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Abstract: We study the dynamics of a superattracting skew product f on
the attracting basin. As the first strategy, we find out forward f-invariant
wedge-shaped regions in the basin, on some of which f is conjugate to
monomial maps, and consider whether the unions of all the preimages of
the regions coincide with the basin. As the second strategy, we show the
existence and properties of several kinds of plurisubharmonic functions of f,
the main functions of which are induced from the Bottcher coordinates, and
investigate the asymptotic behaviour of the functions toward the boundaries
of the unions. Consequently, we obtain a plurisubharmonic function on
the complement of specific fibres in the basin, which is continuous and
pluriharmonic on open and dense subsets of the complement and describes
an certain weighted vertical dynamics well.
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1 Introduction

1.1 Background

The dynamics around superattracting fixed points of holomorphic functions is
completely understood in dimension one. Let p : C — C be an entire function with a
superattracting fixed point at the origin: p(z) = az® + O(2°*!), where a # 0 and § > 2.
Then Bottcher’s theorem Bottcher (1904) indicates that the limit

op(2) = lim py" op™(2)

Copyright © 2025 Inderscience Enterprises Ltd.
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exists on a small neighbourhood of the origin, where p™ is the n™ iterate of p, po(z) =
az® and the branch is taken such that p;™ o pf = id. This limit is called the Béttcher
coordinate for p at the origin, and it conjugates p to py. We refer to Milnor (2006) for
details. We remark that the order of p™ at the origin is clearly 4", which is also called
the attraction rate of p”. Let A, be the attracting basin of p at the origin, and E, the
union of all the preimages of the origin. We can extend ¢, from the neighbourhood to
A, until it meets the other critical points than the origin. On the other hand, the limit

: 1 7
Gp(2) = lim - log |p"(z)|
exists on Ay, It is subharmonic and negative on A, and harmonic on A, — E,,. Note that
G,(z) = loglpp(2)| + (6 — 1)~ log|a| on the neighbourhood of the origin. We remark
that similar statements hold even if p is a holomorphic germ.

Several studies have been made toward the generalisation of Bottcher’s theorem to
higher dimensions. For example, Ushiki (1992), Ueda (1993) and Buff et al. (2012)
studied the case in which holomorphic germs, with superattracting fixed points, have the
Bottcher coordinates on neighbourhoods of the points. The germs in Ushiki (1992) are
conjugate to monomial maps, whereas the germs in Ueda (1993) and Buff et al. (2012)
are conjugate to homogeneous and quasihomogeneous maps, respectively.

However, Bottcher’s theorem does not extend to higher dimensions entirely as
pointed out by Hubbard and Papadopol (1994). Let f be a two dimensional holomorphic
germ with a superattracting fixed point at the origin. Unlike the one dimensional case,
in which a superattracting fixed point of a holomorphic germ is an isolated critical
point and forward invariant under the germ, the origin is contained in the critical set
of f, which may have a singularity at the origin and is not forward invariant under f
in general. Hence it is difficult or impossible to take a nice normal form of f on a
neighbourhood of the origin.

Rigidity is a keyword for the study of the local dynamics of superattracting germs.
We say that f is rigid if the critical set is contained in a totally invariant set with
normal crossing singularities. Favre (2000) introduced and classified attracting rigid
germs. Favre and Jonsson (2007) proved that any two dimensional superattracting germ
can be blown up to a rigid germ, and hence the original germ is rigid on an open set
whose closure contains the fixed point. Using the normal form on the open set, they
proved that the asymptotic attraction rate is a quadratic integer, gave an inequality on the
attraction rates, and constructed a dynamically nice plurisubharmonic function defined
on a neighbourhood of the fixed point. Ruggiero (2012) extended their results to more
general cases.

We restrict our attention to superattracting skew products in this paper. A skew
product is a map or germ of the form f(z,w) = (p(2), ¢(z,w)) defined on somewhere
in C2. The fundamental properties of the dynamics of polynomial skew products is well
studied and summarised in Jonsson (1999) and Favre and Guedj (2001), in which the
main topics are the Green functions, currents and measures. Lilov (2004) studied the
local and semi-global dynamics of holomorphic skew products near a superattracting
invariant fibre. As natural extensions of the one dimensional results, he obtained nice
normal forms on neighbourhoods of periodic points which are geometrically attracting,
parabolic and Siegel on fibre direction, except the superattracting case. See also Peters
and Smit (2018) and Peters and Raissy (2019) for the dynamics of skew products near an
invariant fibre of different types. Whereas the dynamics of skew products is mild in the
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sense that it can be regarded as the intermediate between the one and two dimensional
dynamics, it has very complicated aspects and gives new phenomena of the dynamics in
dimension two. For example, Astorg et al. (2016) found polynomial skew products with
wandering domains, which is the first example of non-invertible polynomial maps with
wandering domains. See also Astorg et al. (2023) and Astorg and Boc-Thaler (2024)
for other types of polynomial skew products with wandering domains. Furthermore,
polynomial skew products are used in Dujardin (2017) and Taflin (2021) to construct
robust bifurcations, i.e., open sets contained in a bifurcation locus.

1.2 Previous results: Bottcher coordinates

We have studied the dynamics of superattracting skew product germs and succeeded in
constructing Bottcher coordinates on invariant wedge-shaped regions in Ueno (2016b),
Ueno (2019a) and Ueno (2019b); we also studied the semi-global dynamics in Ueno
(2019a) in order to deal with indeterminacy points instead of superattracting fixed
points. Let us briefly review main results in Ueno (2019b), which are a consequence
of the studies in Ueno (2016b) and Ueno (2019a). Let f(z,w) = (p(2), ¢(z,w)) be
a skew product germ with a superattracting fixed point at the origin. More precisely,
we assume that the eigenvalues of Df(0) are both zero; this assumption is called
nilpotent in Ruggiero (2012), whereas the assumption Df(0) =0 is imposed in
Favre and Jonsson (2007). Hence we may write p(2) = a2’ + O(2°*t1) and q(z,w) =
bz + Zi,j20,¢+j22 bijziwj, where @ # 0 and § > 2. Let bz = bjgz'w® and ¢(z,w) =
> bijztwd for short.

It is clear that the dominant term of p is az®. We found in Ueno (2019b) that the
order 4 of p and the Newton polygon of ¢ assign a term b,42”w? of ¢ that is dominant
on a forward f-invariant wedge-shaped region U, where U = U, = {|z|1t <
r2wl, |w| < r|z|"} for some rational numbers 0 < I; < co and 0 < Iy < co. The study
depends on where 0 falls in a partition of R>( given by a finite decreasing sequence
{T}}, defined from the Newton polygon of ¢. Let fo(z,w) = (az’,bygz"w?).

Lemma 1.1 (Ueno, 2019b): 1If d > 2 or if d =1 and § # T}, for any k, then f ~ fy on
U.asr—0,and f(U,) C U, for small r > 0.

The notation f ~ fy on U, as r — 0 means that the ratios of the first and second
components of f and fy tends to 1 on U, as » — 0, and the definition of T} is given
below. Moreover, we proved that the limit

d(z,w) = lim fy "o f*(z,w)

n—roo

exists on U, where the branch is taken such that f " o f§ = id.

Theorem 1.2 (Ueno, 2019b): 1If d > 2 or if d=1 and § # T} for any k, then ¢ is
biholomorphic on U, for small » > 0, which conjugates f to fy. Moreover, ¢ ~ id on
U, asr—0.

We call ¢ the Bottcher coordinate for f on U, although the second component of ¢
looks like the Kcenigs coordinate if d = 1.
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Let us give the precise definitions in the results. We define the Newton polygon
N(q) of ¢ as the convex hull of the union of D(¢,j) with b;; # 0, where D(i, j) =
{(z,y)|x > i,y > j}. Let (n1,m1), (n2,ma), ---, (ns,ms) be the vertices of N(q),
where ny < ns < --- <ng and my > ms > --- > mg. Let T} be the y-intercept of the
line Ly passing through the vertices (ng,my) and (ngy1,mg+1) foreach 1 <k < s —
1.

Case 1 If s =1, then N(q) has the only one vertex, which is denoted by (v, d). We
define [; =1, =0 and so U = {|z| < r,|w| < r}.

The results for Case 1 are classical and the proofs are simpler than the other cases.
We remark that f in Case 1 is rigid and belongs to class 6 or class 4 in Favre (2000)
if d > 2 or d =1, respectively, and a description on Bottcher coordinates is given in
pp-498—499 in Favre (2000).

Therefore, we only deal with the case s > 1 hereafter, which is divided into the
following three cases:

Case 2 If s> 1and 0 <T,_q, then we define

Ng —MNs—1 _
— L and ;' =0.

(73 d) = (n87ms)a ll = Me_ 1 — M

Hence U = {|z| <, |w| < r|z|"*}.
Case 3 If s > 1 and T7 < 6, then we define

(v,d) = (n1,m1), Iy =0and Iy = M'
my — M2

Hence U = {|z|'2 < ri2|w]|, |w| < 7} = {r712|2]2 < |w| < r}.
Case 4 Ifs>2and T, <§ <Tj_q for some 2 < k < s — 1, then we define

nNE —Nkg—1 Ng41 — Nk
(77d):(nkamk>7 ll = ———— and ll +12:7
mr—1 —mg mrg — Mg+1

Hence U = {|z|'tz < rlz|w|, |w| < r|z|t} = {r7l2|z|h+ < jw| < r|z]}.

We remark that if 6 > T} and d = 1, then f is rigid and belongs to class 4 in Favre
(2000) and hence f is conjugate to fy not only on U but also on a neighbourhood of
the origin; see pp.44—45 in Ueno (2019b) for a detail.

Note that if § = T}, for some k, then there are two different dominant terms of g,
which correspond to the vertices (ng,my) and (ng41,mgy1), whereas there is the only
one dominant term if § # T}, for any k. Moreover, if § = T}, for some k and my1 > 2,
then we have two disjoint invariant regions on which f is conjugate to each of the two
different monomial maps.

