̸= 0, where D(i, j) =
{(x, y)|x ≥ i, y ≥ j}. Let (n1,m1), (n2,m2), · · · , (ns,ms) be the vertices of N(q),
where n1 < n2 < · · · < ns and m1 > m2 > · · · > ms. Let Tk be the y-intercept of the
line Lk passing through the vertices (nk,mk) and (nk+1,mk+1) for each 1 ≤ k ≤ s−
1.

Case 1 If s = 1, then N(q) has the only one vertex, which is denoted by (γ, d). We
define l1 = l−1

2 = 0 and so U = {|z| < r, |w| < r}.

The results for Case 1 are classical and the proofs are simpler than the other cases.
We remark that f in Case 1 is rigid and belongs to class 6 or class 4 in Favre (2000)
if d ≥ 2 or d = 1, respectively, and a description on Böttcher coordinates is given in
pp.498–499 in Favre (2000).

Therefore, we only deal with the case s > 1 hereafter, which is divided into the
following three cases:

Case 2 If s > 1 and δ ≤ Ts−1, then we define

(γ, d) = (ns,ms), l1 =
ns − ns−1

ms−1 −ms
and l−1

2 = 0.

Hence U = {|z| < r, |w| < r|z|l1}.

Case 3 If s > 1 and T1 ≤ δ, then we define

(γ, d) = (n1,m1), l1 = 0 and l2 =
n2 − n1

m1 −m2
.

Hence U = {|z|l2 < rl2 |w|, |w| < r} = {r−l2 |z|l2 < |w| < r}.

Case 4 If s > 2 and Tk ≤ δ ≤ Tk−1 for some 2 ≤ k ≤ s− 1, then we define

(γ, d) = (nk,mk), l1 =
nk − nk−1

mk−1 −mk
and l1 + l2 =

nk+1 − nk

mk −mk+1
.

Hence U = {|z|l1+l2 < rl2 |w|, |w| < r|z|l1} = {r−l2 |z|l1+l2 < |w| < r|z|l1}.

We remark that if δ > T1 and d = 1, then f is rigid and belongs to class 4 in Favre
(2000) and hence f is conjugate to f0 not only on U but also on a neighbourhood of
the origin; see pp.44–45 in Ueno (2019b) for a detail.

Note that if δ = Tk for some k, then there are two different dominant terms of q,
which correspond to the vertices (nk,mk) and (nk+1,mk+1), whereas there is the only
one dominant term if δ ̸= Tk for any k. Moreover, if δ = Tk for some k and mk+1 ≥ 2,
then we have two disjoint invariant regions on which f is conjugate to each of the two
different monomial maps.

Roughly speaking, we dealt with Case 2 in Ueno (2016b) and Case 3 in Ueno
(2019a), respectively, without using the Newton polygon. We finally succeeded in Ueno
(2019b) to construct the Böttcher coordinate for Case 4 and to unify all the cases in
terms of the Newton polygon. Using the same idea and arguments as in Ueno (2019b),
we gave inequalities on the attraction rates in Ueno (2024), which imply that the
asymptotic attraction rate is δ if γ > 0 or δ ≤ d, and is d if γ = 0 and δ > d.
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1.3 New results: weighted plurisubharmonic functions

We assume that f is defined on {|z| < R} × C for large R and that Ap is relatively
compact in {|z| < R}, and focus on the dynamics of f on Ap × C. We remark that
similar statements hold even if f is a germ. However, we require f to be defined
semi-globally in order to study the dynamics on the whole attracting basin, which may
be unbounded, and the asymptotic behaviour of plurisubharmonic functions toward the
boundary of the union of all the preimages of U . We also assume that a = bγd = 1 for
the study on plurisubharmonic functions in this paper, whereas we do not assume it for
the study on invariant wedges and the union of all the preimages of the wedges. This
assumption is not essential if d ≥ 2 because the map (z, w) → (azδ, bγdz

γwd) is affine
conjugate to the map (z, w) → (zδ, zγwd). On the other hand, when d = 1, it seems
that the case a = bγd = 1 is most interesting.

We give a summary of main results for Cases 2, 3 and 4, respectively, and Tables
1, 2 and 3 as comparison charts of the results for Cases 2, 3 and 4, respectively, in the
next section. Although those results are important, there are so many of them and it is
required to introduce the intervals I1

f and I2
f instead of l1 and l2, which are combined

into the rectangle If in [0,∞]2. Therefore, we only give three consequences of the
main results in this subsection, which are separated into the case δ < Ts−1 and the case
δ ≥ Ts−1.

Let us first state two consequences of the main results for the case δ < Ts−1. Let
Af be the union of all the preimages of U and A0 the attracting basin. If δ < Ts−1,
then Af almost coincides with A0. Let Ez and Ew be the unions of all the preimages
of {z = 0} and {w = 0}, respectively, and E = Ez ∪ Ew.

Theorem 1.3: If δ < Ts−1, then Af = A0 − Ez .

To describe the vertical dynamics, we introduce the following limits in Case 2:

Gα
z (w) = lim

n→∞

1

dn
log
∣∣∣∣wn

zαn

∣∣∣∣ if δ ̸= d, and

G∞
z (w) = lim

n→∞

1

dn
log

|wn|
|zn|

γ
dn

if δ = d,

where α = γ/(δ − d) and (zn, wn) = fn(z, w). Although zαn is not well-defined if α is
rational, the absolute value is well-defined and so we use this notation. Note that

Gα
z (w) = log

∣∣∣∣ϕ2(z, w)

ϕ1(z)α

∣∣∣∣ and G∞
z (w) = log |ϕ2(z, w)|

if the Böttcher coordinate ϕ exists, where ϕ = (ϕ1, ϕ2), and that Gα ◦ f = dGα and
G∞ ◦ fn = dnG∞ + nγdn−1Gp ◦ πz , where Gα(z, w) = Gα

z (w), G∞(z, w) = G∞
z (w)

and πz is the projection to the z-coordinate. Hence the existence of ϕ on U induces
the existence of the limits above on Af , whose properties depend on the magnitude
relation between δ and d.

Theorem 1.4: Let δ < Ts−1. If δ < d, then Gα
z is plurisubharmonic and negative

on A0 and Gα
z (w) = log |z−αw|+ o(1) on Ur as r → 0. If δ = d, then G∞

z is
plurisubharmonic on A0 − Ez and G∞

z (w) = log |w|+ o(1) on Ur as r → 0. If
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δ > d ≥ 1, then Gα
z is plurisubharmonic on A0 − Ez and Gα

z (w) = log |w/zα|+ o(1)
on Ur as r → 0. For all the cases, the functions are pluriharmonic on A0 − E.

Detailed versions of the two theorems above are given as Theorems 2.3 and 2.4,
respectively, in the next section. It follows from Theorems 1.2 and 1.3 that A0 − E is
open. We remark that the notation α0 is used instead of α in Ueno (2019b).

Let us next state a consequence of the main results for the case δ ≥ Ts−1. Note
that d ≥ 1 for this case. The weight α is not defined for the special case γ = 0 and
δ = d, whereas δ > d and so α ≥ 0 except the special case if δ ≥ Ts−1. By redefining
α for the case δ ≥ Ts−1, which coincides with γ/(δ − d) except the special case, we
can always define the limit Gα

z for the case δ ≥ Ts−1, which exists on Af − Ez if ϕ
exists on U . Moreover, the limit

Gα,+
z (w) = lim

n→∞

1

dn
log+

∣∣∣∣wn

zαn

∣∣∣∣
exists and behaves well on the complement of specific fibres in the basin. In the
definition of Gα,+

z and following theorem we set (γ, d) as (nk,mk) if f has two
dominant terms (nk,mk) and (nk+1,mk+1); we remark that α depends only on f .

Theorem 1.5: Let δ ≥ Ts−1 and let d ≥ 2 or δ ̸= Tk for any k. If γ > 0 or δ = d,
then α > 0, and Gα,+

z is plurisubharmonic and continuous on A0 − Ez , pluriharmonic
outside the boundary of {Gα,+

z > 0} ∩ (A0 − Ez) and Gα,+
z (w) = log |w/zα|+ o(1) on

Ur − {z = 0} as r → 0. If γ = 0 and δ > d, then α = 0, and Gα,+
z is plurisubharmonic

and continuous on A0, pluriharmonic outside the boundary of {Gα,+
z > 0} ∩A0 and

Gα,+
z (w) = log |w|+ o(1) on Ur as r → 0.

If α > 0 and d ≥ 2, then the set {Gα,+
z > 0} ∩ (A0 − Ez) is expressed by the union of

all the preimages of another invariant wedge-shaped region, which is included in U and
whose slope relates to α. See Theorems 2.9 and 2.17 for details.

The limits Gα
z and Gα,+

z are good tools for the study of the dynamics of wn/z
α
n on

Af − Ez and A0 − Ez , respectively, when α is an integer. In particular, the set where
Gα,+

z is not pluriharmonic seems to be a Julia set of the dynamics of wn/z
α
n and we

expect that this Julia set is fractal when δ = Tk for some k, which is true at least for
Examples 6.16 and 6.17. When α is rational, then we can consider the dynamics of
wδ−d

n /zγn and expect that similar claims hold.

1.4 New results: classical plurisubharmonic functions

There are other limits such as

Gz(w) = lim
n→∞

1

λn
log |wn| and Gf (z, w) = lim

n→∞

1

λn
log |(zn, wn)| ,

where λ = max{δ, d} and |(z, w)| = max{|z|, |w|}. We remark that λ depends only on
f . Although these limits are classical to study the dynamics of a holomorphic map f ,
they are less useful than the previous limits to discover the weighted vertical dynamics;
roughly speaking, if δ ≥ d, then either these limits are constant on the intersection of
each fibre and Af , or γ = 0 and so f0 is just a product. Tables 4 and 5 in the next
section help us to understand the statements below.
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First, the existence of the Böttcher coordinate induces the following.

Theorem 1.6: If δ < d, then f is in Case 2, Gz = Gα
z on A0 and Gf = 0 on A0 − Ez .

If γ > 0 and δ = d, then f is in Case 2, Gz = −∞ and Gf = Gp ◦ πz on A0. If γ = 0
and δ = d, then f is in Case 3, Gz is pluriharmonic on Af and Gz(w) = log |w|+ o(1)
on Ur as r → 0. If γ > 0 and δ > d ≥ 2 or if γ > 0, δ > d = 1 and δ ̸= Tk for any k,
then Gz = αGp ◦ πz on A0 − Ew, Af − Ew or Af . More precisely, Gz = αGp ◦ πz

on A0 − Ew if δ < Ts−1 and d ≥ 1, on Af − Ew if δ = Ts−1 and d ≥ 2, and on Af if
δ > Ts−1, and if d ≥ 2 or if d = 1 and δ ̸= Tk. If γ = 0 and δ > d, then f is in Case
3 and Gz = 0 on Af .

Although Gz is useful for the special case γ = 0 and δ = d, the monomial map f0 is
just a product and the dynamics is rather easy.

Even if d = 0, we can prove that Gz = αGp ◦ πz on A0 unless δ = Ts−1, although
the Böttcher coordinate does not exist on U .

Theorem 1.7: If Ts−1 > δ > d = 0, then f is in Case 2 and Gz = αGp ◦ πz on A0.

If δ = Ts−1, then the dominant term (ms−1, ns−1) belongs to Case 3 or Case 4, and the
other dominant term (ms, ns) belongs to Case 2. Moreover, if δ > ms−1 and ms ≥ 2,
then Gz = αGp ◦ πz on the two disjoint invariant regions as stated in Theorem 1.6.
Hence it follows from Corollary 2.15 that Gz = αGp ◦ πz on A0 − Ew.

Corollary 1.8: If Ts−1 = δ > ms−1 > ms ≥ 2, then Gz = αGp ◦ πz on A0 − Ew.

The limit

Gα
f (z, w) = lim

n→∞

1

λn
log |(zαn , wn)|

provides a plurisubharmonic function not only on Af but also on A0 for the case γ = 0
and δ = d and the case δ > d.

Corollary 1.9: If γ = 0 and δ = d, then Gα
f is plurisubharmonic on A0, Gα

f = Gz >
αGp ◦ πz on Af and Gα

f = αGp ◦ πz on A0 −Af . If γ > 0, δ > d and (n,m1) ̸= (0, δ),
then Gα

f = αGp ◦ πz on A0 unless d ≤ 1 and δ = Tk for some k. If γ = 0 and δ > d,
then Gα

f = 0 on A0.

The three theorems above are consequences of Theorems 2.5, 2.10 and 2.19. More
strongly, we can show that Gα

f is plurisubharmonic on A0 even if γ > 0, δ > d, d ≤ 1
and δ = Tk for some k, by using the other dominant term that corresponds to (nk,mk)
or (nk+1,mk+1). By setting (γ, d) as (nk,mk) if f has two dominant terms (nk,mk)
and (nk+1,mk+1), we can remove the exceptional case d ≤ 1 and δ = Tk for some k
from the theorem above.

Theorem 1.9: If γ = 0 and δ = d, then Gα
f is plurisubharmonic on A0, Gα

f = Gz >
αGp ◦ πz on Af and Gα

f = αGp ◦ πz on A0 −Af . If γ > 0, δ > d and (n,m1) ̸= (0, δ),
then Gα

f = αGp ◦ πz on A0. If γ = 0 and δ > d, then Gα
f = 0 on A0.
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Corollary 1.10: At least one of the limits Gz , Gf and Gα
f is plurisubharmonic on A0

for any case. More precisely, we can choose the limit as Gz for the case δ < d, Gf

for the case γ > 0 and δ = d, and Gα
f for the other cases, which is non-constant and

continuous on A0 − E except the case γ = 0 and δ > d.

The plurisubharmonic function GFJ constructed in Favre and Jonsson (2007) has to
satisfy the equation GFJ ◦ f = c∞GFJ , where c∞ is the asymptotic attraction rate for
f . If γ > 0 or δ ≤ d, then Gp ◦ πz is a candidate of GFJ since c∞ = δ. Moreover,
Gα

f is another candidate when α > 0, which is essentially different from Gp ◦ πz only
when γ = 0 and δ = d. However, Gα

z , G∞
z and Gα,+

z do not satisfy the equation above.
On the other hand, if γ = 0 and δ > d, then Gα

z is a candidate of GFJ since c∞ = d,
whereas Gp ◦ πz is not. However, α = 0 and f0 is just a product for this case.

1.5 Comparison with our results on polynomial skew products

Similar studies have been made for polynomial skew products in Ueno (2011,
2014, 2016a, 2025) to understand the dynamics near infinity. Although the idea of
assigning suitable weights is the same and we apply similar arguments in Ueno (2011,
2014) to investigate the asymptotic behaviour of plurisubharmonic functions, which
derives similar statements, the dynamics around the superattracting fixed point of a
superattracting skew product and the dynamics near infinity of a polynomial skew
product are different. For example, whereas polynomial skew products preserve the line
at infinity except indeterminacy points, superattracting skew products do not preserve
the z-axis and w-axis in general. The definitions of Newton polygons and weights
are also different. Moreover, we remark that we only dealt with the case when the
specific term in q is dominant on a wedge-shaped region in Ueno (2011, 2014, 2016a)
and with the specific weight in Ueno (2011, 2014); roughly speaking, a polynomial
skew product dealt with in Ueno (2011, 2014, 2016a) belongs to Case 1 or Case 2
defined in Ueno (2025) in terms of a Newton polygon. Furthermore, we only studied
Böttcher coordinates in Ueno (2025). In this paper we have succeeded in adapting
arguments in Ueno (2011, 2014) for the specific class of polynomial skew products to
a superattracting skew product f for all the cases, in order to clarify the asymptotic
behaviour of plurisubharmonic functions of f toward the boundary of Af . Besides
this adaptation, we provide some statements on degenerate fibres. Furthermore, by
combining this adaptation with the results on the relation between Af and A0, which
are described in Theorems 1.3 and 2.14, we have managed to obtain dynamically nice
plurisubharmonic functions of f defined on the complement of fibres in A0 and on A0,
which are summarised in Theorems 1.4, 1.5 and Corollary 1.10. On the other hand, we
gave further study of the dynamics near infinity in Ueno (2011) and Ueno (2014) such as
the approximations of weighted Green functions in terms of the weighted homogeneous
part of q and as the dynamics on weighted projective spaces, whose adaptations to
superattracting skew products and to polynomial skew products in other cases are future
works.
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1.6 Organisation

We give main results for each case in Section 2. More generally, Lemma 1.1 and
Theorem 1.2 hold when we let (l1, l2) vary on a suitable rectangle If determined by the
combinatorial data. In this sense, there are infinitely many invariant wedges if δ ̸= Tk

for any k. For Cases 2 and 4, we find out new invariant wedges, on which bγdz
γwd

may not be the dominant term in q, and claim that the unions of all the preimages of the
wedges coincide with A0 − Ez for almost all the cases. These results imply Theorem 1.3
and are important to induce Theorems 1.5 and 1.7 and Corollary 1.8. Tables are given
in each subsection as comparison charts of the main results.

We review our previous study in Ueno (2019b) more precisely in Section 3. We
give the definitions of I1

f , I2
f and If , calculate them, and illustrate detailed versions of

Lemma 1.1 and Theorem 1.2 in terms of blow-ups.
The proofs of the results for Case 2 are given in Sections 4 and 5. With an

illustration in terms of blow-ups, we first prove the results on invariant wedges and the
unions of all the preimages of the wedges in Section 4. We next show the existence
and properties of plurisubharmonic functions, and investigate the asymptotic behaviour
of the functions toward the boundaries of the unions in Section 5, which makes clear
the inclusion relation between the unions. The proofs of the results for Cases 3 and
4 are given in Sections 6 and 7, respectively. Moreover, we provide examples of
polynomial skew products that are semiconjugate to polynomial products in Section 6,
which demonstrate that Gα

z and Gα,+
z are good tools for the study of the weighted

vertical dynamics.

2 Summary of main results for each case

Main results for each case are given in this section. We deal with Cases 2, 3 and 4 in
Subsections 2.1, 2.2 and 2.3, respectively. Moreover, we provide tables for each case,
which help us to recognise the differences of properties of plurisubharmonic functions
depending on the magnitude relation between δ and d, between δ and Tj and between
γ and 0. Furthermore, we provide tables of properties of the classical plurisubharmonic
functions in Subsection 2.4.

Let U l(1),l(2) = U
l(1),l(2)
r = {|z|l(1)+l(2) < rl(2) |w|, |w| < r|z|l(1)}. Then U = U l1,∞

for Case 2, U = U0,l2 for Case 3, and U = U l1,l2 for Case 4. Let Al(1),l(2)
f be the union

of all the preimages of U l(1),l(2) . Moreover, let

U
l(1),l(2)
r1,r2 = {|z|l(1)+l(2) < r

l(2)
1 |w|, |w| < r2|z|l(1)}.

In particular, note that U l(1),∞
r1,r2 = {|z| < r1, |w| < r2|z|l(1)}.

2.1 Main results for Case 2

Let s > 1, δ ≤ Ts−1 and (γ, d) = (ns,ms) in this subsection. Then γ > 0. Table 1 is
given as a comparison chart of main results for Case 2. We remark that the descriptions
on the asymptotic behaviour of Gα

z and G∞
z in the table are not precise. Actually, we

have to remove Ez from the boundary ∂Al,∞
f of Al,∞

f ; see Propositions 5.16 and 5.27
in Section 5 for complete descriptions.



152 K. Ueno

We first exhibit a result on invariant wedges, and give an affirmative answer to the
question whether the unions of all the preimages of the wedges coincide with the basin.
The following is a detailed version of Lemma 1.1, which is stated also in the next
section as Lemma 3.1.