Roughly speaking, we dealt with Case 2 in Ueno (2016b) and Case 3 in Ueno
(2019a), respectively, without using the Newton polygon. We finally succeeded in Ueno
(2019b) to construct the Bottcher coordinate for Case 4 and to unify all the cases in
terms of the Newton polygon. Using the same idea and arguments as in Ueno (2019b),
we gave inequalities on the attraction rates in Ueno (2024), which imply that the
asymptotic attraction rate is d if vy >0 or 6 < d, and is d if y =0 and 6 > d.
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1.3 New results: weighted plurisubharmonic functions

We assume that f is defined on {|z| < R} x C for large R and that A, is relatively
compact in {|]z| < R}, and focus on the dynamics of f on A, x C. We remark that
similar statements hold even if f is a germ. However, we require f to be defined
semi-globally in order to study the dynamics on the whole attracting basin, which may
be unbounded, and the asymptotic behaviour of plurisubharmonic functions toward the
boundary of the union of all the preimages of U. We also assume that a = b,q = 1 for
the study on plurisubharmonic functions in this paper, whereas we do not assume it for
the study on invariant wedges and the union of all the preimages of the wedges. This
assumption is not essential if d > 2 because the map (z,w) — (az%, b,q2 w?) is affine
conjugate to the map (z,w) — (2°,27w?). On the other hand, when d = 1, it seems
that the case a = b,q = 1 is most interesting.

We give a summary of main results for Cases 2, 3 and 4, respectively, and Tables
1, 2 and 3 as comparison charts of the results for Cases 2, 3 and 4, respectively, in the
next section. Although those results are important, there are so many of them and it is
required to introduce the intervals I}c and I]% instead of [; and [y, which are combined
into the rectangle Z; in [0, 00]?. Therefore, we only give three consequences of the
main results in this subsection, which are separated into the case § < T5_; and the case
0>Ts 1.

Let us first state two consequences of the main results for the case § < T5_1. Let
Ay be the union of all the preimages of U and Ay the attracting basin. If § < T5_1,
then Ay almost coincides with Ay. Let E, and E,, be the unions of all the preimages
of {z =0} and {w = 0}, respectively, and E = E, U E,,.

Theorem 1.3: If § < T,_1, then Af =Ay— FE,.

To describe the vertical dynamics, we introduce the following limits in Case 2:

o . 1 W, | .
GZ (’lU) :nll{'l'olodinlog 72; 1f57§d, aIld
G=(w) = lim — log 1“2l if 5 — 4

2 \W _n—>oodn g‘zn|% = &,

where o = v/(6 — d) and (z,, w,,) = f™(z,w). Although 22 is not well-defined if « is
rational, the absolute value is well-defined and so we use this notation. Note that

P2z, w)

$1(2)>

if the Bottcher coordinate ¢ exists, where ¢ = (41, ¢2), and that G* o f = dG* and
G® o f" = d"G™ + nyd"~'G, o 7., where G*(z,w) = G%(w), G®(z,w) = GX(w)
and 7, is the projection to the z-coordinate. Hence the existence of ¢ on U induces
the existence of the limits above on Ay, whose properties depend on the magnitude
relation between § and d.

G¢(w) = log and G2°(w) = log|p2(z, w)|

Theorem 1.4: Let 0 <Ts_q. If § <d, then GY is plurisubharmonic and negative
on Ag and G¢(w) =log|z ®w|+0o(1) on U, as r — 0. If § =d, then G is
plurisubharmonic on Ag — E, and G°(w) =log|w|+0o(1) on U, as r— 0. If
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d > d > 1, then G¢ is plurisubharmonic on Ay — E, and G¢(w) = log |w/z%*| + o(1)
on U, as r — 0. For all the cases, the functions are pluriharmonic on Ay — F.

Detailed versions of the two theorems above are given as Theorems 2.3 and 2.4,
respectively, in the next section. It follows from Theorems 1.2 and 1.3 that Ay — F is
open. We remark that the notation g is used instead of « in Ueno (2019b).

Let us next state a consequence of the main results for the case d > Ts_;. Note
that d > 1 for this case. The weight o is not defined for the special case v =0 and
0 = d, whereas § > d and so o > 0 except the special case if § > T_;. By redefining
« for the case § > Ts_1, which coincides with v/(6 — d) except the special case, we
can always define the limit G¢ for the case 6 > T,_;, which exists on Ay — E, if ¢
exists on U. Moreover, the limit

exists and behaves well on the complement of specific fibres in the basin. In the
definition of G and following theorem we set (v,d) as (ng,my) if f has two
dominant terms (ng,my) and (ng41, mgy1); we remark that o depends only on f.

Theorem 1.5: Let § >T,_1 and let d > 2 or § # T} for any k. If v >0 or d =d,
then o > 0, and G&™ is plurisubharmonic and continuous on Ay — F,, pluriharmonic
outside the boundary of {G®* > 0} N (4Ag — E.) and G (w) = log |w/2*| + o(1) on
U-—{z=0}asr—0.Ify=0and § > d, then &« = 0, and G is plurisubharmonic
and continuous on Ay, pluriharmonic outside the boundary of {G* > 0} N Ay and
Gt (w) = log |w| + o(1) on U, as r — 0.

If @« > 0 and d > 2, then the set {G®" > 0} N (Ay — E.) is expressed by the union of
all the preimages of another invariant wedge-shaped region, which is included in U and
whose slope relates to «. See Theorems 2.9 and 2.17 for details.

The limits G¢ and G2 are good tools for the study of the dynamics of w,,/z% on
Ay — E, and Ay — E., respectively, when « is an integer. In particular, the set where
G2 is not pluriharmonic seems to be a Julia set of the dynamics of w,, /2% and we
expect that this Julia set is fractal when 6 = T}, for some k, which is true at least for
Examples 6.16 and 6.17. When « is rational, then we can consider the dynamics of
w?= /27 and expect that similar claims hold.

1.4  New results: classical plurisubharmonic functions
There are other limits such as

G.(w) = nll)n;o /\in log |wy,| and G¢(z,w) = nll)ngo in log |(zn, wn)|,
where A = max{J,d} and |(z,w)| = max{|z|, |w|}. We remark that A depends only on
f. Although these limits are classical to study the dynamics of a holomorphic map f,
they are less useful than the previous limits to discover the weighted vertical dynamics;
roughly speaking, if 6 > d, then either these limits are constant on the intersection of
each fibre and Ay, or v = 0 and so fy is just a product. Tables 4 and 5 in the next
section help us to understand the statements below.



Dynamics of superattracting skew products on the attracting basins 149
First, the existence of the Bottcher coordinate induces the following.

Theorem 1.6: If § < d, then f is in Case 2, G, = G on Ag and Gy =0 on Ag — E.
If y>0and 0 =d, then f isin Case 2, G, = —oo and Gy = Gpom, on Ap. If y =0
and 0 = d, then f is in Case 3, G, is pluriharmonic on A; and G, (w) = log|w| + o(1)
onU,asr—0.Ify>0and § >d>2orify>0,0 >d=1and § # T} for any &,
then G, = aG, o7, on Ay — E,, Ay — E,, or Ay. More precisely, G, = aGp o,
on Ag—Ey, if0 <Ty_1andd>1,on Ay — E, if 6 =T, and d > 2, and on A if
0>Ts_ 1,and ifd>2orifd=1and 6 # Ty. If y=0 and 6 > d, then f is in Case
3and G, =0 on Ay.

Although G is useful for the special case v = 0 and § = d, the monomial map f; is
just a product and the dynamics is rather easy.

Even if d = 0, we can prove that G, = aG), o7, on Ay unless § = Ts_1, although
the Bottcher coordinate does not exist on U.

Theorem 1.7: It Ts_1 > 6 > d =0, then f is in Case 2 and G, = G, o 7, on Ay.

If § = Ts_1, then the dominant term (ms_1,ns_1) belongs to Case 3 or Case 4, and the
other dominant term (mg,n,) belongs to Case 2. Moreover, if § > ms_1 and ms > 2,
then G, = aGp om, on the two disjoint invariant regions as stated in Theorem 1.6.
Hence it follows from Corollary 2.15 that G, = aG)p o7, on Ag — E,,.

Corollary 1.8: If Ts_1 =6 > ms_1 > mys > 2, then G, = aGp o, on Ay — E,,.
The limit
G¢% =1 ! 1 «
f(z7 ’UJ) - ng‘go ﬁ 0g |(Zn7 wn)‘

provides a plurisubharmonic function not only on Ay but also on Ay for the case v =0
and § = d and the case J > d.

Corollary 1.9: If v =0 and § = d, then G? is plurisubharmonic on Ay, G;‘é =G, >
aGpom, on Ay and G} = aGpom, on Ag — Ay If v >0, > d and (n,m1) # (0,6),
then G? =alGpom, on Ap unless d <1 and § =T}, for some k. If v =0 and § > d,
then G? =0 on Ayp.

The three theorems above are consequences of Theorems 2.5, 2.10 and 2.19. More
strongly, we can show that G?‘ is plurisubharmonic on Ag even if v >0, >d, d <1
and 0 = T}, for some k, by using the other dominant term that corresponds to (ny, my)
or (ng41, Mi41)- By setting (v, d) as (ng, my) if f has two dominant terms (ny, mx)
and (ng41, mey1), we can remove the exceptional case d < 1 and 6 = T}, for some k
from the theorem above.

Theorem 1.9: If v =0 and § = d, then G?‘ is plurisubharmonic on Ay, G? =G, >
aGpom, on Ay and G§ = aGpom, on Ag — Ay. If v > 0,0 > d and (n,m1) # (0,9),
then G‘]’: =aGpom, on Ag. If y =0 and § > d, then G(f* =0 on Ay.
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Corollary 1.10: At least one of the limits G, Gy and G is plurisubharmonic on 4,
for any case. More precisely, we can choose the limit as G, for the case § < d, Gy
for the case v > 0 and § = d, and G% for the other cases, which is non-constant and
continuous on Ag — E except the case v =0 and § > d.