Table 1 Comparison chart of main results for Case 2

Ts−1 > d > δ Ts−1 > δ = d Ts−1 > δ > d Ts−1 = δ > d

I1
f [l1,∞) [l1,∞) [l1, α] {l1} = {α}

α α < 0 α > 0 α = l1 > 0

d d > 2 d ≥ 2 d ≥ 0 d ≥ 0

Gα
z psh on A0 psh on A0 − Ez psh on A0 − Ez psh on Af

or ph on A0 − E ph on A0 − E ph on A0 − E ph on Af − E

G∞
z log |z−αw|+ o(1) log |w|+ o(1) log |w/zα|+ o(1) log |w/zα|+ o(1)

on Ur on Ur on Ur if d ≥ 1 on Ur if d ≥ 2

lim Gα
z → 0 G∞

z → ∞ Gα
z → ∞ if l < α Gα

z → 0

sup as → ∂Al,∞
f as → ∂Al,∞

f and d ≥ 1 as → ∂Aα,∞
f

for any l in I1
f for any l in I1

f Gα
z → 0 if l = α if d ≥ 2

and d ≥ 2

Al,∞
f Al,∞

f = Al1,∞
f Al,∞

f = Al1,∞
f Al,∞

f = Al1,∞
f

= A0 − Ez = A0 − Ez = A0 − Ez

for any l in I1
f for any l in I1

f for any l < α

Aα,∞
f ( Al1,∞

f

if d ≥ 2

Gz Gz = Gα
z on A0 Gz = −∞ on A0 Gz = αGp ◦ πz Gz = αGp ◦ πz

(psh on A0) on A0 − Ew on A0 − Ew

if d ≥ 1 or Af − Ew

if d ≥ 2

Gf Gf = 0 Gf = Gp ◦ πz on A0 Gα
f = αGp ◦ πz on A0 Gα

f = αGp ◦ πz on
or on A0 − Ez (psh on A0) (psh on A0) A0 if ns−1 > 0 or
Gα

f Aα,∞
f if ns−1 = 0

Lemma 2.1 (Ueno, 2019b): The following holds for any l in I1
f if d ≥ 2 and for any

l in I1
f − {α} if d = 1 and δ < Ts−1, where I1

f = [l1,∞) if δ ≤ d and I1
f = [l1, α] if

δ > d: f ∼ f0 on U l,∞
r as r → 0, and f(U l,∞

r ) ⊂ U l,∞
r for small r > 0.

The interval I1
f plays an important role to study the dynamics of f as explained in the

next section. Note that min I1
f = l1 and U l1,∞ is the largest wedge among U l,∞ for

any l in I1
f . We have succeeded in extending the second statement of this lemma to the

following.

Theorem 2.2: The following holds for any l > 0 if δ ≤ d and for any 0 < l < α if
δ > d: f(U l,∞

r1,r2) ⊂ U l,∞
r1,r2 for suitable small r1 and r2.

Whereas we used the property f ∼ f0 on U l,∞
r as r → 0 to show that f(U l,∞

r ) ⊂ U l,∞
r

in the lemma above, we apply different arguments to prove this theorem; the property
above does not hold since l does not belong to I1

f if 0 < l < l1. Note that U l,∞
r1,r2 is
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larger than U l1,∞
r1,r2 for any 0 < l < l1 and that there is no condition on the degree d in

the theorem.
We have also succeeded in giving the following affirmative answer to the question,

which implies Theorem 1.3 since l1 < α if δ < Ts−1.

Theorem 2.3: It follows that Al,∞
f = A0 − Ez for any l > 0 if δ ≤ d and for any

0 < l < α if δ > d and (n1,m1) ̸= (0, δ).

We next exhibit main results on plurisubharmonic functions, assuming that a = bγd = 1.
If the Böttcher coordinate exists on U , then one can show that the limits Gα

z and Gz

exist and are plurisubharmonic on Af − Ez and Af , respectively. Moreover, thanks to
Theorem 1.3, we obtain the following theorems.

Theorem 2.4: Let δ < Ts−1. If δ < d, then Gα
z = Gz on A0, which is plurisubharmonic

and negative on A0 and Gα
z (w) = log |z−αw|+ o(1) on Ur as r → 0. If δ = d, then

G∞
z is plurisubharmonic on A0 − Ez and G∞

z (w) = log |w|+ o(1) on Ur as r → 0. If
δ > d ≥ 1, then Gα

z is plurisubharmonic on A0 − Ez and Gα
z (w) = log |w/zα|+ o(1)

on Ur as r → 0. For all the cases, the functions are pluriharmonic on A0 − E.
On the other hand, if Ts−1 = δ > d ≥ 2, then Gα

z is plurisubharmonic on Af ,
pluriharmonic on Af − Ew and Gα

z (w) = log |w/zα|+ o(1) on Ur as r → 0.

Theorem 2.5: Let δ < Ts−1. If δ < d, then Gz = Gα
z on A0. Hence Gf = 0 on A0 − Ez

and Gf = −∞ on Ez . If δ = d, then Gz = −∞ and Gf = Gp ◦ πz on A0. If δ > d ≥
1, then Gz = αGp ◦ πz on A0 − Ew and −∞ on Ew. If d = 0, then Gz = αGp ◦ πz

on A0. In particular, if δ > d, then Gα
f = αGp ◦ πz on A0.

On the other hand, if Ts−1 = δ > d ≥ 2, then Gz = αGp ◦ πz on Af − Ew and −∞
on Ew. Hence Gα

f = αGp ◦ πz on Af . Moreover, if ns−1 > 0, then Gz = αGp ◦ πz on
A0 − Ew and −∞ on Ew. Hence Gα

f = αGp ◦ πz on A0.

By investigating the asymptotic behaviour of Gα
z toward the boundary ∂Al,∞

f , we can
show that Aα,∞

f is smaller than Al1,∞
f .

Proposition 2.6: If Ts−1 > δ > d ≥ 2, then Aα,∞
f ( Al1,∞

f .

Moreover, we give a sufficient condition for Aα,∞
f and Al1,∞

f being unbounded.

Proposition 2.7: Let Ts−1 > δ > d ≥ 2. If q is polynomial and f−1{w = 0} ) {w =

0}, then both Aα,∞
f and Al1,∞

f are unbounded.

2.2 Main results for Case 3

Let s > 1, δ ≥ T1 and (γ, d) = (n1,m1) in this subsection. Then δ ≥ T1 ≥ d ≥ 1, and
δ > d if γ > 0. Table 2 is given as a comparison chart of main results for Case 3; see
Proposition 6.4 for a complete description on the asymptotic behaviour of Gα

z toward
∂A0,l

f ∩A0.
Although we want to define α as γ/(δ − d), it is not defined if γ = 0 and δ =

d, which corresponds to the exceptional case (n1,m1) = (0, δ) in Theorem 2.3. To
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overcome this problem, we redefine α as the minimum of l ≥ 0 such that a line x+
ly − lδ = 0 intersects N(q); this definition works not only when δ ≥ T1 but also when
δ > ms. Then the line that takes the minimum passes through (0, δ) and (γ, d), and α
coincides with γ/(δ − d) unless γ = 0 and δ = d. Moreover, α is well-defined even if
γ = 0 and δ = d, which coincides with l2 = n2/(δ −m2).

Table 2 Comparison chart of main results for Case 3

γ > 0 and δ > T1 γ > 0 and δ = T1 γ = 0 and δ > T1 γ = 0 and δ = T1

I2
f [α, l2] {α} = {l2} (0, l2] (0, l2]

α α > 0 α > 0 α = 0 α = l2 > 0

d δ > d ≥ 1 δ > d ≥ 1 δ > d ≥ 2 δ = d ≥ 2

f0 (zδ, zγwd) (zδ, zγwd) (zδ, wd) (zδ, wδ)

Gα
z ph on Af − Ez ph on Af − Ez ph on Af ph on Af − Ez

log |w/zα|+ o(1) log |w/zα|+ o(1) log |w|+ o(1) log |w/zα|+ o(1)

on Ur on Ur if d ≥ 2 on Ur on Ur

lim Gα
z → 0 Gα

z → 0 Gα
z → −∞ as Gα

z → (l − α)Gp ◦ πz

as → ∂A0,l
f ∩A0 as → ∂A0,α

f ∩A0 → ∂A0,l
f ∩A0 as → ∂A0,l

f ∩A0

if l = α and d ≥ 2 if d ≥ 2 for any l in I2
f for any l in I2

f

Gα
z → −∞ In particular,

for any l > α Gα
z → 0 if l = α

Gα,+
z psh and cont. psh and cont. psh and cont. psh and cont.

on A0 − Ez on A0 − Ez on A0 on A0 − Ez

Gα,+
z > 0 on A0,α

f Gα,+
z > 0 on A0,α

f Gα,+
z > 0 on A0,α

f

= 0 on A0 −A0,α
f = 0 on A0 −A0,α

f = 0 on A0 −A0,α
f

if d ≥ 2 if d ≥ 2

A0,l
f A0,l

f = A0,l2
f A0,l

f = A0,l2
f A0,l′

f ( A0,l′′

f

for any l > α for any l in I2
f for any l′ < l′′

A0,α
f ( A0,l2

f

if d ≥ 2

Gz Gz = αGp ◦ πz Gz = αGp ◦ πz Gz = 0 on Af = log |w|+ o(1) on Ur

on Af on Af if d ≥ 2 ph on Af

Gα
f Gα

f = αGp ◦ πz Gα
f = αGp ◦ πz Gα

f = 0 on A0 psh on A0

on A0 (psh on on A0 (psh on A0) (psh on A0) Gα
f > αGp ◦ πz on A0,α

f

A0) = αGp ◦ πz on A0 −A0,α
f

We exhibit results only on plurisubharmonic functions, assuming that a = bγd = 1; we
have no results on invariant wedges and do not know whether the unions of all the
preimages of the wedges coincide with the basin.

The existence of the Böttcher coordinate induces the following.

Proposition 2.8: Let d ≥ 2 or δ > T1. If γ > 0 or δ = d, then α > 0 and Gα
z is

pluriharmonic on Af − Ez . Moreover, Gα
z (w) = log |w/zα|+ o(1) on Ur − {z = 0}

as r → 0. If γ = 0 and δ > d, then α = 0 and Gα
z is pluriharmonic on Af . Moreover,

Gα
z (w) = log |w|+ o(1) on Ur as r → 0.

Although the interval I2
f plays an important role as the same as Case 2, where

I2
f = [α, l2] if γ > 0 and I2

f = (0, l2] if γ = 0, we avoid to use this notation in this
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subsection. By investigating the asymptotic behaviour of Gα
z and Gz toward the

boundary ∂A0,l
f , we obtain the theorems and proposition below.

Theorem 2.9: Let d ≥ 2 or δ > T1. If γ > 0 or δ = d, then Gα,+
z is plurisubharmonic

and continuous on A0 − Ez and pluriharmonic outside the boundary of {Gα,+
z >

0} ∩ (A0 − Ez). More precisely, if d ≥ 2, then Gα,+
z > 0 on A0,α

f and Gα,+
z = 0

on A0 −A0,α
f , which is pluriharmonic on A0 − ∂A0,α

f ∪ Ez . If γ = 0 and δ > d,
then Gα,+

z is plurisubharmonic and continuous on A0 and pluriharmonic outside the
boundary of {Gα,+

z > 0} ∩A0.

Theorem 2.10: If γ > 0 and δ > d ≥ 2 or if γ > 0, δ > d = 1 and δ > T1, then
Gz = αGp ◦ πz on Af and Gα

f = αGp ◦ πz on A0. If γ = 0 and δ > d, then Gz = 0
on Af and Gα

f = 0 on A0. If γ = 0 and δ = d, then Gz is pluriharmonic on Af ,
Gz(w) = log |w|+ o(1) on Ur as r → 0, Gα

f is plurisubharmonic and continuous on
A0, Gα

f > αGp ◦ πz on Af and Gα
f = αGp ◦ πz on A0 −Af .

We remark that the equality Gα
f = αGp ◦ πz on A0 holds even if γ > 0, d = 1 and

δ = T1 as stated in Remark 6.8.

Proposition 2.11: If δ > T1, then A0,l
f = A0,l2

f for any α < l ≤ l2. Moreover, if γ > 0

and d ≥ 2, then A0,α
f ( A0,l2

f . If γ = 0 and δ = d, then δ = T1 and A0,l′

f ( A0,l′′

f for
any 0 < l′ < l′′ ≤ l2.

2.3 Main results for Case 4

Let s > 2, Tk ≤ δ ≤ Tk−1 and (γ, d) = (nk,mk) for some 2 ≤ k ≤ s− 1 in this
subsection. Then γ > 0 and δ > d ≥ 1. Table 3 is given as a comparison chart of main
results for Case 4; see Propositions 7.13, 7.16 and 7.19 for complete descriptions on the
asymptotic behaviour of Gα

z toward ∂A
l(1),l(2)
f . In the table the notations Ak−1

f and A1
f

mean the attracting sets corresponding to the other dominant terms (nk−1,mk−1) and
(n1,m1), respectively.

We first exhibit a result on invariant wedges, and give a partial affirmative answer
to the question whether the unions of all the preimages of the wedges coincide with
the basin, which are similar to Case 2. A detailed version of Lemma 1.1 is given in
the next section as Lemma 3.10, in which the wedge U l(1),l(2) and intervals I1

f and
I2
f are used. Lemma 3.10 induces the following, in which we use U l,∞ for simplicity,
although it is more precise to use {|z| < r1+1/l(2) , |w| < r|z|l(1)} to adapt to U l(1),l(2) .

Lemma 2.12: The following holds for any l in I1
f if d ≥ 2 and for any l in I1

f − {α}
if d = 1 and Tk < δ < Tk−1, where I1

f = [l1, α] if Tk < δ < Tk−1, I1
f = [l1, α) if

δ = Tk, and I1
f = {l1} = {α} if δ = Tk−1: f(U l,∞

r ) ⊂ U l,∞
r for small r > 0.

Note that min I1
f = l1 and U l1,∞ is the largest wedge among U l,∞ for any l in I1

f . We
can extend this lemma to the following theorem by the same arguments as Case 2.
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Theorem 2.13: The following holds for any 0 < l < α: f(U l,∞
r1,r2) ⊂ U l,∞

r1,r2 for suitable
small r1 and r2.

Note that U l,∞
r1,r2 is larger than U l1,∞

r1,r2 for any 0 < l < l1 and that there is no condition
on the degree d in this theorem.

Table 3 Comparison chart of main results for Case 4

Tk < δ < Tk−1 Tk = δ < Tk−1
Tk < δ = Tk−1 Tk < δ = Tk−1

and nk−1 > 0 and nk−1 = 0

If [l1, α]× [α, l1 + l2] [l1, α)× {α} {α} × (α, l1 + l2] {α} × (α, l1 + l2]

−{(α, α)}
d d ≥ 1 d ≥ 1 d ≥ 1 d ≥ 1

Al,∞
f Al,∞

f = A0 − Ez Al,∞
f = A0 − Ez Al,∞

f = A0 − Ez

for any 0 < l < α for any 0 < l < α for any 0 < l < α

Gα
z ph on Af ph on Af ph on Af ph on Af

log |w/zα|+ o(1) log |w/zα|+ o(1) log |w/zα|+ o(1) log |w/zα|+ o(1)

on Ur on Ur if d ≥ 2 on Ur if d ≥ 2 on Ur if d ≥ 2

lim Gα
z → ∞ if l < α Gα

z → ∞ Gα
z → 0 Gα

z → 0

sup Gα
z → 0 if l = α as → ∂Al,∞

f as → ∂Aα,∞
f as → ∂Aα,∞

f

and d ≥ 2 for any l in I1
f if d ≥ 2 if d ≥ 2

as → ∂Al,∞
f if d ≥ 2

lim Gα
z → 0 if Gα

z → 0 as → Gα
z → −∞ as → Gα

z → −∞ as →
l = α and d ≥ 2 ∂Al1,α−l1

f ∩A0 ∂Aα,l−α
f − ∂Aα,∞

f ∂Aα,l−α
f − ∂Aα,∞

f

Gα
z → −∞ if d ≥ 2 for any l in I2

f for any l in I2
f

if l > α as → if d ≥ 2 if d ≥ 2

∂Al1,l−l1
f ∩A0

A
l(1),l(2)
f A

l(1),l(2)
f = Af for Al,α−l

f = Af Aα,l−α
f = Af Aα,l−α

f = Af

most l(1) and l(2) for any l in I1
f for any l in I2

f for any l in I2
f

Al1,α−l1
f ( Af if d ≥ 2 if d ≥ 2 if d ≥ 2

Aα,l1+l2−α
f ( Af

if d ≥ 2

other @ (nk+1,mk+1) (nk−1,mk−1) ⇒ Ak−1
f (n1,m1) ⇒ A1

f

term Case 2 or Case 4 Case 3 or Case 4 Case 3
Gα,+

z psh and cont. psh and cont. psh and cont. psh and cont.
on A0 − Ez on A0 − Ez on A0 − Ez on A0 − Ez

> 0 on Al1,α−l1
f > 0 on Al1,α−l1

f > 0 on Ak−1
f > 0 on A1

f

= 0 on A0 −Al1,α−l1
f = 0 on A0 −Al1,α−l1

f = 0 on A0 −Ak−1
f = 0 on A0 −A1

f

if d ≥ 2 if d ≥ 2

Gz Gz = αGp ◦ πz Gz = αGp ◦ πz Gz = αGp ◦ πz Gz = αGp ◦ πz

on Af on Af if d ≥ 2 on Af if d ≥ 2 on Af if d ≥ 2

Gα
f Gα

f = αGp ◦ πz Gα
f = αGp ◦ πz Gα

f = αGp ◦ πz psh on A0

on A0 on A0 on A0 Gα
f > αGp ◦ πz

on A = αGp ◦ πz

on A0 −A

We obtain the following partial affirmative answer to the question as the same as Case 2.
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Theorem 2.14: If (n1,m1) ̸= (0, δ), then Al,∞
f = A0 − Ez for any 0 < l < α.

This theorem implies the following since l1 < α if δ < Tk−1.

Corollary 2.15: If δ < Tk−1, then Al1,∞
f = A0 − Ez .

We next exhibit main results on plurisubharmonic functions, assuming that a = bγd = 1.
The existence of the Böttcher coordinate induces the following.

Proposition 2.16: If d ≥ 2 or Tk < δ < Tk−1, then Gα
z is pluriharmonic on Af and

Gα
z (w) = log |w/zα|+ o(1) on Ur as r → 0.

Thanks to Corollary 2.15, we obtain the following theorem by investigating the
asymptotic behaviour of Gα

z toward the boundary ∂A
l(1),l(2)
f .

Theorem 2.17: Let δ < Tk−1. If d ≥ 2 or δ > Tk, then Gα,+
z is plurisubharmonic

and continuous on A0 − Ez and pluriharmonic outside the boundary of {Gα,+
z >

0} ∩ (A0 − Ez). More precisely, if d ≥ 2, then Gα,+
z > 0 on Al1,α−l1

f and Gα,+
z = 0

on A0 −Al1,α−l1
f , which is pluriharmonic on A0 − ∂Al1,α−l1

f ∪ Ez .

The investigation of the asymptotic behaviour of Gα
z toward ∂A

l(1),l(2)
f also shows us

the inclusion relation between A
l(1),l(2)
f for any l(1) in I1

f and l(2) in I2
f .

Proposition 2.18: If Tk < δ < Tk−1, then A
l(1),l(2)
f = Al1,l2

f for any l1 ≤ l(1) < α

and α < l(1) + l(2) ≤ l1 + l2. Moreover, Al1,α−l1
f ( Al1,l2

f , Aα,l1+l2−α
f ( Al1,l2

f and
Al1,α−l1

f ∩Aα,l1+l2−α
f = ∅ if d ≥ 2. If δ = Tk and d ≥ 2, then Al,α−l

f = Al1,α−l1
f for

any l1 ≤ l < α. If δ = Tk−1 and d ≥ 2, then Aα,l−α
f = Aα,l2−α

f for any 0 < l ≤ l2.

The existence of the Böttcher coordinate and Theorems 2.13 and 2.14 induce the
following.

Theorem 2.19: If d ≥ 2 or Tk < δ < Tk−1, then Gz = αGp ◦ πz on Af . If (n1,m1) ̸=
(0, δ), then Gα

f = αGp ◦ πz on A0.

2.4 Tables for classical plurisubharmonic functions

We end this section with Tables 4 and 5 for the classical plurisubharmonic functions.

3 Intervals of weights and blow-ups

More precise review of the study in the previous paper (Ueno, 2019b) is given in this
section. We deal with Cases 2, 3 and 4 in Subsections 3.1, 3.2 and 3.3, respectively.
For each case, we give the definitions of the intervals I1

f and I2
f and the rectangle If ,

calculate them, restate Lemma 1.1 and Theorem 1.2 by using I1
f and/or I2

f , and illustrate
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them in terms of blow-ups. In addition, explanations of weights as a generalisation of
the degree are given at the end of each subsection.

Table 4 Comparison chart of classical psh functions

Gz Gf Gα
f

δ < d Gz = Gα
z on A0 Gf = 0 on A0 − Ez Gα

f = 0 on A0 − Ez

(psh on A0) = −∞ on Ez = ∞ on Ez

δ = d and γ > 0 Gz = −∞ on A0 Gf = Gp ◦ πz on A0

(psh on A0)
δ = d and γ = 0 ph on Af ph on Af psh on A0

Gz = log |w|+ o(1) Gα
f = log |w|+ o(1)

on Ur on Ur

δ > d, γ > 0 and Gz = αGp ◦ πz on · · · psh on · · · Gα
f = αGp ◦ πz on A0

d ̸= 1 or δ ̸= Tk (see Table 5) (see Table 5) (psh on A0)
δ > d and γ = 0 Gz = 0 on Af Gf = 0 on Af Gα

f = 0 on A0

Table 5 Comparison chart of Gz and Gf when δ > d and γ > 0

on · · · if · · ·

A0 − Ew if δ < Ts−1 and d ≥ 1

A0 if δ < Ts−1 and d = 0

Af − Ew if δ = Ts−1 and d ≥ 2

Af if δ > Ts−1, and if d ≥ 2 or if d = 1 and δ ̸= Tk

3.1 Intervals of weights and blow-ups for Case 2

Let s > 1,

δ ≤ Ts−1, (γ, d) = (ns,ms), l1 =
ns − ns−1

ms−1 −ms
and l2 = ∞.

Note that γ > 0 and d ≥ 0 by the setting.

3.1.1 Intervals and Böttcher coordinates

We define the intervals I1
f , I2

f and the rectangle If as

I1
f =

{
l > 0| lδ ≤ γ + ld ≤ i+ lj for any i and j s.t. bij ̸= 0

}
,

I2
f = {∞} and If = I1

f × {∞}. It follows that min I1
f = l1. In fact, if δ > d, then

I1
f =

[
max

{
γ − i

j − d

}
,

γ

δ − d

]
=

[
γ − ns−1

ms−1 − d
,

γ

δ − d

]
= [l1, α] .

If δ ≤ d, then the inequality lδ ≤ γ + ld is trivial and so I1
f = [l1,∞). We remark that

I1
f =

{
l > 0| lδ ≤ γ + ld ≤ nj + lmj for any 1 ≤ j ≤ s− 1

}
,
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which expression is used in Case 4.
Recall that U = U l1,∞, where U l,∞ = U l,∞

r = {|z| < r, |w| < r|z|l}.

Lemma 3.1 (Ueno, 2019b): The following hold for any l in I1
f if d ≥ 2 and for any l

in I1
f − {α} if d = 1 and δ < Ts−1: f ∼ f0 on U l,∞

r as r → 0, and f(U l,∞
r ) ⊂ U l,∞

r

for small r > 0.

This lemma induces the Böttcher coordinate for f on U l,∞.

Theorem 3.2 (Ueno, 2019b): The following holds for any l in the previous lemma: ϕ is
biholomorphic on U l,∞

r and conjugates f to f0 for small r > 0. Moreover, ϕ ∼ id on
U l,∞
r as r → 0.

Note that U l1,∞ is the largest open set among U l,∞ for any l in I1
f .

3.1.2 Blow-ups

Assuming that l in I1
f is an integer, we illustrate our previous results in terms of

blow-ups. We also assume that p(z) = zδ and bγd = 1 for simplicity. Let π1(z, c) =

(z, zlc) and f̃ = π−1
1 ◦ f ◦ π1. Note that π1 is the lth compositions of the blow-up

(z, c) → (z, zc). Then

f̃(z, c) = (p̃(z), q̃(z, c)) =

(
p(z),

q(z, zlc)

p(z)l

)
=
(
zδ, zγ+ld−lδcd +

∑
bijz

i+lj−lδcj
)

=
(
zδ, zγ+ld−lδcd

{
1 +

∑
bijz

(i+lj)−(γ+ld)cj−d
})

.

Let γ̃ = γ + ld− lδ and ĩ = i+ lj − lδ. Then q̃(z, c) = zγ̃cd +
∑

bijz
ĩcj and 0 ≤ γ̃ ≤

ĩ for any (i, j) such that bij ̸= 0. Therefore, the Newton polygon of q̃ has just one
vertex (γ̃, d), N(q̃) = D(γ̃, d), and we have the following.

Proposition 3.3 (Ueno, 2019b): If l in I1
f is an integer, then f̃ is holomorphic and skew

product on a neighbourhood of the origin. More precisely,

f̃(z, c) =
(
zδ, zγ̃cd {1 + η(z, c)}

)
,

where η → 0 as z and c → 0. Moreover, it has a superattracting fixed point at the
origin if d ≥ 2 or if d = 1 and lδ < γ + ld.

Remark 3.4: Even if l is rational, we can lift f to a holomorphic skew product similar
to f̃ as stated in Subsection 5.1 in Ueno (2019b). In particular, l1 is rational.

Because f̃ is a holomorphic skew product in Case 1, it is easy to construct the
Böttcher coordinate for f̃ on a neighbourhood of the origin, which induces the Böttcher
coordinate for f on U l,∞.
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Remark 3.5: The affine transformation

A1

(
i
j

)
=

(
i+ lj − lδ

j

)
=

(
1 l
0 1

)(
i
j

)
−
(
lδ
0

)
maps the basis {(1, 0), (−l, 1)} to {(1, 0), (0, 1)}. In other words, it maps a horizontal
line and a line with slope −l−1 to the same horizontal line and a vertical line. More
precisely, it maps the line with slope −l−1 that passes through (i, δ) to the vertical line
{x = i}. In particular, if l = l1, then it maps the line Ls−1 with slope −l−1

1 and the
horizontal line that intersect at (γ, d), to the vertical and horizontal lines that intersect
at (γ̃, d).

3.1.3 Another explanation of weights

Although zγwd is a term in q of lowest degree with respect to w, it is not a term in
q of lowest degree with respect to z. We define the weight of a monomial znwm as
n+ lm. Then zγwd is a term in q of lowest weight if l belongs to I1

f . More precisely,
it is the unique term in q of lowest weight if l > l1, and there are other terms in q of
lowest weight if l = l1. Furthermore, if d ≥ 1, then the second component Qn of fn

contains the term zγnwdn and it is the unique term in Qn of lowest degree with respect
to w and of lowest weight for any n ≥ 1. See Ueno (2024) for details.

3.2 Intervals of weights and blow-ups for Case 3

Let s > 1,

T1 ≤ δ, (γ, d) = (n1,m1), l1 = 0 and l2 =
n2 − n1

m1 −m2
.

Note that γ ≥ 0 and δ ≥ T1 ≥ d ≥ 1 by the setting.

3.2.1 Intervals and Böttcher coordinates

We define the intervals I1
f , I2

f and the rectangle If as I1
f = {0},

I2
f =

{
l > 0|γ + ld ≤ lδ and γ + ld ≤ i+ lj for any i and j s.t. bij ̸= 0

}
and If = {0} × I2

f . It follows that max I2
f = l2. In fact, if γ > 0, then δ > d and

I2
f =

[
γ

δ − d
,min

{
i− γ

d− j

}]
=

[
γ

δ − d
,
n2 − γ

d−m2

]
= [α, l2] .

If γ = 0, then the inequality γ + ld ≤ lδ is trivial since d ≤ δ, and so I2
f = (0, l2].

Recall that U = U0,l2 , where U0,l = U0,l
r = {|z|l < rl|w|, |w| < r}.

Lemma 3.6 (Ueno, 2019b): The following hold for any l in I2
f if d ≥ 2 and for any l in

I2
f − {α} if d = 1 and δ > T1: f ∼ f0 on U0,l

r as r → 0, and f(U0,l
r ) ⊂ U0,l

r for small
r > 0.
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Theorem 3.7 (Ueno, 2019b): The following holds for any l in the previous lemma: ϕ is
biholomorphic on U0,l

r and conjugates f to f0 for small r > 0. Moreover, ϕ ∼ id on
U0,l
r as r → 0.

Note that U0,l2 is the largest wedge among U0,l for any l in I2
f .

3.2.2 Blow-ups

Assuming that l−1 is an integer for l in I2
f , we illustrate our previous results in terms

of blow-ups. Let π2(t, w) = (twl−1

, w) and f̃ = π−1
2 ◦ f ◦ π2. Note that π2 is the l−1th

compositions of the blow-up (t, w) → (tw,w). Let bγd = 1 for simplicity. Then

f̃(t, w) = (p̃(t, w), q̃(t, w)) =

(
p(twl−1

)

q(twl−1 , w)l−1 , q(twl−1

, w)

)
and

q̃(t, w) = q(twl−1

, w) = tγwl−1γ+d +
∑

bijt
iwl−1i+j

= tγwl−1γ+d
{
1 +

∑
bijt

i−γw(l−1i+j)−(l−1γ+d)
}
.

Let d̃ = l−1γ + d and j̃ = l−1i+ j. Then q̃(t, w) = tγwd̃ +
∑

bijt
iwj̃ , d ≤ d̃ ≤ δ and

d̃ ≤ j̃ for any (i, j) such that bij ̸= 0. Therefore, the Newton polygon of q̃ has just one
vertex (γ, d̃), N(q̃) = D(γ, d̃), and we have the following.

Proposition 3.8 (Ueno, 2019b): If l−1 is an integer for l in I2
f , then f̃ is holomorphic

on a neighbourhood of the origin. More precisely,

f̃(t, w) =
(
tδ−l−1γwl−1(δ−d̃){1 + ζ(t, w)}, tγwd̃{1 + η(t, w)}

)
,

where ζ and η → 0 as t and w → 0. Moreover, it has a superattracting fixed point at
the origin if d ≥ 2 or if d = 1 and γ + ld < lδ.

Although f̃ is not skew product, it is a perturbation of a monomial map near the origin.
Hence we can construct the Böttcher coordinate for f̃ on a neighbourhood of the origin
by similar arguments as in Section 6 in Ueno (2019b), or one may refer to pp.498–499
in Favre (2000), which induces the Böttcher coordinate for f on U0,l.

Remark 3.9: The linear transformation

A2

(
i
j

)
=

(
i

l−1i+ j

)
=

(
1 0
l−1 1

)(
i
j

)
maps the basis {(1,−l−1), (0, 1)} to {(1, 0), (0, 1)}. In other words, it maps a line
with slope −l−1 and a vertical line to a horizontal line and the same vertical line. In
particular, if l = l2, then it maps the line L1 with slope −l−1

2 and the vertical line that
intersect at (γ, d), to the horizontal and vertical lines that intersect at (γ, d̃).

3.2.3 Another explanation of weights

Note that zγwd is a term in q of lowest degree with respect to z. Although it is not
a term in q of lowest degree with respect to w, it is a term in q of lowest weight if



162 K. Ueno

l belongs to I2
f . More precisely, it is the unique term in q of lowest weight if l < l2,

and there are other terms in q of lowest weight if l = l2. Furthermore, Qn contains the
term zγnwdn and it is the unique term in Qn of lowest degree with respect to z and of
lowest weight for any n ≥ 1.

3.3 Intervals, rectangles and blow-ups for Case 4

Let s > 2,

Tk ≤ δ ≤ Tk−1 for some 2 ≤ k ≤ s− 1,

(γ, d) = (nk,mk), l1 =
nk − nk−1

mk−1 −mk
and l1 + l2 =

nk+1 − nk

mk −mk+1
.

Note that γ > 0 and δ > d ≥ 1 by the setting.

3.3.1 Intervals, rectangles and Böttcher coordinates

We define the interval I1
f as

I1
f =

l(1) > 0

∣∣∣∣∣ l(1)δ ≤ γ + l(1)d
γ + l(1)d ≤ nj + l(1)mj for 1 ≤ j ≤ k − 1
γ + l(1)d < nj + l(1)mj for k + 1 ≤ j ≤ s

 ,

the interval I2
f associated with l(1) in I1

f as

I2
f = I2

f (l(1)) =

{
l(2) > 0

∣∣∣ γ̃ + l(2)d ≤ l(2)δ and γ̃ + l(2)d ≤ ĩ+ l(2)j
for any i and j s.t.bij ̸= 0

}
,

where γ̃ = γ + l(1)d− l(1)δ and ĩ = i+ l(1)j − l(1)δ, and the rectangle If as

If = {(l(1), l(1) + l(2))|l(1) ∈ I1
f , l(2) ∈ I2

f}.

Let us calculate the intervals and rectangle more practically. Note that α > 0 since
δ > d and γ > 0. Since nj < γ and mj > d for any 1 ≤ j ≤ k − 1, and nj > γ and
mj < d for any k + 1 ≤ j ≤ s,

I1
f =

[
max

1≤j≤k−1

{
γ − nj

mj − d

}
, min
k+1≤j≤s

{
nj − γ

d−mj

})
∩
(
0,

γ

δ − d

]
=

[
γ − nk−1

mk−1 − d
,
nk+1 − γ

d−mk+1

)
∩
(
0,

γ

δ − d

]
= [l1, l1 + l2) ∩ (0, α].

On the other hand,

I2
f =

[
γ̃

δ − d
,
ñk+1 − γ̃

d−mk+1

]
∩ R>0 =

[
γ

δ − d
− l(1),

nk+1 − γ

d−mk+1
− l(1)

]
∩ R>0

= [α− l(1), l1 + l2 − l(1)] ∩ R>0.
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If Tk < δ < Tk−1, then it follows from the inequality l1 < α < l1 + l2 that

I1
f = [l1, α], I2

f = [α− l(1), l1 + l2 − l(1)] ∩ R>0

and so If = [l1, α]× [α, l1 + l2]− {(α, α)}.

If Tk = δ < Tk−1, then it follows from the inequality l1 < α = l1 + l2 that

I1
f = [l1, α), I2

f = {α− l(1)} and so If = [l1, α)× {α}.

If Tk < δ = Tk−1, then it follows from the inequality l1 = α < l1 + l2 that

I1
f = {α}, I2

f = (0, l2] and so If = {α} × (α, l1 + l2].

In particular, min I1
f = l1 and max{l(1) + l(2)|l(1) ∈ I1

f , l(2) ∈ I2
f} = l1 + l2.

Recall that U = U l1,l2 , where U l(1),l(2) = {|z|l(1)+l(2) < rl(2) |w|, |w| < r|z|l(1)}.

Lemma 3.10 (Ueno, 2019b): The following hold for any l(1) in I1
f and l(2) in I2

f

if d ≥ 2, and for any l(1) in I1
f − {α} and l(2) in I2

f − {α− l(1)} if d = 1 and
Tk < δ < Tk−1: f ∼ f0 on U

l(1),l(2)
r as r → 0, and f(U

l(1),l(2)
r ) ⊂ U

l(1),l(2)
r for small

r > 0.

Theorem 3.11 (Ueno, 2019b): The following holds for any l(1) and l(2) in the previous
lemma: ϕ is biholomorphic on U

l(1),l(2)
r and conjugates f to f0 for small r > 0.

Moreover, ϕ ∼ id on U
l(1),l(2)
r as r → 0.

Note that U l1,l2 is the largest wedge among U l(1),l(2) for any l(1) in I1
f and l(2) in I2

f .

3.3.2 Blow-ups

Assuming that l(1) and l−1
(2) are integers for l(1) in I1

f and l(2) in I2
f , we illustrate our

previous results in terms of blow-ups. The strategy is to combine the blow-ups in Cases
2 and 3. We first blow-up f to f̃1 by π1 as in Case 2. It then turns out that f̃1 is a
holomorphic skew product in Case 3. We next blow-up f̃1 to f̃2 by π2 as in Case 3.
The map f̃2 is a perturbation of a monomial map near the origin, and we obtain the
Böttcher coordinate.

Let us restate the first blow-up. Let π1(z, c) = (z, zl(1)c) and f̃1 = π−1
1 ◦ f ◦ π1 as

in Case 2, and let f̃1(z, c) = (p̃1(z), q̃1(z, c)). Let p(z) = zδ and bγd = 1 for simplicity.
Then

f̃1(z, c) =
(
zδ, zγ+l(1)d−l(1)δcd +

∑
bijz

i+l(1)j−l(1)δcj
)
.

Let γ̃ = γ + l(1)d− l(1)δ and ĩ = i+ l(1)j − l(1)δ as in Case 2. Then 0 ≤ γ̃ ≤ ĩ for
any (i, j) such that bij ̸= 0, and we have the following.

Proposition 3.12 (Ueno, 2019b): If l(1) in I1
f is an integer, then f̃1 is holomorphic and

skew product on a neighbourhood of the origin. More precisely,

f̃1(z, c) =
(
zδ, zγ̃cd +

∑
bijz

ĩcj
)
.
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Moreover, it has a superattracting fixed point at the origin if d ≥ 2 or if d = 1 and
l(1)δ < γ + l(1)d.

Note that (γ̃, d) is the vertex of the Newton polygon N(q̃1) whose x-coordinate is
minimum, and that N(q̃1) has other vertices such as (ñk+1,mk+1). Hence the situation
resembles that of Case 3.

We illustrate that f̃1 is actually in Case 3. Recall that Lk is the line passing
through the vertices (γ, d) and (nk+1,mk+1), and Tk is the y-intercept of Lk. The
slope of Lk is −(l1 + l2)

−1 and so Tk = (l1 + l2)
−1γ + d. Let L̃k be the line passing

through the vertices (γ̃, d) and (ñk+1,mk+1), and T̃k the y-intercept of L̃k, where
ñk+1 = nk+1 + l(1)mk+1 − l(1)δ. Then the slope of L̃k is −(l1 + l2 − l(1))

−1 and so
T̃k = (l1 + l2 − l(1))

−1γ̃ + d. Therefore, the inequality Tk ≤ δ implies the inequality
T̃k ≤ δ. More precisely, T̃k < δ if Tk < δ, and T̃k = δ if Tk = δ. In particular,

Proposition 3.13 (Ueno, 2019b): If l(1) in I1
f is an integer, then f̃1 is a holomorphic

skew product in Case 3.

Let us restate the second blow-up. Let π2(t, c) = (tc
l−1
(2) , c) and f̃2 = π−1

2 ◦ f̃1 ◦ π2 as
in Case 3, and let f̃2(t, c) = (p̃2(t, c), q̃2(t, c)). Let d̃ = l−1

(2)γ̃ + d and j̃ = l−1
(2) ĩ+ j as

in Case 3. Then d̃ ≤ j̃ and d̃ ≤ δ for any (i, j) such that bij ̸= 0. Note that (γ̃, d̃) is the
minimum in the sense that 0 ≤ γ̃ ≤ ĩ and d ≤ d̃ ≤ j̃ for any (i, j) such that bij ̸= 0.
Therefore, the Newton polygon of q̃2 has just one vertex (γ̃, d̃), N(q̃2) = D(γ̃, d̃), and
we have the following.

Proposition 3.14 (Ueno, 2019b): If l(1) and l−1
(2) are integers for l(1) in I1

f and l(2) in
I2
f , then f̃2 is holomorphic on a neighbourhood of the origin. More precisely,

f̃2(t, c) =
(
t
δ−l−1

(2)
γ̃
c
l−1
(2)

(δ−d̃){1 + ζ2(t, c)}, tγ̃cd̃{1 + η2(t, c)}
)
,

where ζ2 and η2 → 0 as t and c → 0. Moreover, it has a superattracting fixed point at
the origin if d ≥ 2 or if d = 1, l(1)δ < γ + l(1)d and γ̃ + l(2)d < l(2)δ.