The plurisubharmonic function Gy constructed in Favre and Jonsson (2007) has to
satisfy the equation Gy o f = cooG g, Where ¢, is the asymptotic attraction rate for
f.Ify>0or 6 <d, then G, o, is a candidate of G since c,, = J. Moreover,
G is another candidate when o > 0, which is essentially different from G}, o 7. only
when v = 0 and § = d. However, G, G and G do not satisfy the equation above.
On the other hand, if v =0 and ¢ > d, then G¢ is a candidate of G since co = d,
whereas G, o 7, is not. However, o = 0 and fy is just a product for this case.

1.5 Comparison with our results on polynomial skew products

Similar studies have been made for polynomial skew products in Ueno (2011,
2014, 2016a, 2025) to understand the dynamics near infinity. Although the idea of
assigning suitable weights is the same and we apply similar arguments in Ueno (2011,
2014) to investigate the asymptotic behaviour of plurisubharmonic functions, which
derives similar statements, the dynamics around the superattracting fixed point of a
superattracting skew product and the dynamics near infinity of a polynomial skew
product are different. For example, whereas polynomial skew products preserve the line
at infinity except indeterminacy points, superattracting skew products do not preserve
the z-axis and w-axis in general. The definitions of Newton polygons and weights
are also different. Moreover, we remark that we only dealt with the case when the
specific term in ¢ is dominant on a wedge-shaped region in Ueno (2011, 2014, 2016a)
and with the specific weight in Ueno (2011, 2014); roughly speaking, a polynomial
skew product dealt with in Ueno (2011, 2014, 2016a) belongs to Case 1 or Case 2
defined in Ueno (2025) in terms of a Newton polygon. Furthermore, we only studied
Bottcher coordinates in Ueno (2025). In this paper we have succeeded in adapting
arguments in Ueno (2011, 2014) for the specific class of polynomial skew products to
a superattracting skew product f for all the cases, in order to clarify the asymptotic
behaviour of plurisubharmonic functions of f toward the boundary of A;. Besides
this adaptation, we provide some statements on degenerate fibres. Furthermore, by
combining this adaptation with the results on the relation between Ay and Ag, which
are described in Theorems 1.3 and 2.14, we have managed to obtain dynamically nice
plurisubharmonic functions of f defined on the complement of fibres in Ay and on Ay,
which are summarised in Theorems 1.4, 1.5 and Corollary 1.10. On the other hand, we
gave further study of the dynamics near infinity in Ueno (2011) and Ueno (2014) such as
the approximations of weighted Green functions in terms of the weighted homogeneous
part of ¢ and as the dynamics on weighted projective spaces, whose adaptations to
superattracting skew products and to polynomial skew products in other cases are future
works.
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1.6 Organisation

We give main results for each case in Section 2. More generally, Lemma 1.1 and
Theorem 1.2 hold when we let (I1,12) vary on a suitable rectangle Z, determined by the
combinatorial data. In this sense, there are infinitely many invariant wedges if 0 # T}
for any k. For Cases 2 and 4, we find out new invariant wedges, on which b,427w?
may not be the dominant term in ¢, and claim that the unions of all the preimages of the
wedges coincide with Ag — F, for almost all the cases. These results imply Theorem 1.3
and are important to induce Theorems 1.5 and 1.7 and Corollary 1.8. Tables are given
in each subsection as comparison charts of the main results.

We review our previous study in Ueno (2019b) more precisely in Section 3. We
give the definitions of I}, I)% and Zy, calculate them, and illustrate detailed versions of
Lemma 1.1 and Theorem 1.2 in terms of blow-ups.

The proofs of the results for Case 2 are given in Sections 4 and 5. With an
illustration in terms of blow-ups, we first prove the results on invariant wedges and the
unions of all the preimages of the wedges in Section 4. We next show the existence
and properties of plurisubharmonic functions, and investigate the asymptotic behaviour
of the functions toward the boundaries of the unions in Section 5, which makes clear
the inclusion relation between the unions. The proofs of the results for Cases 3 and
4 are given in Sections 6 and 7, respectively. Moreover, we provide examples of
polynomial skew products that are semiconjugate to polynomial products in Section 6,
which demonstrate that G¢ and G are good tools for the study of the weighted
vertical dynamics.

2 Summary of main results for each case

Main results for each case are given in this section. We deal with Cases 2, 3 and 4 in
Subsections 2.1, 2.2 and 2.3, respectively. Moreover, we provide tables for each case,
which help us to recognise the differences of properties of plurisubharmonic functions
depending on the magnitude relation between ¢ and d, between ¢ and 7; and between
v and 0. Furthermore, we provide tables of properties of the classical plurisubharmonic
functions in Subsection 2.4.

Let Ul = Uy = {|z[loHe < ple|w|, jw| < r|z|'®}. Then U = Ul
for Case 2, U = U%"2 for Case 3, and U = U2 for Case 4. Let Alf“)"l(2> be the union
of all the preimages of U'™: . Moreover, let

Urii® = {Jolf ot < 1@ ful, fuw] < ralz}.

In particular, note that Ur()e® = {|2] < r1, jw| < ra|2[l®}.

2.1 Main results for Case 2

Let s > 1, § <Ts_1 and (v,d) = (ns,ms) in this subsection. Then v > 0. Table 1 is
given as a comparison chart of main results for Case 2. We remark that the descriptions
on the asymptotic behaviour of G¢ and G2° in the table are not precise. Actually, we
have to remove FE, from the boundary 8A3;°° of Alf’oo; see Propositions 5.16 and 5.27
in Section 5 for complete descriptions.
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We first exhibit a result on invariant wedges, and give an affirmative answer to the
question whether the unions of all the preimages of the wedges coincide with the basin.
The following is a detailed version of Lemma 1.1, which is stated also in the next

section as Lemma 3.1.

Table 1 Comparison chart of main results for Case 2

Ts—1>d>6 Ts—1>0=d Ts—1>0>d Ts1=0>d
Ij [l1,00) [l1,00) (i1, 0] {ti} ={c}
o a<0 a>0 a=10>0
d d>?2 d>2 d>0 d>0
G¢ psh on Ap psh on Ap — E, psh on Ay — F, psh on Ay
or phon Ao — FE phon Ay — FE phon Ay — FE phon Ay — FE
G logl|z™“w| 4+ o(1) log |w| 4 o(1) log|w/z%| + o(1) log |w/z%| 4+ o(1)
on U, on U, on U, ifd>1 on U, ifd > 2
lim GS —0 G — © G v xifl<a G2 —0
sup as — 8Alf’°° as — 8Alf’°° and d > 1 as — 0AP™
foranylinI} foranylinI} G - 0ifl=« ifd>2
and d > 2
A AL = Al Al = Al Al = Alpee
:AO_Ez :AO_Ez :AO_Ez
for any [ in I} for any [ in I} for any | <
AP g Alpee
ifd>2
G. G.=GfonAy G.=—oc0on A G.=aGpom, G, =aGpom;
(psh on Ayp) on Ag — E on Ay — Ey
ifd>1 or Ay — Ey
ifd>2
Gy Gy=0 Gf=Gpom. on Ay Gf =aGpom, on Ao Gf =aGpom, on
or on Ay — E, (psh on Ayp) (psh on Ayp) Ao if ng—1 >0 or
G(; A?’Oo ifns_1 =0

Lemma 2.1 (Ueno, 2019b): The following holds for any [ in I} if d > 2 and for any
linZ; —{a} ifd=1and § < Ty, where T} = [l;,00) if § < d and T} = [I1,a] if
§>d: f~ foonUL> asr—0,and f(U-°) C UL for small r > 0.

The interval I} plays an important role to study the dynamics of f as explained in the
next section. Note that minZ} = I; and U"»> is the largest wedge among U"* for

any [ in I}. We have succeeded in extending the second statement of this lemma to the
following.

Theorem 2.2: The following holds for any [ >0 if § < d and for any 0 <[ < « if
6 > d: f(UL,) C UL, for suitable small 71 and 7.

Whereas we used the property f ~ fo on UL as r — 0 to show that f(UL>) C UL>®
in the lemma above, we apply different arguments to prove this theorem; the property
above does not hold since I does not belong to Z; if 0 <! <. Note that U}, is

71,72
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l
larger than U122
the theorem.
We have also succeeded in giving the following affirmative answer to the question,
which implies Theorem 1.3 since I; < a if 6 < T5_1.

for any 0 < [ < [; and that there is no condition on the degree d in

Theorem 2.3: It follows that Alf’OO =Ag— E, for any [ >0 if § <d and for any
0<l<aifd>dand (ny,my) # (0,0).

We next exhibit main results on plurisubharmonic functions, assuming that a = b4 = 1.
If the Bottcher coordinate exists on U, then one can show that the limits G¢ and G,
exist and are plurisubharmonic on Ay — E, and Ay, respectively. Moreover, thanks to
Theorem 1.3, we obtain the following theorems.

Theorem 2.4: Let § < Ts_4. 1If 6 < d, then G} = G, on Ay, which is plurisubharmonic
and negative on Ay and G¢(w) = log |z~ %w| 4+ o(1) on U, as r — 0. If § = d, then
G<° is plurisubharmonic on Ag — E, and G°(w) = log |w| 4+ o(1) on U, as r — 0. If
d > d > 1, then G¢ is plurisubharmonic on Ay — E, and G¢(w) = log |w/z%*| + o(1)
on U, as 7 — 0. For all the cases, the functions are pluriharmonic on Ay — F.

On the other hand, if Ts_1 =0 > d > 2, then G¢ is plurisubharmonic on Ay,
pluriharmonic on Ay — E,, and G¢(w) = log|w/z*| 4+ o(1) on U, as r — 0.