Consequently, we can construct the Böttcher coordinate for f̃2 on {|t| < r, |c| < r},
which induces that for f̃1 on {|z| < r|c|l

−1
(2) , |c| < r} and that for f on U l(1),l(2) .

Remark 3.15: The affine transformation

A

(
i
j

)
=

(
1 0
l−1
2 1

){(
1 l1
0 1

)(
i
j

)
−
(
l1δ
0

)}
is the composition of the two affine transformations

A1

(
i
j

)
=

(
i+ l1j − l1δ

j

)
and A2

(
i
j

)
=

(
i

l−1
2 i+ j

)
.

Although statements similar to below hold for any l(1) in I1
f and l(2) in I2

f , instead
of l1 and l2, we illustrate only the case l(1) = l1 and l(2) = l2 for simplicity. The
transformation A1 maps the basis {(1,−(l1 + l2)

−1), (−l1, 1)} to {(1,−l−1
2 ), (0, 1)}.
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In other words, it maps the line Lk with slope −(l1 + l2)
−1 and the line Lk−1 with

slope −l−1
1 , which intersect at (γ, d), to the line L̃k with slope −l−1

2 and the vertical
line that intersect at (γ̃, d). The transformation A2 maps the basis {(1,−l−1

2 ), (0, 1)} to
{(1, 0), (0, 1)}. In other words, it maps the line L̃k and the vertical line that intersect at
(γ̃, d), to the horizontal and vertical lines that intersect at (γ̃, d̃).

3.3.3 Another explanation of weights

Note that zγwd is not a term in q of lowest degree with respect to z nor of lowest degree
with respect to w. However, it is the unique term in q of lowest weight with l = l(1)
and of lowest weight with l = l(1) + l(2) if (l(1), l(1) + l(2)) belongs to If . Furthermore,
Qn contains the term zγnwdn and it is the unique term in Qn of lowest weight with
l = l(1) and of lowest weight with l = l(1) + l(2) for any n ≥ 1.

4 Case 2: invariant wedges and attracting sets

We deal with Case 2 in this and the next sections: we prove Theorems 2.2 and 2.3, the
main results on invariant wedges and the unions of all the preimages of the wedges,
in this section and prove Theorems 2.4 and 2.5 and Propositions 2.6 and 2.7, the main
results on plurisubharmonic functions, in the next section. Let s > 1,

δ ≤ Ts−1 and (γ, d) = (ns,ms).

Note that γ > 0 and d ≥ 0 by the setting.
Before we give proofs of Theorems 2.2 and 2.3 in Subsection 4.2, we illustrate the

theorems in terms of blow-ups in Subsection 4.1. Actually, we check the following.

Proposition 4.1: Let δ ≤ d. Then f̃ is superattracting at the origin and degenerates
the c-axis for any l > 0. Let δ > d. Then f̃ is superattracting at the origin for any
0 < l < α, even for l = α if d ≥ 2, and degenerates the c-axis for any 0 < l < α unless
(n1,m1) = (0, δ).

Roughly speaking, if f̃ is superattracting at the origin, then the open set U l,∞
r1,r2 should

be invariant under f , where U l,∞
r1,r2 = {|z| < r1, |w| < r2|z|l}, and if f̃ degenerates the

c-axis, then one may expect that Al,∞
f = A0 − Ez .

Remark 4.2 (another illustration of Theorem 2.3): One may expect that the vertical
dynamics eventually converges to the dynamics on the w-axis since pn(z) → 0 as n →
∞. If n1 > 0, then f degenerates the w-axis to the origin and so one may expect that
Theorem 2.3 holds. If n1 = 0, then q(0, w) = bn1m1w

m1(1 + o(1)) and so one may
expect that Theorem 2.3 holds if δ < m1 since p(z) ∼ azδ .

4.1 Illustration of Theorems 2.2 and 2.3 in terms of blow-ups

Recall that f̃ = π−1
1 ◦ f ◦ π1, where π1(z, c) = (z, zlc). Let f̃(z, c) = (p̃(z), q̃(z, c))

and we assume that p(z) = zδ and bγd = 1 for simplicity. Then p̃(z) = zδ and
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q̃(z, c) =
∑

bijz
i+lj−lδcj . Let γ̃ = γ + ld− lδ and ñj = nj + lmj − lδ. The shape of

the Newton polygon N(q̃) of q̃ is useful to check whether f̃ is superattracting at
the origin, and whether f̃ degenerates the c-axis. Recall that A1 maps the line with
slope −l−1 that passes through the point (i, δ) to the vertical line {x = i}, whereas it
preserves all the horizontal lines.

Let us describe the shape of the Newton polygon of q̃ and properties of f̃ for the
cases δ ≤ d, δ > d and δ < Ts−1, and δ > d and δ = Ts−1 in Subsections 4.1.1, 4.1.2
and 4.1.3, respectively, which implies Proposition 4.1.

4.1.1 Case 2: δ ≤ d

Recall that I1
f = [l1,∞) if δ ≤ d. See Table 6 for a summary of the shape of N(q̃) and

properties of f̃ , where the notation SA means that f̃ is superattracting at the origin, and
the notation Deg means that f̃ degenerates the c-axis.

Table 6 Shape of N(q̃) when δ ≤ d

l 0 < l < l1 l1 l1 < l

γ̃ 0 < ñs−1 < γ̃ 0 < γ̃ = ñs−1 < ñj 0 < γ̃ < ñj

0 < ñj for any j for j ≤ s− 2 for j ≤ s− 1

N(q̃) has other vertices than has the only one vertex has the only one vertex
(γ̃, d) (γ̃, d) (γ̃, d)

f̃ SA and Deg SA and Deg SA and Deg

For any l in I1
f , N(q̃) = (γ̃, d) and γ̃ > 0. Hence

q̃(z, c) = zγ̃cd {1 + η(z, c)} ,

where η → 0 as z and c → 0, and f̃ is superattracting at the origin and degenerates the
c-axis. More precisely, γ̃ = ñs−1 < ñj for any 1 ≤ j ≤ s− 2 if l = l1, and γ̃ < ñj for
any 1 ≤ j ≤ s− 1 if l > l1.

On the other hand, for any 0 < l < l1, N(q̃) has other vertices than (γ̃, d),
whereas (γ̃, d) is the vertex of N(q̃) whose y-coordinate is the minimum and γ̃ > 0.
More precisely, the candidates of vertices of N(q̃) are (ñj ,mj)’s, and (ñs−1,ms−1)

is actually one of the vertices of N(q̃). However, since ñj > 0 for any j, f̃ is
superattracting at the origin and degenerates the c-axis.

4.1.2 Case 2: δ > d and δ < Ts−1

Recall that I1
f = [l1, α] if δ > d and δ < Ts−1. See Table 7 for a summary of the shape

of N(q̃) and properties of f̃ .
For any l in I1

f , N(q̃) = (γ̃, d). Moreover, if l < α, then γ̃ > 0 and so f̃ is
superattracting at the origin and degenerates the c-axis. On the other hand, if l = α,
then γ̃ = 0,

q̃(z, c) = cd {1 + η(z, c)} ,
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and so f̃ is superattracting at the origin only if d ≥ 2, and f̃ does not degenerate the
c-axis. For any 0 < l < l1, the same things hold as the previous case. We remark that
if l > α, then γ̃ < 0 and so f̃ is not holomorphic.

Table 7 Shape of N(q̃) when δ > d and δ < Ts−1

l 0 < l < l1 l1 l1 < l < α α

γ̃ 0 < ñs−1 < γ̃ 0 < γ̃ = ñs−1 < ñj 0 < γ̃ < ñj 0 = γ̃ < ñj

0 < ñj for any j for j ≤ s− 2 for j ≤ s− 1 for j ≤ s− 1

N(q̃) has other has the only has the only has the only
vertices one vertex one vertex one vertex

than (γ̃, d) (γ̃, d) (γ̃, d) (γ̃, d) = (0, d)

f̃ SA and Deg SA and Deg SA and Deg SA if d ≥ 2

4.1.3 Case 2: δ > d and δ = Ts−1

If δ = Ts−1, then δ > d and I1
f = {l1} = {α}. The shape of N(q̃) and properties of f̃

differ whether (n1,m1) = (0, δ) or not.
If (n1,m1) ̸= (0, δ), then the situation is somehow similar to the previous case. If

l = α, then γ̃ = ñs−1 = 0 < ñj for any 1 ≤ j ≤ s− 2 and so f̃ is superattracting at the
origin only if d ≥ 2, and it does not degenerate the c-axis. For any 0 < l < l1, the same
things hold as the previous case. See Table 8 for a summary.

Table 8 Shape of N(q̃) when δ = Ts−1 and (n1,m1) ̸= (0, δ)

l 0 < l < l1 = α l1 = α

γ̃ 0 < ñs−1 < γ̃ 0 = γ̃ = ñs−1 < ñj

0 < ñj for any j for j ≤ s− 2

N(q̃) has other vertices than (γ̃, d) has the only one vertex (γ̃, d) = (0, d)

f̃ SA and Deg SA if d ≥ 2

Table 9 Shape of N(q̃) when (n1,m1) = (0, δ)

l 0 < l < l1 = α l1 = α

γ̃ 0 = ñ1 < γ̃ 0 = ñ1 = γ̃

N(q̃) has other vertices than (γ̃, d) has the only one vertex (γ̃, d) = (0, d)

f̃ SA SA if d ≥ 2

On the other hand, if (n1,m1) = (0, δ), then the situation differs from the previous case.
Note that s = 2 for this case. If l = α, then γ̃ = ñ1 = 0,

q̃(z, c) = b0δc
δ + · · ·+ bγdc

d +
∑

i+lj>lδ

bijz
i+lj−lδcj = cd {1 + η(z, c)}

and so f̃ is superattracting at the origin only if d ≥ 2, and f̃ does not degenerate the
c-axis. For any 0 < l < l1, γ̃ > ñ1 = 0,
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q̃(z, c) = b0δc
δ +

∑
i+lj>lδ

bijz
i+lj−lδcj

and so f̃ is superattracting at the origin, but it does not degenerate the c-axis. See
Table 9 for a summary.

4.2 Proof of Theorems 2.2 and 2.3

The following quantity plays an important role in the proofs:

D = Dl = min
{
l−1i+ j|bij ̸= 0

}
.

By definition, D > d for any l > 0 since D ≥ l−1γ + d and γ > 0. Note that l−1i+ j
is the y-intercept of the line with slope −l−1 that passes through (i, j). Hence, for any
l > 0, the minimum is realised by a vertex (nj ,mj). Let (N,M) be such a vertex:
D = l−1M +N . Then we have the following.

Lemma 4.3: It follows that (N,M) = (γ, d) and Ts−1 ≥ D = l−1γ + d ≥ δ for any l in
I1
f . Moreover, D = Ts−1 for l = l1, and D = δ for l = α if δ > d. On the other hand,

(N,M) ̸= (γ, d) and D = l−1M +N ≥ Ts−1 ≥ δ for any 0 < l < l1. More precisely,
(M,N) = (n1,m1) or (M,N) = (nk,mk) for some 2 ≤ k ≤ s− 1

if 0 < l ≤ n2 − n1

m1 −m2
or

nk − nk−1

mk−1 −mk
≤ l ≤ nk+1 − nk

mk −mk+1
.

Consequently, the inequality D ≥ δ holds for any l > 0 if δ ≤ d, and for any 0 < l ≤ α
if δ > d. Let us make clear when the inequality D > δ or the equality D = δ holds.
If δ ≤ d, then D > d ≥ δ for any l > 0. If δ > d, then D ≥ δ for any 0 < l < α, and
D = δ for l = α. More precisely, if δ > d, then the inequality D > δ holds for any 0 <
l < α except the special case; if (n1,m1) = (0, δ), then s = 2 and D = T1 = Ts−1 = δ
for any 0 < l < α.

Lemma 4.4: The inequality D > δ holds for any l > 0 if δ ≤ d and for any 0 < l < α
if δ > d and (n1,m1) ̸= (0, δ). On the other hand, the equality D = δ holds for l = α
if δ > d and for any 0 < l ≤ α if δ > d and (n1,m1) = (0, δ).

4.2.1 Proof of Theorem 2.2

Theorem 2.2 follows from the inequality D ≥ δ. We use the following for the case
D > δ.

Lemma 4.5: For any l > 0 and for any small r1 and r2, there exists a constant C > 0
such that |q(z, w)| ≤ C|z|lD on U l,∞

r1,r2 .

Proof: Since |w| < r2|z|l on U l,∞
r1,r2 and i+ lj ≥ lD for any (i, j) such that bij ̸= 0,

|q(z, w)| ≤
∑

|bij ||z|i|w|j <
∑

|bij |rj2|z|i+lj

=
∑

i+lj=lD

|bij |rj2|z|lD +
∑

i+lj>lD

|bij |rj2|z|i+lj



Dynamics of superattracting skew products on the attracting basins 169

= |z|lD
{ ∑

i+lj=lD

|bij |rj2 +
∑

i+lj>lD

|bij |rj2|z|i+lj−lD
}

≤ |z|lD
{ ∑

i+lj=lD

|bij |rj2 +
∑

i+lj>lD

|bij |rj2r
i+lj−lD
1

}
on U l,∞

r1,r2 . The first sum in the last expression is bounded from above since the set of
the pairs (i, j) such that i+ lj = lD and bij ̸= 0 is finite, and the second sum tends to
0 as r1 → 0 since i+ lj − lD > 0. �

The following is a precise version of Theorem 2.2.

Theorem 4.6: The following holds for any l > 0 if δ ≤ d and for any 0 < l < α if
δ > d: f(U l,∞

r1,r2) ⊂ U l,∞
r1,r2 for suitable small r1 and r2. More precisely, r1 and r2 have

to satisfy the inequality Cr
l(D−δ)
1 < r2 or 2Cr

l(D∗−δ)
1 < r2 for some constants C and

D∗ if D > δ or D = δ, where D∗ > δ.

Proof: Let U = U l,∞
r1,r2 in the proof. Since the inequality |p(z)| < r1 is trivial, it is

enough to show the existence of r1 and r2 such that |q(z, w)| < r2|p(z)|l for any (z, w)
in U . We have the inequality D ≥ δ by Lemma 4.4. The proof differs whether D > δ
or D = δ.

We first consider the case D > δ. It follows from Lemma 4.5 that

|p(z)| > C1|z|δ and |q(z, w)| ≤ C2|z|lD on U

for some constants C1 and C2. Hence∣∣∣∣q(z, w)p(z)l

∣∣∣∣ < C2|z|lD

(C1|z|δ)l
=

C2

Cl
1

|z|l(D−δ) < Cr
l(D−δ)
1 on U,

where C = C2 · C−l
1 . Since D > δ, the map f preserves U if Cr

l(D−δ)
1 < r2.

We next consider the case D = δ; that is, the special case (n1,m1) = (0, δ). Recall
that δ > d and (N,M) = (n1,m1) for any 0 < l < α if (n1,m1) = (0, δ). Let us
assume that p(z) = zδ for simplicity. Then∣∣∣∣q(z, w)p(z)l

∣∣∣∣ ≤ ∑
|bij ||z|i|w|j

|z|lδ
≤
∑

|bij |rj2|z|i+lj−lδ

=
∑

i+lj=lδ

|bij |rj2 +
∑

i+lj>lδ

|bij |rj2|z|i+lj−lδ

= |bNM |rM2 +
∑

i+lj>lδ

|bij |rj2|z|i+lj−lδ on U.

Since M = m1 = δ ≥ 2, |bNM |rM2 ≤ |bNM |r22 < r2/2 if r2 < (2|bNM |)−1. Let

D∗ = min
{
l−1i+ j|(i, j) ̸= (0, δ) and bij ̸= 0

}
.

Then D∗ > D = δ and the following inequality holds on U for some constant C:∑
i+lj>lδ

|bij |rj2|z|i+lj−lδ =
{ ∑

i+lj≥lD∗

|bij |rj2|z|i+lj−lD∗
}
|z|l(D

∗−δ)

<
{ ∑

i+lj≥lD∗

|bij |rj2r
i+lj−lD∗

1

}
r
l(D∗−δ)
1 ≤ Cr

l(D∗−δ)
1 .
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Therefore, if 2Cr
l(D∗−δ)
1 < r2 < (2|bNM |)−1, then∣∣∣∣q(z, w)p(z)l

∣∣∣∣ < r2
2

+
r2
2

= r2.

�

Remark 4.7: As the same strategy, we can show that the statement in the theorem above
holds even for l = α if δ > d ≥ 2, without using the fact f ∼ f0 on Ur as in Lemmas
2.1 and 3.1. Let us give a short proof. As in the proof above,∣∣∣∣q(z, w)p(z)l

∣∣∣∣ ≤ ∑
i+αj=αδ

|bij |rj2 +
∑

i+αj>αδ

|bij |rj2|z|i+αj−αδ on Uα,∞
r1,r2 .

Note that the set of the pairs (i, j) such that i+ αj = αδ and bij ̸= 0 is finite, which
includes (γ, d), and the minimum j such that i+ αj = αδ is d. Since d ≥ 2, the first
sum is less than r2/2 for small r2. Let

D∗ = min
{
α−1i+ j|(i, j) ̸= (γ, d) and bij ̸= 0

}
if δ < Ts−1, and

D∗ = min
{
α−1i+ j|i+ αj > αδ and bij ̸= 0

}
if δ = Ts−1.

Then D∗ > D = δ and the second sum is less than or equal to Cr
l(D∗−δ)
1 for some

constant C, which is less than r2/2 for small r1.

Remark 4.8: As in the proof above, if D > δ, then r1 has to satisfy the inequality

r1 ≤
(r2
C

) 1
l(D−δ)

.

Note that l(D − δ) = N + lM − lδ → N as l → 0, and N = n1 for small enough l by
Lemma 4.3. Hence, for small enough l, it is enough to satisfy the inequality

r1 ≤
(r2
C

) 1
n1

.

Therefore, r1 need not converge to 0 as l → 0.

4.2.2 Proof of Theorem 2.3

Let V l = {0 < |z| < r, r|z|l ≤ |w| < r3}. Then the union U l,∞ ∪ V l ∪ {z = 0} is a
neighbourhood of the origin.

Lemma 4.9: For any l > 0 and for any small r and r3, there exists a constant C > 0
such that |q(z, w)| ≤ C|w|D on V l.

Proof: Since |z| ≤ (r−1|w|)l−1 on V l,

|q(z, w)| ≤
∑

|bijziwj | ≤
∑

|bij |r−l−1i|w|l
−1i+j

=
∑

i+lj=lD

|bij |r−l−1i|w|D +
∑

i+lj>lD

|bij |r−l−1i|w|l
−1i+j

≤ |w|D
{ ∑

i+lj=lD

|bij |r−l−1i +
∑

i+lj>lD

|bij |r−l−1ir
(l−1i+j)−D
3

}
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on V l. The first sum in the last expression is bounded from above since the set of the
pairs (i, j) such that i+ lj = lD and bij ̸= 0 is finite, and the second sun tends to 0 as
r3 → 0 since l−1i+ j −D > 0. �

The proposition below follows from the inequality D > δ and the lemma above, which
implies Theorem 2.3.

Proposition 4.10: The following holds for any l > 0 if δ ≤ d and for any 0 < l < α if
δ > d and (n1,m1) ̸= (0, δ): for any (z, w) in V l with suitable small r and r3, there
exists an integer n such that fn(z, w) belongs to U l,∞.

Proof: It follows from Lemma 4.9 that

|p(z)| > (C1|z|)δ and |q(z, w)| < (C2|w|)D on V l

for some constants C1 and C2. We derive a contradiction by assuming that fn(z, w)
belongs to V l for all n > 0. Let fn(z, w) = (zn, wn). Then r|zn|l ≤ |wn| by the
assumption. Since

|zn| > C
δn−1
δ−1

1 |z|δ
n

> C
δn

δ−1

1 |z|δ
n

and |wn| < C
Dn−1
D−1

2 |w|D
n

< C
Dn

D−1

2 |w|D
n

,

we have the inequality

r(C
1

δ−1

1 |z|)lδ
n

< r|zn|l ≤ |wn| < (C
1

D−1

2 |w|)D
n

.

Recall that D > δ by Lemma 4.4. By taking r and r3 small enough, we may assume
that C

1
δ−1

1 r < 1 and C
1

D−1

2 r3 < 1. Therefore, the convergence speed of (C
1

D−1

2 |w|)Dn

is faster than that of {(C
1

δ−1

1 |z|)l}δn , which contradict the inequality above. �

5 Case 2: plurisubharmonic functions

We continue the study of the dynamics for Case 2. We show the existence and properties
of plurisubharmonic functions and prove Theorems 2.4 and 2.5 and Propositions 2.6 and
2.7 in this section, assuming that a = bγd = 1.

We first deal with the monomial skew products in Subsection 5.1. Although they
are not exactly in Case 2, the investigation in this subsection is helpful to understand
the other cases. We then deal with the case δ < Ts−1 and d ≥ 1 in Subsection 5.2. The
Böttcher coordinate exists for this case, and the dynamics depends on the magnitude
relation between δ and d. The case d = 0 is dealt with in Subsection 5.3. We finally
deal with the case δ = Ts−1 in Subsection 5.4, which is separated into the subcases
ns−1 > 0 and ns−1 = 0. One may refer Table 1 in Subsection 2.1 for a comparison
chart.

Theorem 2.4 follows from Propositions 5.5, 5.7 and 5.26. Theorem 2.5 follows from
Proposition 5.8, Corollary 5.9, Propositions 5.25, 5.28 and 5.29. Propositions 2.6 and
2.7 follow from Corollaries 5.17 and 5.22, respectively.
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5.1 Monomial maps

Let f0(z, w) = (zδ, zγwd), δ ≥ 2, γ ≥ 0, d ≥ 1 and γ + d ≥ 2. Then f0 has a
superattracting fixed point at the origin. Let

α =
γ

δ − d

if δ ̸= d. Note that α < 0 if δ < d, and α > 0 if δ > d.
Let fn

0 (z, w) = (zn, wn). Then zn = zδ
n and wn = zγnwdn , where

γn = α(δn − dn) if δ ̸= d, and γn = nγdn−1 if δ = d.

It is clear that Gp(z) = log |z|.
We first consider the case δ ̸= d. If δ ̸= d and z ̸= 0, then

|wn| =
∣∣∣zα(δn−dn)wdn

∣∣∣ = ∣∣∣∣zαδn ( w

zα

)dn∣∣∣∣ .
Hence∣∣∣∣wn

zαn

∣∣∣∣ = ∣∣∣ wzα ∣∣∣d
n

and so Gα
z (w) = log

∣∣∣ w
zα

∣∣∣ .
Lemma 5.1: If δ < d, then Gα

z (w) = log |z−αw| on C2. If δ > d and γ > 0, then
Gα

z (w) = log |w/zα| on {z ̸= 0}. If δ ̸= d and γ = 0, then Gα
z (w) = log |w| on C2.

We also have the following.

Lemma 5.2: If δ < d, then Gz(w) = log |z−αw| on C2. If δ > d and γ > 0, then
Gz(w) = α log |z| on {w ̸= 0} and Gz(w) = −∞ on {w = 0}. If δ > d and γ = 0,
then Gz(w) = 0 on {w ̸= 0} and Gz(w) = −∞ on {w = 0}.

Proof: If δ < d, then

Gz(w) = lim
n→∞

1

dn
log
∣∣∣∣zαδn ( w

zα

)dn∣∣∣∣ = lim
n→∞

1

dn
log
∣∣∣∣ (z−αw)d

n

(z−α)δn

∣∣∣∣
= log

∣∣z−αw
∣∣− lim

n→∞
(−α)

(
δ

d

)n

log |z| = log
∣∣z−αw

∣∣
on {z ̸= 0}. It is clear that Gz(w) = −∞ on {z = 0}.

If δ > d and γ > 0, then

Gz(w) = lim
n→∞

1

δn
log
∣∣∣∣zαδn ( w

zα

)dn∣∣∣∣
= α log |z|+ lim

n→∞

(
d

δ

)n

log
∣∣∣ w
zα

∣∣∣ = α log |z|

on {zw ̸= 0}. It is clear that Gz(w) = −∞ on {zw = 0}. �

Remark 5.3: If δ ̸= d, then f0 is semiconjugate to the product (z, c) → (zδ, cd) by
π(z, c) = (zδ−d, zγc). We can replace π by π(z, c) = (z, zαc) if α is an integer.
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We next consider the case δ = d. If δ = d and z ̸= 0, then

wn = znγd
n−1

wdn

and so G∞
z (w) = log |w|.

If δ = d, γ > 0 and |z| < 1, then

Gz(w) = lim
n→∞

1

dn
log
∣∣∣znγdn−1

wdn
∣∣∣

= lim
n→∞

{
n
γ

d
log |z|+ log |w|

}
= −∞.

Lemma 5.4: If δ = d and γ > 0, then G∞
z (w) = log |w| on {z ̸= 0} and Gz(w) = −∞

on {|z| < 1}. If δ = d and γ = 0, then G∞
z (w) = Gz(w) = log |w| on C2.

These lemmas can be summarised into the following two tables.

Table 10 Psh functions for monomial maps when γ > 0

Gα
z or G∞

z Gz A0

δ < d log
∣∣z−αw

∣∣ on C2 log
∣∣z−αw

∣∣ on C2 {|z| < 1, |z−αw| < 1}
δ > d log |w/zα| on {z ̸= 0} α log |z| on {w ̸= 0} {|z| < 1}
δ = d log |w| on {z ̸= 0} −∞ on {|z| < 1} {|z| < 1}

Table 11 Psh functions for monomial maps when γ = 0

Gα
z or G∞

z Gz A0

δ < d log |w| on C2 log |w| on C2 {|z| < 1, |w| < 1}
δ > d log |w| on C2 0 on {w ̸= 0} {|z| < 1, |w| < 1}
δ = d log |w| on C2 log |w| on C2 {|z| < 1, |w| < 1}

5.2 Case 2: δ < Ts−1 and d ≥ 1

Let δ < Ts−1 and d ≥ 1 in this subsection. Then the Böttcher coordinate exists on
U . The dynamics differs whether δ < d, δ = d or δ > d. Recall that α < 0 and I1

f =

[l1,∞) if δ < d, that I1
f = [l1,∞) if δ = d, and that α > 0 and I1

f = [l1, α] if Ts−1 >
δ > d.

We first show the existence and properties of plurisubharmonic functions on Al,∞
f

for any l in I1
f or I1

f − {α} in Subsection 5.2.1, and then evaluate the limit supremum
and inferior of Gα

z toward the boundary ∂Al,∞
f in Subsections 5.2.2 and 5.2.3,

respectively.

5.2.1 Existence and basic properties

Because f is conjugate to f0 on U l,∞ for any l in I1
f if d ≥ 2 and for any l in I1

f − {α}
if d = 1, the limit Gα

z or G∞
z exists on U l,∞, where U l,∞ = {|z| < r, |w| < r|z|l}.

More precisely, as shown below,
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Gα
z (w) = log |ϕ1(z)

−αϕ2(z, w)|
= log |z−αw|+ o(1) on U l,∞

r as r → 0 if δ < d,
G∞

z (w) = log |ϕ2(z, w)|
= log |w|+ o(1) on U l,∞

r as r → 0 if δ = d,

Gα
z (w) = log

∣∣∣∣ϕ2(z, w)

ϕ1(z)α

∣∣∣∣
= log

∣∣∣ w
zα

∣∣∣+ o(1) on U l,∞
r as r → 0 if δ > d,

where ϕ = (ϕ1, ϕ2) is the Böttcher coordinate for f on U l,∞. It extends to a
plurisubharmonic function on Al,∞

f via the equations Gα ◦ f = dGα and G∞ ◦ fn =

dnG∞ + nγdn−1Gp ◦ πz , where Gα(z, w) = Gα
z (w), G∞(z, w) = G∞

z (w) and πz is
the projection to the z-coordinate. We remark that |ϕ1| and |ϕ2| extend to continuous
functions from Al,∞

f to [0, 1). Theorem 2.3 indicates that Al,∞
f = A0 − Ez for any l in

I1
f if d ≥ 2 and for any l in I1

f − {α} if d = 1. Consequently, we obtain the following.

Proposition 5.5: Let δ < Ts−1. If δ < d, then Gα
z = Gz on A0. It is plurisubharmonic

and negative on A0 − Ez , pluriharmonic on A0 − E and −∞ on E ∩A0. Moreover,
Gα

z (w) = log |z−αw|+ o(1) on U l1,∞
r as r → 0. If δ = d or δ > d ≥ 1, then G∞

z or
Gα

z is plurisubharmonic on A0 − Ez . It is pluriharmonic on A0 − E, −∞ on Ew − Ez ,
∞ on Ez − Ew and not defined on Ez ∩ Ew. Moreover, G∞

z (w) = log |w|+ o(1) or
Gα

z (w) = log |w/zα|+ o(1) on U l1,∞
r as r → 0.

Proof: We only give a proof of the equality Gα
z = Gz on A0 for the case δ < d; the

other parts follow from the lemma below. Let δ < d and (zn, wn) = fn(z, w). Then

Gα
z (w) = lim

n→∞

1

dn
log
∣∣∣∣wn

zαn

∣∣∣∣ = lim
n→∞

1

dn
log |wn| − lim

n→∞

α

dn
log |zn|

= Gz(w)− 0 = Gz(w) on U l1,∞,

which extends to A0 − Ez . The equality Gα
z = −∞ on Ez follows from the definition.

On the other hand, the equality Gz = −∞ on Ez ∩A0 follows from the dynamics of f
on the w-axis. In fact, q(0, w) degenerates the w-axis to the origin if n1 > 0, or it has
a superattracting fixed point at w = 0 with the order m1 if n1 = 0, where m1 > d. �

Lemma 5.6: Let δ < Ts−1. If δ < d, then Gp = log |ϕ1| on {|z| < r} and Gα
z =

log
∣∣ϕ−α

1 ϕ2

∣∣ on U l1,∞. If δ = d, then G∞
z = log |ϕ2| on U l1,∞. If δ > d ≥ 1, then

Gα
z = log |ϕ2/ϕ

α
1 | on U l1,∞.

Proof: We treat explicitly only the case δ < d and the case δ = d, the case δ > d being
completely analogous to the case δ < d and left to the reader.

Let δ < d. Since fn
0 (z, w) = (zδ

n

, zγnwdn

), formally,

f−n
0 (Z,W ) =

(
Z1/δn ,

(
W

Zγn/δn

)1/dn)
.
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Let (zn, wn) = fn(z, w). Since ϕ(z, w) = limn→∞ f−n
0 ◦ fn(z, w),

ϕ(z, w) = lim
n→∞

(
z1/δ

n

n ,

(
wn

z
γn/δn
n

)1/dn)
.

We remark that the composition f−n
0 ◦ fn is well-defined and converges uniformly to ϕ

on U l1,∞ as stated in Ueno (2019b). Hence log |ϕ1(z)| = limn→∞ δ−n log |zn| = Gp(z)
and, since γn = α(δn − dn),

log |ϕ2(z, w)| = lim
n→∞

log

∣∣∣∣∣
(

wn

z
γn/δn
n

)1/dn∣∣∣∣∣ = lim
n→∞

log

∣∣∣∣∣zα/δnn

(
wn

zαn

)1/dn ∣∣∣∣∣
= lim

n→∞

α

δn
log |zn|+ lim

n→∞

1

dn
log
∣∣∣∣wn

zαn

∣∣∣∣ = αGp(z) +Gα
z (w).

Therefore, Gα
z (w) = log |ϕ2(z, w)| − α log |ϕ1(z)| = log |ϕ1(z)

−αϕ2(z, w)| on U l,∞.
Let δ = d. Since γn = nγdn−1,

ϕ2(z, w) = lim
n→∞

(
wn

z
γn/dn

n

)1/dn

= lim
n→∞

(
wn

z
nγ/d
n

)1/dn

and so

log |ϕ2(z, w)| = lim
n→∞

1

dn
log
∣∣∣∣ wn

z
nγ/d
n

∣∣∣∣ = G∞
z (w) on U l1,∞.

�

Moreover, Gα
z is plurisubharmonic on A0 if δ < d.

Proposition 5.7: If δ < d, then Gα
z is plurisubharmonic on A0.

Proof: There is a constant C > 0 such that |q(z, w)| ≤ C|w|d on a neighbourhood of
the origin, because d ≤ j for any j such that bij ̸= 0. Hence we have the inequality

A|q(z, w)| ≤ (A|w|)d

on the neighbourhood, where A = |C|1/(d−1). Let gn(z, w) = d−n log |Awn|. Then
gn+1 ≤ gn and so {gn} is a decreasing sequence of plurisubharmonic functions.
Therefore, gn converges to a plurisubharmonic function g∞ on the neighbourhood.
Since gn(z, w) = d−n log |wn|+ d−n log |A|, it follows that g∞(z, w) = Gα

z (w). �

The limit Gz also exists on U l1,∞, which extends to A0.

Proposition 5.8: Let δ < Ts−1. If δ < d, then Gz = Gα
z on A0. If δ = d, then Gz =

−∞ on A0. If δ > d ≥ 1, then Gz = αGp ◦ πz on A0 − Ew and −∞ on Ew. It is
plurisubharmonic on A0 − (Ew − Ez), pluriharmonic on A0 − E and −∞ on E ∩A0.

Proof: We give proofs for the case δ = d and the case δ > d; the claim for the case
δ < d is already stated in Proposition 5.5.
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Let δ = d. It follows that

G∞
z (w) = lim

n→∞

1

dn
log
∣∣∣∣ wn

z
nγ/d
n

∣∣∣∣ = lim
n→∞

1

dn
log |wn| − lim

n→∞

nγ

d
· 1

dn
log |zn|

= Gz(w)−∞ ·Gp(z) = Gz(w) +∞.

Since G∞
z < ∞ on A0 − Ez , Gz = −∞ on A0 − Ez . The equality Gz = −∞ on Ez ∩

A0 follows from the dynamics on the w-axis as the same as the proof of Proposition 5.5.
Let δ > d. It follows that

Gz(w)− αGp(z) = lim
n→∞

1

δn
log |wn| − lim

n→∞

α

δn
log |zn| = lim

n→∞

1

δn
log
∣∣∣∣wn

zαn

∣∣∣∣
= lim

n→∞

(
d

δ

)n

· 1

dn
log
∣∣∣∣wn

zαn

∣∣∣∣ = 0 ·Gα
z (w) = 0

on U l1,∞ − {w = 0}, which extends to A0 − E. The equality Gz = −∞ on Ew

follows from the definition, and the equality Gz = −∞ on Ez ∩A0 follows from the
dynamics on the w-axis as the same as the proof of Proposition 5.5. �

The existence of Gz implies that of Gf or Gα
f if δ ≥ d.

Corollary 5.9: Let δ < Ts−1. If δ = d, then Gf = Gp ◦ πz on A0. If δ > d ≥ 1, then
Gα

f = αGp ◦ πz on A0.

5.2.2 Asymptotic behaviour of Gα
z toward ∂Al,∞

f : limit supremum

Let Sl = {|z| < r, |w| = r|z|l} = ∂U l,∞ ∩ {|z| < r} and Sl
n = f−n(Sl). Let Edeg be

the union of all the preimages of the set of vertical lines in Ap × C that are degenerated
to points by f :

Edeg =
∪
L

{ ∪
n≥0

f−n(L)
}
, (1)

where L is a fibre in Ap × C that is degenerated to a point by f . Note that Edeg can be
the empty set or included in Ez , which holds if f is monomial. Let E∗

deg = πz(Edeg).

Remark 5.10: If δ < d, then f maps {w = 0} to itself. Hence f(Edeg) ⊂ {w = 0} and
so Edeg ⊂ Af ∪ Ez .

Lemma 5.11: If δ < d or δ = d, then for any l in I1
f and for any z in Ap − Ep ∪ E∗

deg,
we have that Sl

n ∩ Cz ̸= ∅ for any large n, and Gα
z |Sl

n
→ 0 or G∞

z |Sn → +∞ as n →
∞, respectively, where Cz = {z} × C. Let Ts−1 > δ > d ≥ 1. Then for any l in I1

f if
d ≥ 2, for any l in I1

f − {α} if d = 1, and for any z in Ap − Ep ∪ E∗
deg, we have that

Sl
n ∩ Cz ̸= ∅ for any large n, and

Gα
z |Sl

n
→

{
∞ as n → ∞ if l1 ≤ l < α,

0 as n → ∞ if l = α and d ≥ 2.
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The proof for the case δ < d is similar to that of Theorem 4.5 in Ueno (2016a), but not
the same; we deal with any l in I1

f not only α. We also remark that one can prove the
lemma for the case δ < d by a similar fashion to Theorem 5.4 in Ueno (2016a) since
Gα

z = Gz . Let fn(z, w) = (pn(z), Qn
z (w)).

Proof: Let z ∈ Ap and N ≥ 1 the smallest integer such that |pN (z)| < r. Then Sl
n ∩

Cz = ∅ for any n ≥ 1 if z ∈ E∗
deg and fN (Cz) /∈ U l,∞ and for any n ̸= N if z ∈ E∗

deg

and fN (Cz) ∈ U l,∞. On the other hand, if z /∈ E∗
deg, then (Qn

z )
−1(U l,∞ ∩ Cpn(z)) ̸= ∅

and hence Sl
n ∩ Cz ̸= ∅ for any n ≥ N + 1.

Let δ < d. By Proposition 5.5, there is a constant C > 0 such that∣∣Gα
z (w)− log

∣∣z−αw
∣∣∣∣ < C on U l,∞.

Since |z−αw| = r|z|l−α on Sl, where l − α > l ≥ l1 > 0,∣∣∣Gα
pn(z)(Q

n
z (w))− log r|pn(z)|l−α

∣∣∣ ≤ C on Sl
n.

Since Gα
pn(z)(Q

n
z (w)) = dnGα

z (w),∣∣Gα
z (w)− d−n log r|pn(z)|l−α

∣∣ ≤ d−nC on Sl
n.

Fix any z in Ap − Ep ∪ E∗
deg. Note that Gp(z) ̸= −∞ since z /∈ Ep. Since deg p = δ <

d,

1

dn
log |pn(z)|l−α =

(
δ

d

)n

· l − α

δn
log |pn(z)| → 0 · (l − α)Gp(z) = 0

and d−nC → 0 as n → ∞.
Let δ = d. By Proposition 5.5, there is a constant C > 0 such that

|G∞
z (w)− log |w|| < C on U l,∞.

Since |w| = r|z|l on Sl
n,∣∣∣G∞

pn(z)(Q
n
z (w))− log r|pn(z)|l

∣∣∣ ≤ C on Sl
n.

Since G∞
pn(z)(Q

n
z (w)) = dnG∞

z (w) + nγdn−1Gp(z),∣∣∣∣G∞
z (w) + n

γ

d
Gp(z)−

log r
dn

− l

dn
log |pn(z)|

∣∣∣∣ ≤ C

dn
on Sl

n.

Since deg p = δ = d and Gp(z) ̸= −∞ by the setting,

−n
γ

d
Gp(z) +

l

dn
log |pn(z)| → ∞− lGp(z) = ∞

as n → ∞.
Let δ > d. The proof is similar to the case δ < d except the assumptions of δ and

d, and thus α. By Proposition 5.5, there is a constant C > 0 such that∣∣∣Gα
z (w)− log

∣∣∣ w
zα

∣∣∣∣∣∣ < C on U l,∞.
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Since |z−αw| = r|z|l−α on Sl and Gα
pn(z)(Q

n
z (w)) = dnGα

z (w), where l − α ≤ 0,∣∣Gα
z (w)− d−n log r|pn(z)|l−α

∣∣ ≤ d−nC on Sl
n.