Theorem 2.5: Let § < Ts_1.1f § < d, then G, = G¢ on Ag. Hence Gy = 0 on Ay — £,
and Gy = —ocoon E,. If § =d, then G, = —co and Gy = Gpom, on Ag. If § > d >
1, then G, =aGpom, on Ag — E,, and —oco on E,,. If d =0, then G, = aG, o7,
on Ag. In particular, if 6 > d, then G‘;: =aG,om, on Ap.

On the other hand, if Ts_1 =0 >d > 2,then G, = aG, o7, on Ay — E,, and —o0
on F,,. Hence G‘]%‘ = alGp om, on Ay. Moreover, if ng_; > 0, then G, = aG, o7, on
Ay — E,, and —oo on E,,. Hence G;X = aGpom, on Ay.

By investigating the asymptotic behaviour of G¢ toward the boundary BAlf’OO, we can
show that A?’OO is smaller than Alfl’oo.

Proposition 2.6: If Ts_1 > § > d > 2, then A‘}"OO - Alfl’oo.
Moreover, we give a sufficient condition for A%"™ and Alf“oo being unbounded.

Proposition 2.7: Let Ts_1 > § > d > 2. If ¢ is polynomial and f~'{w =0} 2 {w =
0}, then both A% and Alf"oo are unbounded.

2.2 Main results for Case 3

Let s > 1,0 > T} and (v,d) = (n1,mq) in this subsection. Then 6 > T} > d > 1, and
0 > d if v > 0. Table 2 is given as a comparison chart of main results for Case 3; see
Proposition 6.4 for a complete description on the asymptotic behaviour of G toward
0AY! N Ay.

Although we want to define « as v/(d — d), it is not defined if v =0 and § =
d, which corresponds to the exceptional case (n1,m;) = (0,d) in Theorem 2.3. To
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overcome this problem, we redefine a as the minimum of [ > 0 such that a line x +
ly — 18 = 0 intersects N (q); this definition works not only when ¢ > T} but also when
d > mg. Then the line that takes the minimum passes through (0,d) and (v, d), and «
coincides with /(6 — d) unless v = 0 and 0 = d. Moreover, « is well-defined even if
~v =0 and ¢ = d, which coincides with Iy = na /(6 — ms).

Table 2 Comparison chart of main results for Case 3

¥y>0and § >T1 v>0and §=T1 v=0and § > T y=0and 6 =T

I3 [ev, 2] {a} = {2} (0,12] (0,12]
a a>0 a>0 a=0 a=1Il>0
d 6>d>1 6>d>1 6>d>2 b=d>2
fo (29, 27 w) (29, 27w) (2%, w?) (29, w®)
G2 phon Ay — E, phon Ay — E, ph on Ay phon Ay — E,
log |w/2"| + o(1) loglw/=*| +o(1) loglw|+o(1) logluw/2*| +o(1)
on U, on U, ifd> 2 on U, on U,
lim G? =0 G =0 G — —o0 as G - (l—a)Gpom,
as = 0AY' N Ao as » 0AT N Ay — 04} N A as — 0A}' N Ao
if |=cand d > 2 if d>2 for any [ in 77 for any [ in 7}
G — —oc0 In particular,
for any | > « G - 0ifl =«
Gt psh and cont. psh and cont. psh and cont. psh and cont.
on Ay — E, on Ay — E, on Ag on Ag — E.
G¥t >0 o0n A% G&F >0 on A% G >0 on AY®
=0on Ag— Ay" =0on Ag — Ap® =0on A — A}
ifd>2 ifd>2
A(}’l A?,l _ A?c’b A?c’l _ A?,ZQ A?c’l C Ag)c,l
for any [ > « for any [ in Z7 for any I < 1”
A ¢ AR
ifd>2
G- G.=aGpom. G.=aGpom, G.=0o0nA; =loglw|+o(l)onU,
on Ay on Ay if d > 2 ph on Ay
G‘; ‘; =aGpom, G? =aGpom, G‘; =0 on Ao psh on Ag
on Ao (psh on on Ag (psh on Ap) (psh on Ayp) G > aGpom, on A?’a
Ao) =aGpom, on Ay — A(;’O‘

We exhibit results only on plurisubharmonic functions, assuming that a = b,q = 1; we
have no results on invariant wedges and do not know whether the unions of all the
preimages of the wedges coincide with the basin.

The existence of the Bottcher coordinate induces the following.

Proposition 2.8: Let d>2 or 6 >T1. If >0 or § =d, then o >0 and G¢ is
pluriharmonic on Ay — E.. Moreover, G¢(w) = log|w/z%| + o(1) on U, — {z =0}
asr— 0. If y=0and § > d, then o = 0 and G¢ is pluriharmonic on A;. Moreover,
G¢(w) = log|w| + o(1) on U, as r — 0.

Although the interval I]% plays an important role as the same as Case 2, where
I} = [a,l3] if v > 0 and Z7 = (0,l2] if v =0, we avoid to use this notation in this
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subsection. By investigating the asymptotic behaviour of G¢ and G, toward the
boundary 8A(J)c’l, we obtain the theorems and proposition below.

Theorem 2.9: Let d > 2 or § > Ty. If v >0 or § = d, then G is plurisubharmonic
and continuous on Ay — F, and pluriharmonic outside the boundary of {G%™T >
0} N (Ag — E.). More precisely, if d>2, then G2 >0 on A?’a and Gt =0
on Ag— A(;’O‘, which is pluriharmonic on Ag — (“)A?c’o‘ UE,. If yv=0 and § > d,
then G is plurisubharmonic and continuous on Ag and pluriharmonic outside the
boundary of {G%T > 0} N Ap.

Theorem 2.10: If v >0 and § >d>2 or if y>0, d >d=1 and § > T3, then
G,=aG,om, on Ay and G‘}‘ =aGpom, on Ag. If y=0 and § > d, then G, =0
on Ay and G;‘f =0 on Ag. If y=0 and § =d, then G, is pluriharmonic on Ay,
G.(w) =log|w| +o(1) on U, as r — 0, G¢ is plurisubharmonic and continuous on
Ap, G‘]%‘ > aGpom, on Ay and G;‘ =aGpom, on Ay — Ajy.

We remark that the equality G} = aGpom, on Ay holds even if v >0, d=1 and
6 =T as stated in Remark 6.8.

Proposition 2.11: If 6 > Ty, then A?’l = A(])c’l2 for any a < [ < l5. Moreover, if v > 0

and d > 2, then A(}’O‘ C A?ﬁb. If y=0 and § =d, then § =T} and A(;’l, C A?p’l” for
any 0 < ' <" <ls. ' '

2.3 Main results for Case 4

Let s >2, T, <§ <Tx_y and (v,d) = (ng,my) for some 2 <k <s—1 in this
subsection. Then v > 0 and 6 > d > 1. Table 3 is given as a comparison chart of main
results for Case 4; see Propositions 7.13, 7.16 and 7.19 for complete descriptions on the
asymptotic behaviour of G¢ toward ﬁAlf“)’lm. In the table the notations A’;_l and A}
mean the attracting sets corresponding to the other dominant terms (ng_1,mg—1) and
(n1, m1), respectively.

We first exhibit a result on invariant wedges, and give a partial affirmative answer
to the question whether the unions of all the preimages of the wedges coincide with
the basin, which are similar to Case 2. A detailed version of Lemma 1.1 is given in
the next section as Lemma 3.10, in which the wedge U'®-® and intervals I} and
I]% are used. Lemma 3.10 induces the following, in which we use U for simplicity,

although it is more precise to use {|z| < r'*+/'@ |w| < r|z['®} to adapt to Ulm e,

Lemma 2.12: The following holds for any [ in I} if d > 2 and for any [ in I} —{a}
if d=1 and Ty < < Tj_1, where I} =[l1,a] if T <6 <Tp_1, I} =[ly,a) if
0 =Ty, and Z; = {li} = {a} if § = Tj—1: f(UL>=) c UL*° for small r > 0.

Note that minI} =1, and U1 is the largest wedge among U for any [ in I}. We
can extend this lemma to the following theorem by the same arguments as Case 2.
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Theorem 2.13: The following holds for any 0 < [ < oz f(UL%,) C UL, for suitable
small 1 and rs.

is larger than U!12° for any 0 < [ < [; and that there is no condition

71,72

Note that UL

71,72
on the degree d in this theorem.

Table 3 Comparison chart of main results for Case 4

T <6< Tk

Ty, =5<Tk,1

T <0 =Tk 1
and ni_1 >0

T <6=Tr_1
and ni_1 =0

If [ll,a} X [Oz,ll =+ l2] [ll,a) X {a} {a} X (O{,ll =+ 12} {a} X (a,ll + lz]
—{(a, )}
d d>1 d>1 d>1 d>1
Al AL® = Ao — B, AL® = Ao — B, AL® = Ao — E;
forany 0 <l < forany 0 <l < « forany 0 <l <
G¢ ph on Aj ph on Ay ph on Af ph on Ay
logluw/z%|+0(1)  loglw/z2|+o(1)  loglw/z%|+o(1)  logluw/z2| + o(1)
on U, on U, ifd>2 on Uy ifd>2 on U, ifd>2
lim G w0 ifl<a G — oo G¢ —0 GY—0
sup G 0ifl=a as — 8Alf’°° as — 9AG as — DA™
and d > 2 foranylinI} ifd>2 ifd>2
as — 0AG> itd>?2
lim G¢ =0 if G¢ —0as — G¢ — —o0 as — G — —o0 as —
l=aand d>?2 pA "0 A DAPITY —0APT AP —9AP
G¢ = —o0 ifd>2 for any [ in I? for any [ in IJ%
ifl >« as — ifd>2 if d>2
oA 0 Ay
At e gy g Abet— 4, Aplme g A= — A
most {(1) and [(g) for any [ in Z} for any [ in IJ% for any [ in Zj%
Alfh“*llgAf ifd>2 ifd>2 if d>2
A;y,l1+l2—a c Af
ifd>2
other A (g1, Mg+1) (Nk—1,Mp—1) = Al;fl (n1,m1) = A}
term Case 2 or Case 4 Case 3 or Case 4 Case 3
Gt psh and cont. psh and cont. psh and cont. psh and cont.
on Ag — E, on Ag — E. on Ag — E, on Ag — E.
>0 on Alpeh >0 on Al >0 on A >0 on Al
=0 on AofAlfl’a_l1 =0 on AofAi}’o‘_l1 =0 on AofA’JT1 =0 on AofA}
ifd>2 ifd>2
G G, =aGpom, G, =aGpom, G, =aGpom, G, =aGpom,
on Ay on Ay if d > 2 on Ay if d > 2 on Ay if d > 2
G’Jz‘ G’;’c‘ =aGpom; Gj,‘ =aGpom; G;’é =aGpom; psh on Ao
on Ag on Ag on Ag G}" >aGpom,

on A =aGpom,
on Ag — A

We obtain the following partial affirmative answer to the question as the same as Case 2.
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Theorem 2.14: 1f (n1,m1) # (0,0), then Alf’OO =Ag—E, forany 0 <[ < a.
This theorem implies the following since I; < a if 6 < Tj_1.
Corollary 2.15: 1If § < T},_1, then Alfl’Oo =Ay—FE,.