If l < α and d ≥ 2, then

1

dn
log |pn(z)|l−α =

(
δ

d

)n

· l − α

δn
log |pn(z)| → ∞ · (l − α)Gp(z) = ∞

as n → ∞ since deg p = δ > d and Gp(z) ̸= −∞. If l < α and d = 1, then

log |pn(z)|l−α = (l − α) log |pn(z)| → (l − α) · (−∞) = ∞

as n → ∞. On the other hand, if l = α and d ≥ 2, then

d−n log r|pn(z)|l−α = d−n log r → 0

and d−nC → 0 as n → ∞. �

We want to show that Sl
n converges to the boundary ∂Al,∞

f in Ap × P1 as n → ∞. Let
Sl
∞ be the set of the accumulation points of Sl

n in Ap × P1 as n → ∞:

Sl
∞ = {x ∈ Ap × P1|∃xk ∈ Sl

nk
such that xk → x and nk → ∞ as k → ∞}.

Since the sequence f−n(U l,∞) is monotonically increasing,

Sl
∞ = {x ∈ Ap × P1|∃xn ∈ Sl

n such that xn → x as n → ∞}.

Lemma 5.12: Let δ < Ts−1. For any l in I1
f if d ≥ 2, for any l in I1

f − {α} if d = 1,
and for any n ≥ 0,

1 f−n(∂U l,∞) = ∂f−n(U l,∞)

2 fn(f−n(∂U l,∞)) ⊂ ∂U l,∞

3 f−n(Sl) = f−n(∂U l,∞) ∩ {(z, w)||pn(z)| < r1}

4 fn(f−n(Sl)) ⊂ Sl

5 f−1(∂Al,∞
f ) = ∂Al,∞

f and f(∂Al,∞
f ) ⊂ ∂Al,∞

f

6 f−1(Sl
∞) = Sl

∞ and f(Sl
∞) ⊂ Sl

∞.

Moreover, if f is surjective on Ap × C, then fn(f−n(∂U l,∞)) = ∂U l,∞,
fn(f−n(Sl)) = Sl, f(∂Al,∞

f ) = ∂Al,∞
f and f(Sl

∞) = Sl
∞. This condition means that

f(Ap × C) = Ap × C and implies that Edeg = ∅.

We only give an outline of the proof of equation (1). The inclusion f−n(∂U) ⊃
∂f−n(U) follows since f is continuous. The inverse inclusion f−n(∂U) ⊂ ∂f−n(U)
follows from the simplicity of the shape of U .
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Remark 5.13: As shown in Lemma 2.1, f(U l,∞) ⊂ U l,∞ for any l in I1
f if d ≥ 2 and

for any l in I1
f − {α} if d = 1. With a slight change of the proof, one can show that

f(U l,∞)− {0} ⊂ U l,∞ and f(U l,∞) ∩ ∂U l,∞ = {0}.

Hence, for any l in I1
f if d ≥ 2, for any l in I1

f − {α} if d = 1, and for any n ≥ 0,

f−n(U l,∞)− f−n(0) ⊂ f−(n+1)(U l,∞) and
f−n(U l,∞) ∩ ∂f−(n+1)(U l,∞) = f−n(0).

Let limn→∞ f−n(∂U l,∞) be the set of the accumulation points of f−n(∂U l,∞) in
Ap × P1 as n → ∞. The monotonicity of f−n(U l,∞) and Lemma 5.12 induce the
following.

Proposition 5.14: Let δ < Ts−1. Then limn→∞ f−n(∂U l,∞) = ∂Al,∞
f for any l in I1

f

if d ≥ 2 and for any l in I1
f − {α} if d = 1.

Proof: Let U = U l,∞ and let us denote limn→∞ by lim in the proof for simplicity.
We first show the inclusion lim f−n(∂U) ⊂ ∂Af . Let x ∈ lim f−n(∂U). Then we

may assume that there exist xn ∈ f−n(∂U) such that xn → x as n → ∞. Lemma 5.12
implies that f−n(∂U) = ∂f−n(U) ⊂ f−n(U) ⊂ Af . Since Af is closed, x ∈ Af .
Let us show that x ∈ ∂Af by contradiction. If x ∈ Af , then there exists N such
that fN (x) ∈ U . Hence x ∈ f−N (U) and so xn ∈ f−N (U) for any large n, which
contradicts the fact that ∂f−n(U) ∩ f−N (U) = ∅ for any n > N .

We next show the opposite direction. Let x ∈ ∂Af . Then x ∈ Af and so we
may assume that there exists xn ∈ f−n(U) such that xn → x as n → ∞. Any
path connecting x and xn intersects with ∂f−n(U). Let yn be the intersection of
∂f−n(U) and the segment connecting x and xn. Then yn → x as n → ∞ and so
x ∈ lim ∂f−n(U), which coincides with lim f−n(∂U) by Lemma 5.12. �

Since Sl = ∂U l,∞ ∩ {|z| < r} and limn→∞ f−n(∂U l,∞ − Sl) ⊂ ∂Ap × P1, the
proposition above implies the following.

Corollary 5.15: Let δ < Ts−1. Then Sl
∞ ⊂ ∂Al,∞

f and Sl
∞ ∩ (Ap × P1) = ∂Al,∞

f ∩
(Ap × P1) for any l in I1

f if d ≥ 2 and for any l in I1
f − {α} if d = 1.

We obtain the proposition below from Lemma 5.11 and the corollary above. More
precisely, we can remove E∗

deg from the exceptional set because the estimate of Gα
z |Sl

n

or G∞
z |Sl

n
is locally uniform over Ap − Ep; e.g., if δ < d, then for any z0 in Ap − Ep

and for any ε > 0, there is a neighbourhood of z0 in Ap − Ep and an integer N such
that |Gα

z |Sl
n
| < ε for any z in the neighbourhood and for any n ≥ N .

Proposition 5.16: For any l in I1
f and for any (z0, w0) in ∂Al,∞

f ∩ {(Ap − Ep)× P1},

lim sup(z,w)∈Al,∞
f →(z0,w0)

Gα
z (w) = 0 if δ < d,

lim sup(z,w)∈Al,∞
f →(z0,w0)

G∞
z (w) = ∞ if δ = d.
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Let Ts−1 > δ > d ≥ 1. Then for any (z0, w0) in ∂Al,∞
f ∩ {(Ap − Ep)× P1},

lim sup
(z,w)∈Al,∞

f →(z0,w0)

Gα
z (w) =

{
∞ if l1 ≤ l < α,

0 if l = α and d ≥ 2.

This proposition implies the following, the equalities in which also follow from
Theorem 2.3.

Corollary 5.17: Let δ < Ts−1. If δ ≤ d, then Al,∞
f = Al1,∞

f for any l in I1
f . If

δ > d ≥ 2, then Aα,∞
f ( Al,∞

f = Al1,∞
f for any l in I1

f − {α}.

Proof: We treat explicitly only the case δ < d, the other cases being similar to or simpler
than the case δ < d and left to the reader. Let δ < d. By definition, Al,∞

f ⊂ Al1,∞
f for

any l > l1. We derive the contradiction, assuming that the equality Al,∞
f = Al1,∞

f does
not hold. Let G = Gα

z = Gz and ∂A = ∂Al,∞
f ∩Al1,∞

f . If the equality above does not
hold, then ∂A ̸= ∅. Since G is plurisubharmonic on Al1,∞

f and since Al,∞
f ∩ Ez = ∅,

it follows from the proposition above that G ≥ 0 on ∂A. On the other hand, G ≤ 0
on Al1,∞

f since G = limn→∞ d−n log |wn| and |wn| → 0 as n → ∞ on Al1,∞
f . Hence

G = 0 on ∂A, which contradicts the maximum principle for G. �

5.2.3 Asymptotic behaviour of Gα
z toward ∂Al,∞

f : limit inferior

It follows from the assumption mj ≥ d ≥ 1 that f maps {w = 0} to itself. If f−1{w =

0} ) {w = 0}, then we expect that the limit infimum of Gα
z toward ∂Al,∞

f is −∞
since Gα

z = −∞ on Ew − Ez . Actually, we obtain the following with the assumption
that q is polynomial, which guarantees the surjectivity of the function.

Proposition 5.18: Let δ < Ts−1. If q is polynomial and f−1{w = 0} ) {w = 0}, then
for any l in I1

f if d ≥ 2, for any l in I1
f − {α} if d = 1, and for any z in Ap − Ep ∪

E∗
deg ,

lim inf
w∈Al,∞

f ∩Cz→∂Al,∞
f ∩P1

z

Gα
z (w) = −∞,

where Cz = {z} × C and P1
z = {z} × P1.

Proof: Fix any l in I1
f or I1

f − {α} and any z in Ap − Ep ∪ E∗
deg. It is enough to show

that Ew ∩ Cz accumulates to ∂Al,∞
f ∩ P1

z since Gα
z = −∞ on Ew − Ez .

Let fn(z, w) = (pn(z), Qn
z (w)). In other words, let

Qn
z (w) = qzn−1 ◦ · · · ◦ qz1 ◦ qz(w),

where zj = pj(z). Hence Qn
z is the composition of n holomorphic functions on w, which

are not constant since z /∈ E∗
deg.

We first check that the cardinality of (Qn
z )

−1(0) tends to infinity as n → ∞.
Let q(z, w) = wdh(z, w) and H = {z ∈ C|∃w ̸= 0 such that h(z, w) = 0}. Then H =
{z ∈ C|q−1

z (0) ) {0}} and it is enough to show that H is the complement of only
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finitely many points. Because h is polynomial and depends non-trivially on w, {z ∈
C|∃w such that h(z, w) = 0} = C. On the other hand, {z ∈ C|h(z, 0) = 0} is a finite
set. If not, it follows from the identity theorem that h(z, 0) ≡ 0, which contradicts the
minimality of d. Therefore, H is the complement of only finitely many points.

We next show that (Qn
z )

−1(0)− {0} converges to ∂Al,∞
f ∩ P1

z as n → ∞, which
completes the proof. Let wn be a point in (Qn

z )
−1(0)− {0} and {wnk

} a subsequence
of {wn} that converges to a point w∞. Assuming that w∞ belongs to Al,∞

f ∩ Cz , we
derive the contradiction. Since (z, w∞) belongs to Al,∞

f , there is an integer N such that
fN maps a neighbourhood of (z, w∞) to U l,∞. Because f ∼ f0 on U l,∞

r as r → 0,
it follows for each sufficient large k that Qn

zN (QN
z (wnk

)) = Qn+N
z (wnk

) ̸= 0 for any
n ≥ 0. Hence Qnk

z (wnk
) = Qn+N

z (wnk
) ̸= 0 for n = nk −N , which contradicts the

definition of wnk
. �

Remark 5.19: The assumption q being polynomial may be removable, which is used
only to guarantee that H is the complement of finitely many points.

Question 5.20: It is known that if p is polynomial and p−1(0) ) {0}, then p−n(0)− {0}
converges to Jp densely. Does the same or similar thing hold for skew products? More
precisely, if f is polynomial and f−1{w = 0} ) {w = 0}, then does [f−n{w = 0} −
{w = 0}] ∩ (Ap × C) converge to ∂Af ∩ (Ap × P1) densely? One may expect that this
is true from the results by Dinh and Sibony (2008) and, if this holds, then we can revise
the proposition above as follows: for any l in I1

f if d ≥ 2, for any l in I1
f − {α} if

d = 1, and for any (z0, w0) in ∂Al,∞
f ∩ {(Ap − Ep)× P1},

lim inf
(z,w)∈Al,∞

f →(z0,w0)
Gα

z (w) = −∞.

Let E∞
w be the set of the accumulation points of f−n{w = 0} − {w = 0} in C× P1

as n → ∞. The proof of Proposition 5.18 implies the following.

Proposition 5.21: Let Ts−1 > δ > d ≥ 2. If q is polynomial and f−1{w = 0} ) {w =
0}, then

E∞
w ∩ {(Ap − Ep ∪ E∗

deg)× P1} ⊂
∩

l1≤l≤α

∂Al,∞
f .

Consequently, E∞
w is unbounded if f satisfies the assumptions since Aα,∞

f ( Al1,∞
f .

Since E∞
w ∩ (Ap × P1) is included in the closure of Al,∞

f in C× P1, we obtain the
following.

Corollary 5.22: Let Ts−1 > δ > d ≥ 2. If q is polynomial and f−1{w = 0} ) {w = 0},
then Al,∞

f is unbounded for any l in I1
f .

5.3 Case 2: δ < Ts−1 and d = 0

If d = 0, then f can not be conjugate to f0 on any open set, since f0 is not dominant,
where f0(z, w) = (zδ, zγ). However, the same statements as Lemma 3.1 hold for any l
in I1

f − {α}, and we can show that Gz = αGp ◦ πz on A0.
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Lemma 5.23: Let Ts−1 > δ > d = 0. The following hold for any l in I1
f − {α}: f ∼ f0

on U l,∞
r1,r2 as r1 and r2 → 0, and f(U l,∞

r1,r2) ⊂ U l,∞
r1,r2 for suitable small r1 and r2.

The first statement follows from the same argument as in Ueno (2019b), and it holds
even for l = α. The second statement follows from Theorem 2.2.

Remark 5.24 (illustration of the second statement in terms of blow-ups): Let f̃ be
a formal blow-up of f by π(z, c) = (z, zlc). Then f̃(z, c) =

(
zδ, zγ̃ {1 + o(1)}

)
,

where γ̃ = γ − lδ ≥ 0 since d = 0. If l ∈ I1
f − {α}, then γ̃ > 0 and so the origin is

a superattracting fixed point of f̃ . In particular, f̃ preserves a neighbourhood of the
origin, and so f preserves U l,∞

r1,r2 . On the other hand, if l = α, then γ̃ = 0 and so the
origin is neither superattracting nor a fixed point of f̃ .

Proposition 5.25: If Ts−1 > δ > d = 0, then Gz = αGp ◦ πz on A0.

Proof: Fix any l in I1
f − {α}. Let U = U l,∞

r1,r2 and let (zn, wn) = fn(z, w) for any
(z, w) in U . The second statement in the lemma above implies that (zn, wn) also
belongs to U . The first statement in the lemma implies that

C1|(zn)γ | < |wn| < C2|(zn)γ |

for some constants C1 < 1 and C2 > 1. Hence δ−n log |wn| is bounded by
1

δn
logCj +

γ

δ
· 1

δn−1
log |zn|

from below and above for j = 1 and j = 2, respectively. Therefore, Gz = αGp ◦ πz on
U and so on Al,∞

f . Thanks to Theorem 2.3, the equality holds on A0. �

5.4 Case 2: δ = Ts−1

Recall that δ > d and I1
f = {l1} = {α} if δ = Ts−1.

Because f is conjugate to f0 on Uα,∞ if d ≥ 2, the limit Gα
z exists on Uα,∞,

which extends to Aα,∞
f .

Proposition 5.26: If Ts−1 = δ > d ≥ 2, then Gα
z is plurisubharmonic on Aα,∞

f ,
pluriharmonic on Aα,∞

f − Ew and −∞ on Ew. Moreover, Gα
z (w) = log |w/zα|+ o(1)

on Uα,∞
r as r → 0.

The asymptotic behaviour of Gα
z toward ∂Aα,∞

f is as follows.

Proposition 5.27: If Ts−1 = δ > d ≥ 2, then for any (z0, w0) in ∂Aα,∞
f ∩ {(Ap −

Ep)× P1},

lim sup
(z,w)∈Aα,∞

f →(z0,w0)

Gα
z (w) = 0.

Moreover, if q is polynomial and f−1{w = 0} ) {w = 0}, then for any z in Ap − Ep ∪
E∗

deg ,

lim inf
w∈Aα,∞

f ∩Cz→∂Aα,∞
f ∩P1

z

Gα
z (w) = −∞.
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The dynamics of f differs whether ns−1 > 0 or ns−1 = 0. Let G∗
z(w) =

lim supn→∞ λ−n log |wn|, where λ = max{δ, d}. If ns−1 > 0, then Theorem 2.3 implies
the following inequality and equalities on A0.

Proposition 5.28: Let δ = Ts−1. If ns−1 > 0, then G∗
z ≤ αGp ◦ πz on A0 and Gz =

αGp ◦ πz on A0 −Aα,∞
f . In particular, Gα

f = αGp ◦ πz on A0. Moreover, if d ≥ 2,
then Gz = αGp ◦ πz on A0 − Ew and −∞ on Ew.

On the other hand, if ns−1 = 0, then we have the same inequality and almost the same
equalities only on Aα,∞

f .

Proposition 5.29: Let δ = Ts−1. If ns−1 = 0, then G∗
z ≤ αGp ◦ πz on Aα,∞

f . In
particular, Gα

f = αGp ◦ πz on Aα,∞
f . Moreover, if d ≥ 2, then Gz = αGp ◦ πz on

Aα,∞
f − Ew and −∞ on Ew.

Remark 5.30: If δ = Ts−1, then f has the other dominant term (ns−1,ms−1) than
(ns,ms), which belongs to Case 3 or Case 4. Moreover, if ns−1 = 0, then s = 2 and
(n1,m1) = (ns−1,ms−1) = (0, δ), which belongs to Case 3. Therefore, we can apply
the results in Case 3 or Case 4. For example, variants of Corollaries 6.7 and 7.9 imply
that Gα

f = αGp ◦ πz on A0 if ns−1 > 0 and that Gα
f is plurisubharmonic and continuous

on A0 if ns−1 = 0.

6 Case 3

We deal with Case 3 in this section. Let s > 1,

T1 ≤ δ and (γ, d) = (n1,m1).

Note that γ ≥ 0 and δ ≥ T1 ≥ d ≥ 1 by the setting.
Although we observe that the blow-up f̃ is superattracting at the origin and

degenerates the t-axis in Subsection 6.1, there are no results on invariant wedges and the
unions of all the preimages of wedges for Case 3. We exhibit results on the existence
and properties of plurisubharmonic functions and on the asymptotic behaviour of the
functions toward the boundaries of the unions in Subsection 6.2, which imply all the
main results stated in Subsection 2.2. Although we omit to prove the results on the
existence and properties since they are similar to Case 2, we prove the results on the
asymptotic behaviour in Subsection 6.3. One may refer Table 2 in Subsection 2.2 for
a comparison chart of the results. We assume that a = bγd = 1 in Subsections 6.2 and
6.3.

Two examples are given in Subsection 6.4. For any polynomial h of degree d and
for any integers δ and α such that δ ≥ d, we can construct a polynomial skew product f
that is semiconjugate to a polynomial product of the form (zδ, h(w)) and such that the α
determined by f coincides with the given integer α. The map f is in Cases 3 and 2, and
the dynamics of such a map is rather easy to understand. More precisely, the Böttcher
coordinates and plurisubharmonic functions for f are expresses by the counterparts of h
and, in particular, the boundary of the set where Gα,+

z is not pluriharmonic is described
in terms of the Julia set of h.
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6.1 Observation of blow-ups

Let us observe that the blow-up f̃ is superattracting at the origin and degenerates
the t-axis for a suitable weight l. If l belongs to I2

f , then q̃(t, w) ∼ tγwd̃ on a
neighbourhood of the origin and so

f̃(t, w) =
(
tδ−l−1γwl−1(δ−d̃){1 + ζ(t, w)}, tγwd̃{1 + η(t, w)}

)
,

where d̃ = l−1γ + d. Moreover, if δ > T1 and l > α, then δ − d̃ > 0 and so we have
the following.

Proposition 6.1: If δ > T1, then f̃ is superattracting at the origin and degenerates the
t-axis for any l in I2

f − {α}.

Although f̃ degenerates the t-axis, we do not know whether A0,l
f contains A0 − Ew.