We next exhibit main results on plurisubharmonic functions, assuming that a = b4 = 1.
The existence of the Bottcher coordinate induces the following.

Proposition 2.16: If d > 2 or T}, <0 < Ty_1, then G¢ is pluriharmonic on Ay and
G¢(w) = log|w/z%| + o(1) on U, as r — 0.

Thanks to Corollary 2.15, we obtain the following theorem by investigating the
asymptotic behaviour of G< toward the boundary 8Alf“)’l(2).

Theorem 2.17: Let § <Tjy_1. If d>2 or § > Ty, then G¥T is plurisubharmonic
and continuous on Ay — F, and pluriharmonic outside the boundary of {G%T >
0} N (Ag — E.). More precisely, if d > 2, then G > 0 on A?’O‘_ll and G&T =0
on Ag — Aé}’o‘_ll, which is pluriharmonic on Ay — aAlfl’a_ll UFE,.

. . . . Loy
The investigation of the asymptotic behaviour of G¢ toward 9A"" also shows us

the inclusion relation between Ai}l”l@’ for any (1) in Z} and I(y) in Z7.

Proposition 2.18: If Ty < < Tp_1, then Ai}l)’l(z) = Alf“l2 for any ) <ln) <a
and o < Iy + la) < l1 + lz. Moreover, Alfl’o‘fl1 - Ai}’lz, A;’c"lﬁlro‘ - Alfl’l2 and
AT APItTET = 0 if d > 2. 1f § =Ty and d > 2, then A}*™' = A" for
any | <l < a. If § =Ty_1 and d > 2, then A‘;’l_o‘ = A‘;f’lz_a for any 0 < [ < ls.

The existence of the Bottcher coordinate and Theorems 2.13 and 2.14 induce the
following.

Theorem 2.19: If d > 2 or Tj, < 6 < Tj_1, then G, = oG, om, on Ay. If (n1,my) #
(0,9), then G¢ = aGyom, on Ay.
2.4 Tables for classical plurisubharmonic functions

We end this section with Tables 4 and 5 for the classical plurisubharmonic functions.

3 Intervals of weights and blow-ups

More precise review of the study in the previous paper (Ueno, 2019b) is given in this
section. We deal with Cases 2, 3 and 4 in Subsections 3.1, 3.2 and 3.3, respectively.
For each case, we give the definitions of the intervals Ijlc and I]% and the rectangle Zy,
calculate them, restate Lemma 1.1 and Theorem 1.2 by using I} and/or IJ%, and illustrate
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them in terms of blow-ups. In addition, explanations of weights as a generalisation of
the degree are given at the end of each subsection.

Table 4 Comparison chart of classical psh functions

G. Gy G¥

0<d G.=G3 on Ag Gy=0o0n Ay —E. $=0o0n A - E,
(psh on Ayp) =—occon F, =ooon F,
d=dand v>0 G, = —oo on Ag Gy =Gpom, on Ay
(psh on Aop)
d=dand y=0 ph on Ay ph on Ay psh on Ag
G. = log|w| + o(1) § = log|w| 4 o(1)

on U, on U,
6>d,vy>0and G.=aGpom, on--- pshon --- ¢ =aGyom, on Ag
d#1oré+#Ty (see Table 5) (see Table 5) (psh on Aop)
0>dand y=0 G.=0on Ay Gy =0on Ay ¢ =0on Ao

Table 5 Comparison chart of G, and Gy when § > d and v > 0

On"' if‘...

Ao — Ey if6<Tsyandd>1

Ag ifd<Ts_1andd=0

Ay — Ey ifd=Ts_1 and d > 2

Ay if > Ts—1,and if d >2orif d=1 and § # Ty

3.1 Intervals of weights and blow-ups for Case 2
Let s > 1,

§ < Ty, (7,d) = (ns,ms), i} = ——"= and I = 0.

Note that v > 0 and d > 0 by the setting.

3.1.1 Intervals and Bottcher coordinates
We define the intervals Z7, 77 and the rectangle Zy as
T ={1>0]l6 <~v+1d<i+Ij forany iand j st by #0},
73 = {oo} and Iy = T} x {oo}. It follows that minZ; = [;. In fact, if § > d, then

71 _ Y- S I e 7 e A .
F [max{j—d}’é—d e —d'd—d [l1, o]

If § < d, then the inequality [6 <~ + Id is trivial and so Z} = [I1, 00). We remark that

I}:{l>0|l5§’y+ld§nj+lmj forany 1<j<s—1},
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which expression is used in Case 4.
Recall that U = U'»*°, where Ub>® = UL = {|z| < r, |w| < r|z|'}.

Lemma 3.1 (Ueno, 2019b): The following hold for any [ in I} if d > 2 and for any [
in I} —{a}ifd=1and § <Ts_1: f ~ fo on UL as r — 0, and f(UL>®) C UL>®
for small r > 0.

This lemma induces the Bottcher coordinate for f on U,

Theorem 3.2 (Ueno, 2019b): The following holds for any [ in the previous lemma: ¢ is
biholomorphic on U and conjugates f to fy for small 7 > 0. Moreover, ¢ ~ id on
UL> as 7 — 0.

Note that U'+> is the largest open set among U"* for any [ in Z}.

3.1.2 Blow-ups

Assuming that [ in I} is an integer, we illustrate our previous results in terms of
blow-ups. We also assume that p(z) = 2° and b,q = 1 for simplicity. Let 7 (2,¢) =
(2,7'¢c) and f= 77 o fom. Note that 7; is the I™ compositions of the blow-up
(z,¢) = (z,2c). Then

~ - N q(z,zlc))
z,c) = (p(2),q(z,¢c)) = z), ———
2.0 = () dte.0) = (061, 155
_ (25’ =6, d | Zbijzi-i-lj—lécj)
_ (25’ S YHd=15 d {1 + Zbijz(””)’(”ld)cj*db '
Lety =~ +1d—10 and i =i + 15 — 1. Then (2, ¢) = zﬁcherijz;cj and 0 <7 <

¢ for any (4,7) such that b;; # 0. Therefore, the Newton polygon of ¢ has just one
vertex (7,d), N(§) = D(7,d), and we have the following.

Proposition 3.3 (Ueno, 2019b): 1f | in I} is an integer, then f is holomorphic and skew
product on a neighbourhood of the origin. More precisely,

f(z,c) = (z‘s, 27l {1+ n(z,c)}) ,

where 7 — 0 as z and ¢ — 0. Moreover, it has a superattracting fixed point at the
originifd>2orifd=1and Id0 < v+ [ld.

Remark 3.4: Even if [ is rational, we can lift f to a holomorphic skew product similar
to f as stated in Subsection 5.1 in Ueno (2019b). In particular, /; is rational.

Because f is a holomorphic skew product in Case 1, it is easy to construct the
Bottcher coordinate for f on a neighbourhood of the origin, which induces the Bottcher
coordinate for f on U,
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Remark 3.5: The affine transformation

A (z) B <i+ljl<$) B (1 l) (z) 3 <l§)

")~ j —\o1) \y 0
maps the basis {(1,0),(—7,1)} to {(1,0),(0,1)}. In other words, it maps a horizontal
line and a line with slope —I~! to the same horizontal line and a vertical line. More
precisely, it maps the line with slope —~! that passes through (i, §) to the vertical line
{x =1i}. In particular, if [ = [;, then it maps the line L, ; with slope —/;' and the
horizontal line that intersect at (v, d), to the vertical and horizontal lines that intersect
at (¥, d).

3.1.3  Another explanation of weights

Although 2 w? is a term in ¢ of lowest degree with respect to w, it is not a term in
q of lowest degree with respect to z. We define the weight of a monomial z™w™ as
n + Im. Then 27w is a term in g of lowest weight if [ belongs to Z;. More precisely,
it is the unique term in ¢ of lowest weight if [ > [;, and there are other terms in ¢ of
lowest weight if [ = [;. Furthermore, if d > 1, then the second component Q™ of f™
contains the term z"™w?" and it is the unique term in Q™ of lowest degree with respect
to w and of lowest weight for any n > 1. See Ueno (2024) for details.

3.2 Intervals of weights and blow-ups for Case 3
Let s > 1,
No — Ny

T1§6, ('y,d):(nl,ml), ll =0 and l2: .
mi1 — Mo

Note that v > 0 and § > 77 > d > 1 by the setting.

3.2.1 Intervals and Bottcher coordinates

We define the intervals 77, 77 and the rectangle Zy as 7 = {0},
Z; ={l > 0|y +1d <15 and v +1d < i +1j for any i and j s.t. b; #0}

and Z; = {0} x IJ%. It follows that maxI]% = 5. In fact, if ¥ > 0, then § > d and

IQZL'QZLHQ_VZZ_

LS—d’mm{d—j S d A, k]

If v = 0, then the inequality v 4 Id < [0 is trivial since d < §, and so I]% = (0, 3].
Recall that U = U%2, where U%! = U%! = {|2]! < r!|w|, |w| < r}.

Lemma 3.6 (Ueno, 2019b): The following hold for any [ in I]% if d > 2 and for any [ in
I} —{a} ifd=1and § > Ty: f ~ fo on UP' as 7 — 0, and f(UD') C UY! for small
r > 0.
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Theorem 3.7 (Ueno, 2019b): The following holds for any [ in the previous lemma: ¢ is
biholomorphic on U%! and conjugates f to fo for small > 0. Moreover, ¢ ~ id on
U as r — 0.

Note that U2 is the largest wedge among U®' for any I in Z7.

3.2.2 Blow-ups

Assuming that [~! is an integer for [ in Z%, we illustrate our previous results in terms
of blow-ups. Let my(t,w) = (tw' ,w) and f =75 " o f o my. Note that my is the [~

compositions of the blow-up (¢, w) — (tw,w). Let b,q = 1 for simplicity. Then

q(tw'™", w)

~ B ~ D twl_l —1
Ftyw) = (3(t,w), d(t, w)) = (W gt ,w>> and
Gt w) = qtw' w) = w4 S byttt

= {1t e {1 + Z bz‘jfi*ﬁ*w(rli+j)7(1717+d)} .

Letd=1"'y+dand j =1Y+j. Then §(t,w) = t"w? + 3 b;;t'w’, d < d < § and
d < j for any (i, 5) such that b;; # 0. Therefore, the Newton polygon of ¢ has just one

vertex (v,d), N(§) = D(~,d), and we have the following.

Proposition 3.8 (Ueno, 2019b): 1f =1 is an integer for [ in I?, then f is holomorphic
on a neighbourhood of the origin. More precisely,

F(tw) = (770! D4 ()}, (L4 w)}),

where ¢ and n — 0 as ¢t and w — 0. Moreover, it has a superattracting fixed point at
the origin if d > 2 orif d =1 and v + Id < [4.

Although f is not skew product, it is a perturbation of a monomial map near the origin.
Hence we can construct the Béttcher coordinate for f on a neighbourhood of the origin
by similar arguments as in Section 6 in Ueno (2019b), or one may refer to pp.498—499
in Favre (2000), which induces the Bottcher coordinate for f on UL

Remark 3.9: The linear transformation

4 (5) = (000) = (5) €)

maps the basis {(1,—171),(0,1)} to {(1,0),(0,1)}. In other words, it maps a line
with slope —I~! and a vertical line to a horizontal line and the same vertical line. In
particular, if [ = lo, then it maps the line L; with slope —[5 ! and the vertical line that
intersect at (v, d), to the horizontal and vertical lines that intersect at (v, CZ)

3.2.3  Another explanation of weights

Note that z7w? is a term in ¢ of lowest degree with respect to z. Although it is not
a term in g of lowest degree with respect to w, it is a term in ¢ of lowest weight if
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[ belongs to I2 More precisely, it is the unique term in g of lowest weight if [ < lo,
and there are other terms in ¢ of lowest weight if [ = 5. Furthermore, Q™ contains the
term 27w and it is the unique term in Q" of lowest degree with respect to z and of
lowest weight for any n > 1.

3.3 Intervals, rectangles and blow-ups for Case 4
Let s > 2,
T <6 <Tp_q forsome2<k<s-—1,

N — Nk—1 N1 — Nk
(v,d) = (ngg,mg), h = ———— and | + Iy = ——.
mr—1 —myg mrg — Mgy1

Note that v > 0 and § > d > 1 by the setting.

3.3.1 Intervals, rectangles and Bottcher coordinates

We define the interval I} as

l(1)5 < ’Y—Fl(l)d
7+l(1)d§nj+l(1)mjforlgjgkfl ,
v+Ilnyd <nj+lgym; fork+1<35<s

I}' = l(l) >0

the interval Z7 associated with /(1) in Z} as

for any i and] s.t.hy; #0
where ¥ = +{(1)d — [(1)6 and i=i+ l(1)7 — l(1)0, and the rectangle Zy as

Iy = {(y Loy + )l € Zf Loy € IF)-

Let us calculate the intervals and rectangle more practically. Note that oz > 0 since
0 >d and v > 0. Since n; < and m; > d for any 1 < j <k —1, and n; >~ and
m; <dforany k+1< 7 <s,

N —mn; n; — 2
Ilz J J N 0 —_
= [ () e (P )0 (052

d
Y Nk—1 Mk+1 — Y Y
[mk_l—dvd_mkﬂ) (75 } i1y +12) 10,0

|
W

On the other hand,

IQZLM ARwq = | g =7 AR
LS—d’d—mkH T o—d " Wd—myy, W] T

= [a — l(l)7 li+1— l(l)] NRso.
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If T, < § < Tk_1, then it follows from the inequality I; < a < I; + I that

I = [h, 0], I7 = [a = luy,lh + 12 — L[] NRsg
and so Zy = [l1,a] x [o, 11 + Io] — {(a, ) }.

If T, =6 < Ty_1, then it follows from the inequality [y < o = [; + [ that
I} = [l1, ), IJ% ={a—In}and so Iy = [l1, ) x {a}.

If Ty, < § = Ty_1, then it follows from the inequality [y = o < I; + [ that
I; = {a}, I = (0,15] and so Iy = {a} x (a,l1 + l3].

In particular, minl'Jlc =1y and max{l1) +l2)|l1) € I}, loy € IJ%} =11 + lo.

Recall that U = U2 where U@l = {|z[loHe) < rlo|w|, |w| < r|z|/o}.

Lemma 3.10 (Ueno, 2019b): The following hold for any I;y in Z} and l(y) in Z7
if d>2, and for any [(;) in If {a} and [y in If {a—Ilny} if d=1 and

T, <6 <Typ_1: f~ fo on U, HORIORPYMIIN 0, and f(U, Ul l(2>) c UMM for small
r> 0.

Theorem 3.11 (Ueno, 2019b): The following holds for any /(1) and /() in the previous

L . Loyl
lemma: ¢ is b1h010m0rph1c on UM

Lyl

and conjugates f to fp for small r > 0.
Moreover, ¢ ~ id on Uy, as r — 0.

Note that U't"2 is the largest wedge among U'™-l for any l1y in I} and [(3) in I]%.

3.3.2 Blow-ups

Assuming that /() and l(; are integers for /(1) in I} and /(2 in IJ%, we illustrate our
previous results in terms of blow-ups. The strategy is to combine the blow-ups in Cases
2 and 3. We first blow-up f to f; by my as in Case 2. It then turns out that f; is a
holomorphic skew product in Case 3. We next blow-up f1 to fg by 7y as in Case 3.
The map fo is a perturbation of a monomial map near the origin, and we obtain the
Bottcher coordinate.

Let us restate the first blow-up. Let 7 (2, ¢) = (2, 2/0¢) and fi = 77 o fom as
in Case 2, and let fl(z, ¢) = (p1(2),G1(z,¢)). Let p(z) = 2° and bq = 1 for simplicity.
Then

fi(z,¢) = (z‘s,z”l(Ud_l“)‘scd - Zbij2i+l(1>j_l<l)6cj) .

Let ¥ =~ +l1)d —l(1)0 and i=i+ l(1y7 —l(1)0 as in Case 2. Then 0 <7 <1 for
any (¢,7) such that b;; # 0, and we have the following.

Proposition 3.12 (Ueno, 2019b): 1f 1) in I} is an integer, then fiis holomorphic and
skew product on a neighbourhood of the origin. More precisely,

fl(z,c) = (Zé,z:’cd + Zbijz;cj) .
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Moreover, it has a superattracting fixed point at the origin if d > 2 or if d =1 and
1(1)5 <7v+ l(l)d.

Note that (9,d) is the vertex of the Newton polygon N(g;) whose z-coordinate is
minimum, and that N(§;) has other vertices such as (7ig+1,mg+1). Hence the situation
resembles that of Case 3.

We illustrate that f; is actually in Case 3. Recall that L; is the line passing
through the vertices (v,d) and (ng41, mik41), and Ty is the y-intercept of L. The
slope of Ly is —(I; + o)~ and so T}, = (I; +lo) "'y +d. Let Ly, be the line passing
through the vertices (7,d) and (7g41,mir1), and T} the y-intercept of Lj, where
Ng+1 = Nk+1 + l(l)mk—H — 1(1)5. Then the slope of Ek is *(ll + 1y — l(l))71 and so
Te = (I1 + 1y — l(1y)"'4 + d. Therefore, the inequality T} < § implies the inequality
T;, < 6. More precisely, T, <8 if Ty < 8, and Ty, = 6 if Tj, = 6. In particular,

Proposition 3.13 (Ueno, 2019b): 1f I(1) in I} is an integer, then fiisa holomorphic
skew product in Case 3.

Let us restate the second blow-up. Let ma(t,c) = (tc ) c) and f, = 772 o f1 oy as
in Case 3, and let fy(t,c) = (P2(t,¢), G2(t,c)). Let d = l(_Q)'y +dand j = Z(Q)z +J as
in Case 3. Then d < j and d < § for any (i, j) such that b;; # 0. Note that (7, d) is the
minimum in the sense that 0 <4 <7 and d < d < j for any (2,7) such that b;; # 0.
Therefore, the Newton polygon of ¢ has just one vertex (7,d), N(G2) = D(7,d), and
we have the following.

Proposition 3.14 (Ueno, 2019b): If I(;) and l@; are integers for /(1) in I} and /() in

I)%, then f> is holomorphic on a neighbourhood of the origin. More precisely,

fg(t, c) = (t‘;*l(ﬁ?ﬁcl(ﬁ?;(éfg){l + Gt o)}, tac‘i{l + n2(t, c)}) ,

where (o> and 172 — 0 as ¢ and ¢ — 0. Moreover, it has a superattracting fixed point at
the origin if d > 2 orif d =1, l(1)5 <77+ l(l)d and y + l(g)d < l(2)5.