6.2 Plurisubharmonic functions

Let us first review I2
f and related quantities, which depends on whether δ > T1 and

whether γ > 0; see Table 12 for a summary. If δ > T1 and γ > 0, then δ > d, α > 0
and I2

f = [α, l2]. If δ > T1 and γ = 0, then δ > d, α = 0 and I2
f = (0, l2]. Moreover,

d ≥ 2 because of the assumption for f being superattracting at the origin. If δ = T1

and γ > 0, then δ > d, α > 0 and I2
f = {α} = {l2}. If δ = T1 and γ = 0, then δ = d,

α = l2 and I2
f = (0, l2]; recall that we redefined α to be l2 in Subsection 2.2, whereas

γ/(δ − d) is not defined for this case.

Table 12 Informations on I2
f and related quantities for Case 3

γ > 0 γ = 0

δ > T1 I2
f = [α, l2] I2

f = (0, l2]

δ > d ≥ 1 and α > 0 δ > d ≥ 2 and α = 0

δ = T1 I2
f = {α} = {l2} I2

f = (0, l2]

δ > d ≥ 1 and α > 0 δ = d ≥ 2 and α = l2 > 0

In particular, the dynamical features depend strongly on whether γ > 0 or γ = 0. If
γ = 0, then f0 is just a product. More precisely, if γ = 0 and δ > d, then α = 0 and so
the properties of Gα

z are different from the other cases. On the other hand, if γ = 0 and
δ = d, then f0(z, w) = (zδ, wδ) and so the properties of Gz and the inclusion relation
between A0,l

f for any l in I2
f are different from the other cases.

Recall that f is conjugate to the monomial map f0 on U0,l for any l in I2
f if d ≥ 2

and for any l in I2
f − {α} if d = 1 and δ > T1 as stated in Lemma 3.6, where U0,l =

{|z|l < rl|w|, |w| < r}. Therefore, Gα
z exists on U0,l − {z = 0} for any l as above if

γ > 0 or δ = d. More precisely,

Gα
z (w) = log

∣∣∣∣ ϕ2

ϕα
1

∣∣∣∣ = log
∣∣∣ w
zα

∣∣∣+ o(1) on U0,l
r − {z = 0} as r → 0,
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which extends to a pluriharmonic function on A0,l
f − Ez . On the other hand, if γ = 0

and δ > d, then α = 0 and Gα
z exists on U0,l for any l in I2

f . More precisely,

Gα
z (w) = log |ϕ2| = log |w|+ o(1) on U0,l

r as r → 0,

which extends to a pluriharmonic function on A0,l
f .

Proposition 6.2: The following hold for any l in I2
f if d ≥ 2 and for any l in I2

f −
{α} if d = 1 and δ > T1: If γ > 0 or δ = d, then α > 0 and Gα

z is pluriharmonic on
A0,l

f − Ez . It is ∞ on Ez − Ew and not defined on Ez ∩ Ew. Moreover, Gα
z (w) =

log |w/zα|+ o(1) on U0,l
r − {z = 0} as r → 0. If γ = 0 and δ > d, then α = 0 and Gα

z

is pluriharmonic on A0,l
f . Moreover, Gα

z (w) = log |w|+ o(1) on U0,l
r as r → 0.

This proposition implies Proposition 2.8. Recall that Af = A0,l2
f and that A0,l2

f is
the largest wedge among A0,l

f for any l in I2
f .

Moreover, we have the following propositions on the asymptotic behaviour of Gα
z

toward ∂A0,l
f , which are proved in the next subsection.

Proposition 6.3: Let d ≥ 2 or δ > T1. For any l in the proposition above and for any
(z0, w0) in {∂A0,l

f ∩ ∂A0} ∩ {(Ap − Ep)× P1},

lim sup
(z,w)∈A0,l

f →(z0,w0)

Gα
z (w) =


∞ if γ > 0(and δ > d),

0 if γ = 0 and δ > d,

−αGp(z0) if γ = 0 and δ = d.

The same convergence to 0 holds for any z0 in Ap if γ = 0 and δ > d.

Proposition 6.4: Let δ > d. For any (z0, w0) in ∂A0,l
f ∩A0 − Ez ,

lim
(z,w)∈A0,l

f →(z0,w0)
Gα

z (w) =

{
0 if γ > 0, d ≥ 2 and l = α,

−∞ if α < l ≤ l2.

The same convergence to −∞ holds for any (z0, w0) in ∂A0,l
f ∩A0 if γ = 0.

On the other hand, if δ = d, then for any l in I2
f and for any (z0, w0) in ∂A0,l

f ∩
A0 − Ez ,

lim
(z,w)∈A0,l

f →(z0,w0)
Gα

z (w) = (l − α)Gp(z0),

where I2
f = (0, l2] and α = l2.

As a consequence of Propositions 6.2, 6.3 and 6.4, we obtain Theorem 2.9 and
Proposition 2.11.

The limit Gz also exists on U if d ≥ 2 or if d = 1 and δ > T1, where U = U0,l2 .
More precisely,

Gz(w) = αGp(z) on U if γ > 0 and δ > d,
Gz(w) = 0 on U if γ = 0 and δ > d, and
Gz(w) = log |w|+ o(1) on Ur as r → 0 if (γ = 0 and) δ = d,
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which extends to a pluriharmonic function on Af .

Proposition 6.5: If d ≥ 2 or δ > T1, then Gz is pluriharmonic on Af . Moreover,
Gz = αGp ◦ πz on Af if γ > 0 and δ > d, Gz = 0 on Af if γ = 0 and δ > d, and
Gz(w) = log |w|+ o(1) on Ur as r → 0 if (γ = 0 and) δ = d.

By arguments similar to the proof of Proposition 6.4, we obtain the following.

Proposition 6.6: If δ = d, then for any l in I2
f and for any (z0, w0) in ∂A0,l

f ∩A0,

lim
(z,w)∈A0,l

f →(z0,w0)
Gz(w) = lGp(z0).

As a consequence of Propositions 6.5 and 6.6 and the remark below, we obtain the
following, which, together with Proposition 6.5, implies Theorem 2.10.

Corollary 6.7: If δ > d, then Gα
f = αGp ◦ πz on A0, which is plurisubharmonic

on A0 and pluriharmonic on A0 − Ez . If δ = d, then Gα
f > αGp ◦ πz on A0,α

f and
Gα

f = αGp ◦ πz on A0 −A0,α
f , which is plurisubharmonic and continuous on A0 and

pluriharmonic on A0 − ∂A0,α
f .

Remark 6.8: If d = 1 and δ = T1, then m2 = 0, where (n2,m2) is the other dominant
term of q. Hence f is also in Case 2, and Proposition 5.25 implies that Gα

f = αGp ◦ πz

on A0.

We end this subsection with a proposition that relates to the discontinuity of Gz . Recall
that G∗

z(w) = lim supn→∞ λ−n log |wn|, where λ = max{δ, d}.

Proposition 6.9: If δ > T1, then G∗
z < αGp ◦ πz on A0 −Af .

Proof: For any l in I2
f − {α} and for any (z, w) in A0 −A0,l

f , it follows that |wn| ≤
r−l|zn|l for any n ≥ 1, where (zn, wn) = fn(z, w). Hence G∗

z(w) ≤ lGp(z) < αGp(z)

on A0 −A0,l
f for any l in I2

f − {α}. In particular, G∗
z(w) < αGp(z) on A0 −A0,l2

f . �

Therefore, even if the limit Gz exists on A0, it is not continuous on ∂Af ∩A0 when
δ > T1.

6.3 Asymptotic behaviour of Gα
z toward ∂A0,l

f

In this subsection we prove Propositions 6.3 and 6.4 by arguments similar to Case 2.
We separate the boundary ∂U0,l into two surfaces Sout and Sin: let

Sout = {|z|l < rl|w|, |w| = r} and Sin = {|z|l = rl|w|, |w| < r}.

Note that Sout = {|z| < r1+1/l, |w| = r} and Sout ∪ Sin = ∂U0,l ∩ {|z| < r1+1/l}.
Let Sout

n = f−n(Sout) and Sin
n = f−n(Sin).
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Lemma 6.10: Let d ≥ 2 or δ > T1. For any l in Proposition 6.2 and for any z in Ap −
Ep ∪ E∗

deg , we have that Sout
n ∩ Cz ̸= ∅ for any large n, and

Gα
z |Sout

n
→


∞ as n → ∞ if γ > 0(and δ > d),

0 as n → ∞ if γ = 0 and δ > d,

−αGp(z) as n → ∞ if γ = 0 and δ = d.

The same convergence to 0 holds for any z in Ap − E∗
deg if γ = 0 and δ > d.

Proof: By Proposition 6.2, there is a constant C > 0 such that∣∣∣Gα
z (w)− log

∣∣∣ w
zα

∣∣∣∣∣∣ < C on U0,l − {z = 0}.

Since |w| = r on Sout, |Gα
z (w)− log r|z|−α| ≤ C on Sout − {z = 0} and so∣∣∣Gα

pn(z)(Q
n
z (w))− log r|pn(z)|−α

∣∣∣ ≤ C on Sout
n − f−n{z = 0}.

Since Gα
pn(z)(Q

n
z (w)) = dnGα

z (w),∣∣Gα
z (w)− d−n log r|pn(z)|−α

∣∣ ≤ d−nC on Sout
n − f−n{z = 0}.

If γ > 0, then α > 0 since δ > d, and

−α

dn
log |pn(z)| =

(
δ

d

)n

· −α

δn
log |pn(z)| → ∞ · (−α)Gp(z) = ∞

as n → ∞. If γ = 0 and δ = d, then α > 0 and

−α

dn
log |pn(z)| = −α

δn
log |pn(z)| → −αGp(z)

as n → ∞.
If γ = 0 and δ > d, then α = 0 and there is a constant C > 0 such that

|Gα
z (w)− log |w|| < C on U0,l

by Proposition 6.2. The same arguments as above imply that∣∣Gα
z (w)− d−n log r

∣∣ ≤ d−nC on Sout
n .

Clearly, d−n log r → 0 and d−nC → 0 as n → ∞ since d ≥ 2. �

Lemma 6.11: Fix any z in Ap − Ep ∪ E∗
deg. Then Sin

n ∩ Cz ̸= ∅ for any large n. If
δ > d, then

Gα
z |Sin

n
→

{
0 as n → ∞ if γ > 0, d ≥ 2 and l = α,

−∞ as n → ∞ if α < l ≤ l2.

On the other hand, if δ = d, then

Gα
z |Sin

n
→ (l − α)Gp(z) as n → ∞
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for any 0 < l ≤ l2, where α = l2.
The same convergence to −∞ holds for any z in Ap − E∗

deg if γ = 0 and δ > d.

Proof: By Proposition 6.2, there is a constant C > 0 such that∣∣∣Gα
z (w)− log

∣∣∣ w
zα

∣∣∣∣∣∣ < C on U0,l − {z = 0}.

Since |z−αw| = r|z|l−α on Sin,
∣∣Gα

z (w)− log r|z|l−α
∣∣ ≤ C on Sin − {0} and so∣∣∣Gα

pn(z)(Q
n
z (w))− log r|pn(z)|l−α

∣∣∣ ≤ C on Sin
n − f−n(0).

Since Gα
pn(z)(Q

n
z (w)) = dnGα

z (w),∣∣Gα
z (w)− d−n log r|pn(z)|l−α

∣∣ ≤ d−nC on Sin
n − f−n(0).

Let δ > d. If γ > 0, d ≥ 2 and l = α, then

d−n log r|pn(z)|l−α = d−n log r → 0

and d−nC → 0 as n → ∞. If α < l ≤ l2, then

l − α

dn
log |pn(z)| =

(
δ

d

)n

· l − α

δn
log |pn(z)| → ∞ · (l − α)Gp(z) = −∞

as n → ∞.
On the other hand, if δ = d and 0 < l ≤ l2, then

1

dn
log |pn(z)|l−α =

l − α

δn
log |pn(z)| → (l − α)Gp(z)

as n → ∞, where α = l2.
If γ = 0 and δ > d, then α = 0 and the same inequalities hold not only on

Sin
n − f−n(0) but also on Sin

n . Hence Gα
z |Sin

n
; d−n log r|pn(z)|l → −∞ as n → ∞

for any z in Ap − E∗
deg and for any 0 < l ≤ l2. �

Let limn→∞ f−n(∂U0,l) be the set of the accumulation points of f−n(∂U0,l) in
Ap × P1 as n → ∞, as the same as Case 2. Then the following equality follows from
the same argument as Case 2.

Proposition 6.12: It follows that limn→∞ f−n(∂U0,l) = ∂A0,l
f for any l in

Proposition 6.2.

Let Sout
∞ and Sin

∞ be the sets of the accumulation points of Sout
n and Sin

n in Ap × P1 as
n → ∞, respectively. We investigate the inclusion relation between Sout

∞ and ∂A0,l
f ∩

∂A0 and between Sin
∞ and ∂A0,l

f ∩A0. Let rl = r1+1/l,

W l = {|z| < rl, |w| ≤ r−l|z|l} and U+ = U0,l ∪W l = {|z| < rl, |w| < r}.

Let W l
n = f−n(W l) and U+

n = f−n(U+). Note that U+
n is a neighbourhood of the

origin, ∂U+
n ∩ {|z| < rl} = Sout

n and ∂W l
n ∩ {|z| < rl} = Sin

n .
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Applying the same argument as Case 2 for U+
n , we obtain the following.

Proposition 6.13: It follows that Sout
∞ ⊂ ∂A0,l

f ∩ ∂A0 and Sout
∞ ∩ (Ap × P1) = ∂A0,l

f ∩
∂A0 ∩ (Ap × P1) for any l in Proposition 6.2.

Combining this proposition with Proposition 6.10, we obtain Proposition 6.3 in the
previous subsection.

We next show Proposition 6.4. Note that W l
n ∩ U+ is a decreasing sequence and( ∩

n≥1

W l
n

)
∩ U+ =

∪
n≥1

f−n(U0,l) = U+ −A0,l
f ,

which is not empty and closed in U+. Since Sin
n = ∂W l

n ∩ {|z| < rl}, it follows that
Sin
∞ ∩ U+ ⊂ ∂A0,l

f ∩ U+. Moreover, we have the equality since ∂A0,l
f ∩ U+ ⊂ W l.

Proposition 6.14: It follows that Sin
∞ ∩ U+ = ∂A0,l

f ∩ U+ for any l in Proposition 6.2.

In addition, Propositions 6.12 and 6.13 imply the following global statement.

Proposition 6.15: It follows that Sin
∞ ⊃ ∂A0,l

f ∩A0 for any l in Proposition 6.2.

Combining this proposition with Proposition 6.11, we obtain Proposition 6.4. Note that
Gα

z is monotonic increasing on A0,l
f ∩W l

n ∩ Cz for any z in Ap − Ep ∪ E∗
deg and for

any n ≥ 0 because of the maximum principle. Hence we can take the limit instead of
the limit inferior in Proposition 6.4. More precisely, we first obtain the claims in the
proposition over {0 < |z| < r} for small r > 0, which does not intersect E∗

deg, and then
extend them to Ap − Ep by pulling Gα

z back by f .

6.4 Examples

For any polynomial h of degree d and for any integers δ and α such that δ ≥ d, we
can construct a polynomial skew product f that is semiconjugate to the polynomial
product g(z, w) = (zδ, h(w)) and such that the α determined by f coincides with the
given integer α. The dynamics of such a map is rather easy to study as stated in the
introduction in this section.

We divide a family of such maps into two cases: the case δ > d and the case
δ = d. If δ > d, then f degenerate the w-axis and A0 is unbounded. If δ = d, then f is
non-degenerate and A0 is bounded. Here we say that f is non-degenerate if f does not
degenerate any fibre to a point. Let h be a monic polynomial of degree d ≥ 2. More
precisely, let h(w) = wd + bd−1w

d−1 + · · ·+ bmwm, where bm ̸= 0.

Example 6.16 (degenerate type): Let α be an integer, δ > d and

f(z, w) =
(
zδ, zαδh

( w

zα

))
.

Then f is semiconjugate to g(z, w) = (zδ, h(w)) by π(z, w) = (z, zαw): f ◦ π = π ◦ g.
Since q(z, w) = zα(δ−d)wd + bd−1z

α(δ−(d−1))wd−1 + · · ·+ bmzα(δ−m)wm, the
Newton polygon of q has two vertices, (n1,m1) = (α(δ − d), d) and (n2,m2) =
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(α(δ −m),m), and f is in Cases 3 and 2. Let U1 = {|z|α < rα|w|, |w| < r} and
U2 = {|z| < r, |w| < r|z|α} for small r > 0. Let A1 and A2 be the unions of all the
preimages of U1 and U2, respectively. Since

fn(z, w) =
(
zδ

n

, zαδ
n

hn
( w

zα

))
,

we have the following equalities:

ϕ(z, w) =
(
z, zαφ∞

h

( w

zα

))
on U1 and ϕ(z, w) =

(
z, zαφ0

h

( w

zα

))
on U2

if m ≥ 2, where φ∞
h (w) = lim

n→∞
dn
√
hn(w) and φ0

h(w) = lim
n→∞

mn
√
hn(w),

Gα
z (w) = G∞

h

( w

zα

)
> 0 on A1 − {z = 0} and Gα

z (w) = G0
h

( w

zα

)
< 0 on A2

if m ≥ 2, where G∞
h (w) = lim

n→∞
d−n log |hn(w)| and G0

h(w) = lim
n→∞

m−n log |hn(w)|,

Gα,+
z (w) = G∞,+

h

( w

zα

)
=

{
G∞

h

( w

zα

)
on A1 − {z = 0},

0 on A0 −A1,

where G∞,+
h (w) = lim

n→∞
d−n log+ |hn(w)|,

∂A1 ∩ {(Ap − Ep)× C} =
∪

0<|z|<1

{z} × ∂
{
w|Gα,+

z (w) > 0
}

=
∪

0<|z|<1

{z} × ∂
{
w|Gα,+

z (w) = 0
}

=
∪

0<|z|<1

{z} × zαJh,

where Jh is the Julia set of h. Note that ∂A1 ∩ (Ap × C) = ∂A2 ∩ (Ap × C) if m ≥ 2
because the boundaries of the attracting basins of ∞ and 0 for h coincide. Moreover,

Gz(w) = α log |z| on A1 and Gz(w) =

{
α log |z| on A2 − Ew,

−∞ on Ew

if m ≥ 2. Therefore,

Gz(w) =

{
α log |z| on A0 − Ew,

−∞ on Ew

if m ≥ 2, and Gα
f (z, w) = α log |z| on A0, where A0 = {|z| < 1}.

Example 6.17 (non-degenerate type): Let α be an integer and

f(z, w) =
(
zd, zαdh

( w

zα

))
.
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Then f is semiconjugate to g(z, w) = (zd, h(w)) by π(z, w) = (z, zαw): f ◦ π = π ◦ g.
Since q(z, w) = wd + bd−1z

αwd−1 + · · ·+ bmzα(d−m)wm, the Newton polygon of
q has two vertices, (n1,m1) = (0, d) and (n2,m2) = (α(d−m),m). Since

fn(z, w) =
(
zd

n

, zαd
n

hn
( w

zα

))
,

the same equalities as the previous example hold except the following:

Gz(w) = α log |z|+G∞
h

( w

zα

)
> α log |z| on A1 − {z = 0}

and so

Gα
f (z, w) =


log |w| on {z = 0},
α log |z|+G∞

h

( w

zα

)
on A1 − {z = 0},

α log |z| on A0 −A1,

where

A0 = {(0, w)||w| < 1} ∪
( ∪

0<|z|<1

{
G∞

h

( w

zα

)
< −α log |z|

})
.

The same construction works even if d = 1. Such maps are used in Example 7.5 in Ueno
(2019b) to show that we can not remove the condition δ ̸= Tk for any k in Lemma 1.1
if d = 1. See also Example 5.2 in Ueno (2016b).