Consequently, we can construct the Béttcher coordinate for fo on {|t| <, |c| < r},
~ —1
which induces that for f; on {|z| < r|c|'®, |¢| < r} and that for f on Ulwle),

Remark 3.15: The affine transformation

0= @ 6)- ()}

is the composition of the two affine transformations

: 1 — 16 ; ;
A (L) = (P A =(_" ).
1<J) < J and A2 ;)= gtie g

Although statements similar to below hold for any /() in If and l(2) in I instead
of Iy and [z, we illustrate only the case I(1y =11 and o) =l2 for 51mp11c1ty The
transformation A; maps the basis {(1, —(I; + 1)~ 1), (=1, 1)} to {(1,-15"),(0,1)}.
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In other Words it maps the line Lj; with slope —(11 + 12) and the line Lj;_; with
slope —l1 , which intersect at (v, d), to the line L; with slope —12 and the vertical
line that intersect at (%, d). The transformation A maps the basis {(1, —I5 '), (0,1)} to
{(1,0),(0,1)}. In other words, it maps the line L, and the vertical line that intersect at
(%, d), to the horizontal and vertical lines that intersect at (7, d).

3.3.3 Another explanation of weights

Note that z7w? is not a term in g of lowest degree with respect to z nor of lowest degree
with respect to w. However, it is the unique term in g of lowest weight with | =1y
and of lowest weight with | = l y Fl2) if (l1y, 1y + 1 (2)) belongs to T;. Furthermore,
Q" contains the term 2™ w®" and it is the unlque term in Q™ of lowest weight with
I'=1(1) and of lowest weight with [ = [(;) + [(2y for any n > 1.

4 Case 2: invariant wedges and attracting sets

We deal with Case 2 in this and the next sections: we prove Theorems 2.2 and 2.3, the
main results on invariant wedges and the unions of all the preimages of the wedges,
in this section and prove Theorems 2.4 and 2.5 and Propositions 2.6 and 2.7, the main
results on plurisubharmonic functions, in the next section. Let s > 1,

§ <Ts_1 and (v,d) = (ns, ms).

Note that v > 0 and d > 0 by the setting.
Before we give proofs of Theorems 2.2 and 2.3 in Subsection 4.2, we illustrate the
theorems in terms of blow-ups in Subsection 4.1. Actually, we check the following.

Proposition 4.1: Let § < d. Then [ is superattracting at the origin and degenerates
the c-axis for any [ > 0. Let § > d. Then f is superattracting at the origin for any
0 <[l < a,even for ] = « if d > 2, and degenerates the c-axis for any 0 < [ < « unless
(nl,ml) = (0, 5)

Roughly speaking, if f is superattracting at the origin, then the open set U~ should

71,72
be invariant under f, where UL, = {|z] < r1,|w| < r2|z|'}, and if f degenerates the

c-axis, then one may expect that A;OO =A—F

Remark 4.2 (another illustration of Theorem 2.3): One may expect that the vertical
dynamics eventually converges to the dynamics on the w-axis since p™(z) — 0 as n —
oo. If ny > 0, then f degenerates the w-axis to the origin and so one may expect that
Theorem 2.3 holds. If ny =0, then ¢(0,w) = by, m, w™ (1 + 0(1)) and so one may
expect that Theorem 2.3 holds if § < m; since p(z) ~ az®.

4.1 llustration of Theorems 2.2 and 2.3 in terms of blow-ups

Recall that f =770 fom, where mi(z,¢) = (2, 2¢). Let f(z ¢) = (p(2),q(z,¢))
and we assume that p(z) =2° and b,y =1 for simplicity. Then f(z) =2° and
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G(z,¢) = > by 2" T¢I Let ¥ = v+ 1d — 16 and #; = n; + Ilm; — 15. The shape of
the Newton polygon N(§) of ¢ is useful to check whether fis superattracting at
the origin, and whether f degenerates the c-axis. Recall that A; maps the line with
slope —~! that passes through the point (i,§) to the vertical line {z = i}, whereas it
preserves all the horizontal lines. ~

Let us describe the shape of the Newton polygon of ¢ and properties of f for the
cases 0 <d, d >d and 6 <Ts_1, and § > d and 6 = T,_; in Subsections 4.1.1, 4.1.2
and 4.1.3, respectively, which implies Proposition 4.1.

4.1.1 Case2:6<d

Recall that I}c = [l3,00) if § < d. See Table 6 for a summary of the shape of N(§) and

properties of f , where the notation SA means that f is superattracting at the origin, and
the notation Deg means that f degenerates the c-axis.

Table 6 Shape of N(G) when § <d

l O<ili<ly l1 I <1
o 0<ne—1 <%y 0<y="ns-1<ny 0<vy<ny

0 < ny for any j for j <s—2 for j<s—1
N(q) has other vertices than has the only one vertex has the only one vertex
) (3, d) (3.d) (3, d)
f SA and Deg SA and Deg SA and Deg

For any [ in Z}, N(q) = (,d) and ¥ > 0. Hence

q(z,0) = 27 {1 +n(z,0)},

where 7 — 0 as z and ¢ — 0, and fis superattracting at the origin and degenerates the
c-axis. More precisely, 7 = fi;—1 <7y  forany 1 <j <s—-2if [ =1, and ¥ < 7o for
any 1 <j<s—1ifl>1.

On the other hand, for any 0 <! <1l;, N(g) has other vertices than (%,d),
whereas (7,d) is the vertex of N(G) whose y-coordinate is the minimum and 4 > 0.
More precisely, the candidates of vertices of N(§) are (72;,m;)’s, and (Rs_1,Mms_1)
is actually one of the vertices of N(§). However, since 7; >0 for any j, f is
superattracting at the origin and degenerates the c-axis.

4.1.2 Case2:0>dand § <Ts 1

Recall that I} =[l1,a] if § > d and § < Ts_;. See Table 7 for a summary of the shape
of N(§) and properties of f. 3

For any [ in I}e, N(§) = (4,d). Moreover, if | <a, then ¥ >0 and so f is
superattracting at the origin and degenerates the c-axis. On the other hand, if | = o,
then 4 = 0,

(j(Z,C) =c! {1 + 77<Z7C)}”
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and so [ is superattracting at the origin only if d > 2, and f does not degenerate the
c-axis. For any 0 <1 <;, the same things hold as the previous case. We remark that
if [ > a, then 4 < 0 and so f is not holomorphic.

Table 7 Shape of N(G) when 6 > d and § < Ts_1

l 0<li<ly I h<l<a «a
¥ 0<ns—1 <% 0<y="ns—1<ny 0<vy<ny 0=9<n;
0 < ny for any j for j <s—2 for j <s—1 for j <s—1
N(q) has other has the only has the only has the only
vertices one vertex one vertex one vertex
) than (¥, d) (%, d) (%, d) (7, d) = (0,4d)
f SA and Deg SA and Deg SA and Deg SA if d > 2

4.1.3 Case 2: 6 >dand 6 =T,

If 6 =T,_1, then § > d and I} = {I;} = {a}. The shape of N(§) and properties of f
differ whether (n1,m1) = (0,0) or not.

If (n1,m1) # (0,0), then the situation is somehow similar to the previous case. If
l=a,theny=n,_1=0<n; forany 1 < j <s—2andso fis superattracting at the
origin only if d > 2, and it does not degenerate the c-axis. For any 0 < [ < [;, the same
things hold as the previous case. See Table 8 for a summary.

Table 8 Shape of N(G) when 6 = Ts—1 and (n1,m1) # (0,0)

l O<l<lh=a« h =«
ot 0<ng—1 <% 0=7=ns_1 <104
0 < njy for any j for j <s—2
N(q) has other vertices than (7, d) has the only one vertex (¥, d) = (0, d)
f SA and Deg SA if d > 2

Table 9 Shape of N(G) when (ni,m1) = (0,9)

l O0<li<lhh=a« =«

5 0= <7 0= =7

N(q) has other vertices than (¥, d) has the only one vertex (,d) = (0, d)
f SA SA ifd>2

On the other hand, if (ny,m;) = (0, ), then the situation differs from the previous case.
Note that s = 2 for this case. If [ = «, then ¥ =ny = 0,

d(z,¢) = bosc® + -+ bygc + Z bijz T = ¢ {14 n(z,¢)}
i+lj>16

and so f is superattracting at the origin only if d > 2, and f does not degenerate the
c-axis. Forany 0 <! <y, 7> n; =0,
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q(z,¢) :b0505+ Z bijzi+lj_l5cj
i+13>16

and so f is superattracting at the origin, but it does not degenerate the c-axis. See
Table 9 for a summary.

4.2 Proof of Theorems 2.2 and 2.3

The following quantity plays an important role in the proofs:
D = Dy =min {I7"i + j|bj; #0}.

By definition, D > d for any [ > 0 since D > [~'v +d and v > 0. Note that {15 + j
is the y-intercept of the line with slope —/~! that passes through (i, j). Hence, for any
[ > 0, the minimum is realised by a vertex (n;,m;). Let (N, M) be such a vertex:
D =1"'M + N. Then we have the following.

Lemma 4.3: 1t follows that (N, M) = (v,d) and Ts_1 > D ="'y +d > § for any [ in
Z}. Moreover, D =T,y for I =1y, and D = § for [ = v if § > d. On the other hand,
(N,M) # (v,d) and D =1"'M + N > Ty_; > 6 for any 0 < [ < [;. More precisely,
(M,N) = (n1,mq) or (M,N) = (ng,my) for some 2 <k <s—1

ng — Ny or N — Nkg—1 <i< Nkg41 — Nk

ifo<l< .
mip — M2 mE—1 — Mg mg — Mg41

Consequently, the inequality D > § holds for any [ > 0 if § < d, and forany 0 < [ < «
if § > d. Let us make clear when the inequality D > § or the equality D = ¢ holds.
If 6 <d, then D >d > 6 forany [ > 0. If § > d, then D > ¢ for any 0 < [ < «, and
D = § for | = a. More precisely, if § > d, then the inequality D > § holds for any 0 <
[ < « except the special case; if (n;,mq1) = (0,0),thens=2and D =T, =T,_1 =
forany 0 <l < a.