Even if α is rational, one can construct similar examples, although it is more
complicated and the desired polynomial h is limited. Proposition 3.9 in Ueno (2010)
and Proposition 3.1 in Ueno (2012) give necessary and sufficient conditions for
the non-degenerate polynomial skew product (zd, q(z, w)), where q(z, w) = wd +
Oz(w

d−1), to be semiconjugate to (zd, q(1, w)) by π(z, w) = (zr, zsw) for some
positive integers r and s. More generally, Lemma 5.1 in Ueno (2020) gives necessary
and sufficient conditions for the rational skew product (zδ, q(z, w)), where the degree
of q with respect to w is d, to be semiconjugate to (zδ, q(1, w)) by π(z, w) = (zr, zsw)
for some integers r and s. Green functions of such maps are studied in Ueno (2012)
and such maps are characterised by symmetries of Julia sets as stated in Ueno (2010,
2020). One can find statements similar to the examples above in Examples 5.2 and 5.3
in Ueno (2011), Examples 4.3 and 5.2 in Ueno (2014), Section 10 in Ueno (2016a) and
Example 4.4 in Ueno (2016b).

7 Case 4

We deal with Case 4 in the last section. Let s > 2,

Tk ≤ δ ≤ Tk−1 and (γ, d) = (nk,mk)

for some 2 ≤ k ≤ s− 1. Note that γ > 0 and δ > d ≥ 1 by the setting.
We first exhibit several results on invariant wedges and the unions of all the

preimages of the wedges, which imply Theorems 2.13 and 2.14, and describe the
properties of the blow-up f̃1 in Subsection 7.1. We then exhibit a few results on the
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existence and properties of plurisubharmonic functions in Subsection 7.2. We finally
investigate the asymptotic behaviour of Gα

z toward the boundaries of the unions in
Subsection 7.3, which is separated into three subcases. One may refer Table 3 in
Subsection 2.3 for a comparison chart of the results. We assume that a = bγd = 1 in
Subsections 7.2 and 7.3.

7.1 Invariant wedges and attracting sets

We exhibit several results that imply Theorems 2.13 and 2.14 in Subsection 7.1.1. Since
the statements and proofs are almost the same as the case δ > d in Case 2, we omit the
proofs.

Note that the dynamics of the first blow-up f̃1 is almost the same as the case δ > d
in Case 2.

Proposition 7.1: The blow-up f̃1 is superattracting at the origin for any 0 < l < α, even
for l = α if δ > Tk and d ≥ 2 or if δ = Tk and mk+1 ≥ 2, and degenerates the c-axis
for any 0 < l < α unless (n1,m1) = (0, δ).

Therefore, one may expect that Theorems 2.13 and 2.14 hold. This proposition
corresponds to Proposition 4.1 in Case 2. See Subsection 7.1.2 for a detail, in which the
shape of the Newton polygon of q̃1 and properties of f̃1 are summarised.

7.1.1 Exhibition of results

We can apply the same arguments for Case 2 to the dynamics of f on U l,∞
r1,r2 and U l,∞.

The following lemma corresponds to Lemma 4.4 in Case 2.

Lemma 7.2: If (n1,m1) ̸= (0, δ), then D > δ for any 0 < l < α, and D = δ for l = α.
On the other hand, if (n1,m1) = (0, δ), then D = δ for any 0 < l ≤ α.

The following lemma and theorem correspond to Lemma 4.5 and Theorem 4.6,
respectively, which imply Theorem 2.13.

Lemma 7.3: For any l > 0 and for any small r1 and r2, there exists a constant C > 0
such that |q(z, w)| ≤ C|z|lD on U l,∞

r1,r2 .

Theorem 7.4: The following holds for any 0 < l < α: f(U l,∞
r1,r2) ⊂ U l,∞

r1,r2 for suitable
small r1 and r2. More precisely, r1 and r2 have to satisfy the inequality Cr

l(D−δ)
1 < r2

or 2Cr
l(D∗−δ)
1 < r2 for some constants C and D∗ if D > δ or D = δ.

The following lemma and proposition correspond to Lemma 4.9 and Proposition 4.10,
respectively, which imply Theorem 2.14.

Lemma 7.5: For any l > 0 and for any small r and r3, there exists a constant C > 0
such that |q(z, w)| ≤ C|w|D on V l.
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Proposition 7.6: If (n1,m1) ̸= (0, δ), then the following holds for any 0 < l < α: for
any (z, w) in V l with suitable small r and r3, there exists an integer n such that
fn(z, w) belongs to U l,∞.

7.1.2 Shapes of Newton polygons

The shape of the Newton polygon of q̃1 and properties of f̃1 for Case 4 are more or
less similar to those for Case 2. More precisely, the magnitude relation between 0, ñ1,
ñ2, · · · , ñk are the same as Case 2, where ñk = γ̃, as shown in the following tables,
which induces the attraction and/or degeneration properties of f̃1. Roughly speaking,
0 < ñk−1 < γ̃ and 0 < ñj for any j when 0 < l < l1 and (n1,m1) ̸= (0, δ), 0 ≤ γ̃ ≤ ñj

for any j when l1 ≤ l ≤ α, and 0 < γ̃ when l1 ≤ l < α. On the other hand, we have
the extra vertices (ñk+1,mk+1), · · · , (ñs,ms) for Case 4, and so N(q̃1) always has
other vertices than (γ̃, d).

Table 13 Shape of N(q̃1) when Tk < δ < Tk−1

l 0 < l < l1 l1 l1 < l < α α

γ̃ 0 < ñk−1 < γ̃ 0 < γ̃ = ñk−1 < ñj 0 < γ̃ < ñj 0 = γ̃ < ñj

0 < ñj for any j for j ̸= k, k − 1 for j ̸= k for j ̸= k

f̃1 SA and Deg SA and Deg SA and Deg SA if d ≥ 2

Table 14 Shape of N(q̃1) when δ = Tk

l 0 < l < l1 l1 l1 < l < α α

γ̃ 0 < ñk−1 < γ̃ 0 < γ̃ = ñk−1 < ñj 0 < γ̃ < ñj 0 = γ̃ = ñk+1 < ñj

0 < ñj for any j for j ̸= k, k − 1 for j ̸= k for j ̸= k, k + 1

f̃1 SA and Deg SA and Deg SA and Deg SA if mk+1 ≥ 2

Table 15 Shape of N(q̃1) when δ = Tk−1 and (n1,m1) ̸= (0, δ)

l 0 < l < l1 = α l1 = α

γ̃ 0 < ñk−1 < γ̃ 0 = γ̃ = ñk−1 < ñj

0 < ñj for any j for j ̸= k, k − 1

f̃1 SA and Deg SA if d ≥ 2

Table 16 Shape of N(q̃1) when (n1,m1) = (0, δ)

l 0 < l < l1 = α l1 = α

γ̃ 0 = ñ1 < γ̃ < ñj 0 = ñ1 = γ̃ < ñj

for j ≥ 3 for j ≥ 3

f̃1 SA SA if d ≥ 2

We only give tables of summaries of the shape of N(q̃1) and properties of f̃1. Recall
that I1

f = [l1, α] if Tk < δ < Tk−1, I1
f = [l1, α) if δ = Tk, and I1

f = {l1} = {α} if δ =
Tk−1. Tables 13, 15 and 16 for Case 4 correspond to Tables 7, 8 and 9 for Case 2,
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respectively. Table 14 resembles to Table 13, whereas the case l = α is different. Note
that (γ, d) = (n2,m2) for Table 16 since (n1,m1) = (0, δ).

7.2 Plurisubharmonic functions

Because f is conjugate to the monomial map f0 on U l(1),l(2) for any l(1) in I1
f and

l(2) in I2
f if d ≥ 2, and for any l(1) in I1

f − {α} and l(2) in I2
f − {α− l(1)} if d = 1

and Tk < δ < Tk−1, the limit Gα
z exists on U l(1),l(2) , which extends to a pluriharmonic

function on A
l(1),l(2)
f .

Proposition 7.7: For any l(1) in I1
f and l(2) in I2

f if d ≥ 2, and for any l(1) in I1
f − {α}

and l(2) in I2
f − {α− l(1)} if d = 1 and Tk < δ < Tk−1, the limit Gα

z is pluriharmonic
on A

l(1),l(2)
f . Moreover, Gα

z (w) = log |w/zα|+ o(1) on U
l(1),l(2)
r as r → 0.

Recall that Af = Al1,l2
f and that Al1,l2

f is the largest wedge among A
l(1),l(2)
f for any l(1)

in I1
f and l(2) in I2

f . This proposition implies Proposition 2.16.
Combining Theorem 2.14 and Proposition 2.16 with Propositions 7.13 and 7.16,

results on the asymptotic behaviour of Gα
z exhibited in the next subsection, we obtain

Theorem 2.17.
The limit Gz also exists on U , where U = U l1,l2 , which extends to Af .

Proposition 7.8: If d ≥ 2 or Tk < δ < Tk−1, then Gz = αGp ◦ πz on Af .

Moreover, it follows from Theorems 2.13 and 2.14 that G∗
z ≤ αGp ◦ πz on A0 if

(n1,m1) ̸= (0, δ). Therefore, we have the following.

Corollary 7.9: If (n1,m1) ̸= (0, δ), then Gα
f = αGp ◦ πz on A0.

The proposition and corollary above imply Theorem 2.19.

7.3 Asymptotic behaviour of Gα
z toward ∂A

l(1),l(2)
f

In this subsection we exhibit results on the asymptotic behaviour of Gα
z for the

cases Tk < δ < Tk−1, δ = Tk and δ = Tk−1 in Subsections 7.3.1, 7.3.2 and 7.3.3,
respectively. In particular, Propositions 7.13 and 7.16 below imply Theorem 2.17, and
Corollaries 7.14 and 7.17 below imply Proposition 2.18. We omit all the proofs since
they are almost the same as the previous cases.

7.3.1 Case 4: Tk < δ < Tk−1

Recall that If = [l1, α]× [α, l1 + l2]− {(α, α)} if Tk < δ < Tk−1 and that U l(1),l(2)
r =

{|z|l(1)+l(2) < rl(2) |w|, |w| < r|z|l(1)}.
We first point out that f has two disjoint invariant wedges in U l1,l2 .

Proposition 7.10: It follows for sufficiently small r > 0 that
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1 f(U l1,α−l1
r ) ⊂ U l1,α−l1

r and f(Uα,l1+l2−α
r ) ⊂ Uα,l1+l2−α

r

2 U l1,α−l1
r ∩ Uα,l1+l2−α

r = ∅ and U l1,α−l1
r ∪ Uα,l1+l2−α

r ⊂ U l1,l2
r .

Similar to Case 3, we separate the boundary ∂U l(1),l(2) into two surfaces: let Sout =
{|z|l(1)+l(2) < rl(2) |w|, |w| = r|z|l(1)} and Sin = {|z|l(1)+l(2) = rl(2) |w|, |w| < r|z|l(1)}.
Let Sout

n = f−n(Sout) and Sin
n = f−n(Sin).

Lemma 7.11: Fix any z in Ap − Ep ∪ E∗
deg and let l1 ≤ l(1) < l(1) + l(2) ≤ l1 + l2.

Then Sout
n ∩ Cz ̸= ∅ and Sin

n ∩ Cz ̸= ∅ for any large n, and

Gα
z |Sout

n
→

{
∞ as n → ∞ if l(1) < α,

0 as n → ∞ if l(1) = α and d ≥ 2,

and

Gα
z |Sin

n
→

{
0 as n → ∞ if l(1) + l(2) = α and d ≥ 2,

−∞ as n → ∞ if l(1) + l(2) > α.

In particular, the following hold under the condition d ≥ 2:

Gα
z |Sout

n
→ ∞ and Gα

z |Sin
n

→ −∞ as n → ∞ if l(1) < α < l(1) + l(2),

Gα
z |Sout

n
→ ∞ and Gα

z |Sin
n

→ 0 as n → ∞ if l(1) < α = l(1) + l(2),

Gα
z |Sout

n
→ 0 and Gα

z |Sin
n

→ −∞ as n → ∞ if l(1) = α < l(1) + l(2).

Let Sout
∞ and Sin

∞ be the sets of the accumulation points of Sout
n and Sin

n in Ap × P1 as
n → ∞, respectively. Let U l(1),l(2),+ = {|z| < r1+1/l(2) , |w| < r|z|l(1)} and A

l(1),l(2),+

f

the union of all the preimages of U l(1),l(2),+.

Lemma 7.12: For any l(1) and l(2) in Proposition 7.7,

1 lim
n→∞

f−n(∂U l(1),l(2)) = Sout
∞ ∪ Sin

∞ = ∂A
l(1),l(2)
f

2 Sout
∞ ⊂ ∂A

l(1),l(2),+

f ⊂ ∂A
l(1),l(2)
f

3 Sout
∞ ∩ (Ap × P1) = ∂A

l(1),l(2),+

f ∩ (Ap × P1)

4 ∂A
l(1),l(2)
f − ∂A

l(1),l(2),+

f ⊂ Sin
∞ ⊂ ∂A

l(1),l(2)
f

5 Sin
∞ ∩ U l(1),l(2),+ = ∂A

l(1),l(2)
f ∩ U l(1),l(2),+.

Note that this lemma holds even if we replace U l(1),l(2),+ and A
l(1),l(2),+

f to U l(1),∞

and A
l(1),∞
f . Hence the two lemmas above imply the following.

Proposition 7.13: For any (z0, w0) in ∂A
l(1),∞
f ∩ {(Ap − Ep)× P1},

lim sup
(z,w)∈A

l(1),l(2)
f →(z0,w0)

Gα
z (w) =

{
∞ if l1 ≤ l(1) < α,

0 if l(1) = α and d ≥ 2.
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For any (z0, w0) in ∂A
l(1),l(2)
f ∩A0 − ∂A

l(1),∞
f ∪ Ez ,

lim
(z,w)∈A

l(1),l(2)
f →(z0,w0)

Gα
z (w) =

{
−∞ if α < l(1) + l(2) ≤ l1 + l2,

0 if α = l(1) + l(2) and d ≥ 2.

Note that we can replace ∂A
l(1),l(2)
f ∩A0 − ∂A

l(1),∞
f ∪ Ez in the proposition

to {∂Al(1),l(2)
f − ∂A

l(1),∞
f } ∩ {(Ap − Ep)× P1}. Moreover, we can replace it to

{∂Al(1),l(2)
f ∩A0} ∩ {(Ap − Ep)× P1} if l(1) < α thanks to Theorem 2.14.

Corollary 7.14: It follows that A
l(1),l(2)
f = Al1,l2

f for any l1 ≤ l(1) < α and α <

l(1) + l(2) ≤ l1 + l2. Moreover, Al1,α−l1
f ( Al1,l2

f , Aα,l1+l2−α
f ( Al1,l2

f and Al1,α−l1
f ∩

Aα,l1+l2−α
f = ∅ if d ≥ 2.

7.3.2 Case 4: δ = Tk

Recall that l1 < α and If = [l1, α)× {α} if δ = Tk.
Let Sout = {|z|l+α < rα|w|, |w| = r|z|l} and Sin = {|z|l+α = rα|w|, |w| < r|z|l}.

Lemma 7.15: Let d ≥ 2. For any l in I1
f and for any z in Ap − Ep ∪ E∗

deg , we have that
Sout
n ∩ Cz ̸= ∅ and Sin

n ∩ Cz ̸= ∅ for any large n, and Gα
z |Sout

n
→ ∞ and Gα

z |Sin
n

→ 0
as n → ∞.

This lemma and Lemma 7.12 imply the following.

Lemma 7.16: Let d ≥ 2. For any l in I1
f and for any (z0, w0) in ∂Al,∞

f ∩ {(Ap − Ep)×
P1},

lim sup
(z,w)∈Al,α−l

f →(z0,w0)

Gα
z (w) = ∞.

For any l in I1
f and for any (z0, w0) in ∂Al,α−l

f ∩A0 − ∂Al,∞
f ∪ Ez ,

lim
(z,w)∈Al,α−l

f →(z0,w0)
Gα

z (w) = 0.

Corollary 7.17: If d ≥ 2, then Al,α−l
f = Al1,α−l1

f for any l in I1
f .

7.3.3 Case 4: δ = Tk−1

Recall that I1
f = {α} and I2

f = (0, l2] if δ = Tk−1.
Let Sout = {|z|α+l < rl |w|, |w| = r|z|α} and Sin = {|z|α+l = rl |w|, |w| < r|z|α}.

Lemma 7.18: Let d ≥ 2. For any l in I2
f and for any z in Ap − Ep ∪ E∗

deg , we have that
Sout
n ∩ Cz ̸= ∅ and Sin

n ∩ Cz ̸= ∅ for any large n, and Gα
z |Sout

n
→ 0 and Gα

z |Sin
n

→ −∞
as n → ∞.
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This lemma and Lemma 7.12 imply the following.

Proposition 7.19: Let d ≥ 2. For any (z0, w0) in ∂Aα,∞
f ∩ {(Ap − Ep)× P1},

lim sup
(z,w)∈Aα,∞

f →(z0,w0)

Gα
z (w) = 0.

For any l in I2
f and for any (z0, w0) in ∂Aα,l−α

f ∩A0 − ∂Aα,∞
f ∪ Ez ,

lim
(z,w)∈Aα,l−α

f →(z0,w0)
Gα

z (w) = −∞.

Corollary 7.20: If d ≥ 2, then Aα,l−α
f = Aα,l2−α

f for any l in I2
f .

Remark 7.21: If δ = Tk−1, then f has the other dominant term (nk−1,mk−1), which
belongs to Case 3 or Case 4. Therefore, variants of Theorems 2.9 and 2.17 imply
that Gα,+

z is plurisubharmonic on A0 − Ez . Moreover, variants of Corollaries 6.7 and
7.9 imply that Gα

f = αGp ◦ πz on A0 if nk−1 > 0, and Gα
f is plurisubharmonic and

continuous on A0 if nk−1 = 0.
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No. 2, pp.309–349.

Hubbard, J.H. and Papadopol, P. (1994) ‘Superattractive fixed points in Cn’, Indiana Univ. Math. J.,
Vol. 43, No. 1, pp.321–365.

Jonsson, M. (1999) ‘Dynamics of polynomial skew products on C2’, Math. Ann., Vol. 314,
pp.403–447.

Lilov, K. (2004) Fatou Theory in Two Dimensions, PhD thesis, University of Michigan.
Milnor, J. (2006) ‘Dynamics in one complex variable’, Annals of Mathematics Studies, 3rd ed.,

Vol. 160, 310pp, Princeton University Press.
Peters, H. and Raissy, J. (2019) ‘Fatou components of elliptic polynomial skew products’, Ergodic

Theory Dynam. Systems, Vol. 39, No. 8, pp.2235–2247.
Peters, H. and Smit, I.M. (2018) ‘Fatou components of attracting skew-products’, J. Geom. Anal.,

Vol. 28, pp.84–110.
Ruggiero, M. (2012) ‘Rigidification of holomorphic germs with noninvertible differential’, Michigan

Math. J., Vol. 61, No. 1, pp.161–185.
Taflin, J. (2021) ‘Blenders near polynomial product maps of C2’, J. Eur. Math. Soc., Vol. 23, No. 11,

pp.3555–3589.
Ueda, T. (1993) ‘Complex dynamical systems on projective spaces’, Adv. Ser. Dynam. Systems,

Vol. 13, pp.120–138, World Scientific, Singapore.
Ueno, K. (2010) ‘Symmetries of Julia sets of nondegenerate polynomial skew products on C2’,

Michigan Math. J., Vol. 59, pp.153–168.
Ueno, K. (2011) ‘Weighted Green functions of nondegenerate polynomial skew products on C2’,

Discrete Contin. Dyn. Syst., Vol. 31, No. 3, pp.985–996.
Ueno, K. (2012) ‘Fiberwise Green functions of skew products semiconjugate to some polynomial

products on C2’, Kodai Math. J., Vol. 35, pp.345–357.
Ueno, K. (2014) ‘Weighted green functions of polynomial skew products on C2’, Discrete Contin.

Dyn. Syst., Vol. 34, No. 5, pp.2283–2305.
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