Lemma 4.4: The inequality D > § holds for any [ > 0 if 6 < d and for any 0 <[ < «
if § > d and (n1,m1) # (0,6). On the other hand, the equality D = § holds for [ = «
if 6 > dand forany 0 <! <« if 6 > d and (ny,m1) = (0,9).

4.2.1 Proof of Theorem 2.2

Theorem 2.2 follows from the inequality D > d. We use the following for the case
D > 6.

Lemma 4.5: For any [ > 0 and for any small r; and 79, there exists a constant C' > 0
such that |¢(z,w)| < C|2|'P on UL

T1,r2°

Proof: Since |w| < 72|z|' on UL and i +1j > 1D for any (i, ) such that b;; # 0,

71,72
lg(z,w)| < Z |bij||z|i|w|j < Z |b1j|ré'|z‘i+lj
= > byl Y byl

i+lj=1D i+l5>1D
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=LY bl D bl

i+lj=1D i+1j>1D
ID j j .t +lj—1D
< |7 { Do bilrg A+ Y (bl }
i+lj=1D i+1j>1D
on UL . The first sum in the last expression is bounded from above since the set of
the pairs (7, j) such that ¢ +j = ID and b;; # 0 is finite, and the second sum tends to

0asry — 0since ¢ +1j —1D > 0. O
The following is a precise version of Theorem 2.2.

Theorem 4.6: The following holds for any [ > 0 if § < d and for any 0 <[ < v if
§ > d: f(UL>) c UL for suitable small r; and 7. More precisely, 71 and 75 have

1,72 1,72
to satisfy the inequality Crll(D_é) < 7Ty or QCrll(D =0 < ro for some constants C' and

D*if D > 6§ or D =0, where D* > 4.

Proof: Let U = UL, in the proof. Since the inequality |p(z)| < ry is trivial, it is
enough to show the existence of 7; and o such that |q(z,w)| < r2|p(2)|" for any (2, w)
in U. We have the inequality D > § by Lemma 4.4. The proof differs whether D > §
or D =9.

We first consider the case D > §. It follows from Lemma 4.5 that
Ip(2)| > C1lz|° and |q(z,w)| < Ca|2|'” on U

for some constants C; and Cs. Hence

ID
‘q(Z,Ul)) 02|Z‘6 = %|Z|I(D76) < C’I"ll(D_é) on U,
p(2) (C1lz°) 1
where C' = Cj - C’l_l. Since D > ¢, the map f preserves U if Crll(D_é) < ro.

We next consider the case D = ¢; that is, the special case (nq1,m1) = (0, ). Recall
that 6 > d and (N,M) = (n1,mq) for any 0 <! <« if (n1,m1) =(0,0). Let us
assume that p(z) = 2° for simplicity. Then

‘Q(Zaw) < Z|bij||2|i|w\j < Z|bij|?"§'|2|i+lj45
p(2)t |~ |2|' B
= > lbulra+ Y [bilrle Y
i lG=16 i 1i>16
= |byar|rd + bii|rd| 2T on U
| 2 )
i+15>18

Since M =m1 =6 > 2, |bN]V[|T'éW < |bNM|7% < 7’2/2 if ro < (2|bN]u|)7l. Let
D* =min {I"i + j|(i, ) # (0,0) and b;; # 0} .
Then D* > D = § and the following inequality holds on U for some constant C":

S lrdlal T = {3 bl

i+l >18 i+lj>1D*

i idlj—ID* | I(D*=5 I(D*—§
< { E |bij|r%r§+ J }7"1( ) < OTl( ).
i+1j>LD



170 K. Ueno

Therefore, if 2Crl1(D*_5) < 1o < (2|bxar|) 7Y, then
q(z,w)| e ro
’ p(2)! 2 + 9 ~

O

Remark 4.7: As the same strategy, we can show that the statement in the theorem above
holds even for [ = « if 6 > d > 2, without using the fact f ~ fy on U, as in Lemmas
2.1 and 3.1. Let us give a short proof. As in the proof above,

< Z b |3 + Z b |5 ]2|"T 7 on U3

i+aj=ad i+aj>ad

’q(2,w>
p(z)!

Note that the set of the pairs (¢,7) such that ¢ + «j = «d and b;; # 0 is finite, which
includes (v, d), and the minimum j such that ¢ + aj = «d is d. Since d > 2, the first
sum is less than ry/2 for small ro. Let

D* =min{a~ti + j|(i,5) # (7,d) and b;; # 0} if § < T,_;, and
D* =min{a~ti+ jli+aj > ad and b;; # 0} if 6 = T,_;.

Then D* > D =6 and the second sum is less than or equal to C’rll(D*_(s) for some
constant C, which is less than ry/2 for small r;.

Remark 4.8: As in the proof above, if D > §, then 71 has to satisfy the inequality

1
T2\ D=9
n<(g)” "

Note that {(D —6) = N +IM — 1§ — N as |l — 0, and N = n; for small enough [ by
Lemma 4.3. Hence, for small enough [, it is enough to satisfy the inequality

1
ro\ nr
Tlé(é) .

Therefore, 1 need not converge to 0 as | — 0.

4.2.2  Proof of Theorem 2.3
Let VI ={0 < |z|] <7, r|z|' <|w| < r3}. Then the union U UV!U{z =0} is a
neighbourhood of the origin.

Lemma 4.9: For any [ > 0 and for any small r and rj3, there exists a constant C' > 0
such that |q(z, w)| < C|w|? on V.

o — -1
Proof: Since |z| < (r~Yw|)! " on V!,
la(z,w)] < 37 Ioigtwl| < 37 Jbiglr™ ot
= Z |bij|77171i|w|D —+ Z |bij‘r*lﬂi|w|l*1i+g‘
itlj=lD i+15>1D

D D S T et

i+lj=lD i+lj>1D

IN



Dynamics of superattracting skew products on the attracting basins 171

on V. The first sum in the last expression is bounded from above since the set of the
pairs (4, 7) such that ¢ 4+ {j = [D and b,;; # 0 is finite, and the second sun tends to 0 as
rs — 0 since [7Yi 4+ j — D > 0. O

The proposition below follows from the inequality D > § and the lemma above, which
implies Theorem 2.3.

Proposition 4.10: The following holds for any [ > 0 if § < d and for any 0 <! < « if
§ >d and (ny,my) # (0,0): for any (z,w) in V! with suitable small 7 and r3, there
exists an integer n such that f"(z,w) belongs to U

Proof: 1t follows from Lemma 4.9 that
[p(2)] > (C1l2])° and [q(z, w)| < (Cofw])” on V!

for some constants C; and C5. We derive a contradiction by assuming that f™(z,w)
belongs to V! for all n>0. Let f"(z,w) = (2n,wy,). Then 7|z,|' < |w,| by the
assumption. Since

sm—1 n U n DM—1 D n
20| > O 217 > OF T2 and |w,| < C,7 T wlPT < O T [P

we have the inequality

. n . n
r(CF 12" < rlzal’ < hwal < (G Tw])P"

Recall that D > by Lemma 4.4. By taking r and r3 small enough, we may assume
that C’5 'r <1 and C’D 17"3 < 1. Therefore, the convergence speed of (C’D w|)P"
is faster than that of {(C’f T|z[)'}%", which contradict the inequality above. O

5 Case 2: plurisubharmonic functions

We continue the study of the dynamics for Case 2. We show the existence and properties
of plurisubharmonic functions and prove Theorems 2.4 and 2.5 and Propositions 2.6 and
2.7 in this section, assuming that a = b,q = 1.

We first deal with the monomial skew products in Subsection 5.1. Although they
are not exactly in Case 2, the investigation in this subsection is helpful to understand
the other cases. We then deal with the case § < T,_1 and d > 1 in Subsection 5.2. The
Bottcher coordinate exists for this case, and the dynamics depends on the magnitude
relation between § and d. The case d = 0 is dealt with in Subsection 5.3. We finally
deal with the case 6 = T5_; in Subsection 5.4, which is separated into the subcases
ng—1 >0 and ns_; = 0. One may refer Table 1 in Subsection 2.1 for a comparison
chart.

Theorem 2.4 follows from Propositions 5.5, 5.7 and 5.26. Theorem 2.5 follows from
Proposition 5.8, Corollary 5.9, Propositions 5.25, 5.28 and 5.29. Propositions 2.6 and
2.7 follow from Corollaries 5.17 and 5.22, respectively.
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5.1 Monomial maps
Let fo(z,w) = (2°,27w%), 6§ >2, v>0, d>1 and y+d>2. Then f; has a
superattracting fixed point at the origin. Let

S
0—d

if § # d. Note that « < 0if d < d, and a > 0 if § > d.
Let f5(z,w) = (2n,wy). Then z, = 2°" and w,, = 2" w?", where

«

Yo = (6™ —d"™) if 6 # d, and 7, = nyd" " if § = d.

It is clear that G,,(2) = log|z|.
We first consider the case § # d. If § # d and z # 0, then

o
n__gn n n w
jwp| = 220"~ d" | = |29 (—) .
Za
Hence
w w 4" w
— :‘—’ and so G¢(w) = log|—1 .
e P
n

Lemma 5.1: If § < d, then G¢(w) = log|z~%w| on C2. If § >d and ~ > 0, then
G%(w) = log|w/z%| on {z # 0}. If § # d and v = 0, then G¢(w) = log |w| on C2.

We also have the following.

Lemma 5.2: 1f § < d, then G,(w)=log|z=%w| on C% If § >d and 7 > 0, then
G,(w) = alog|z| on {w # 0} and G,(w) = —oc0 on {w=0}. If 6 > d and v =0,
then G,(w) = 0 on {w # 0} and G,(w) = —ooc on {w = 0}.

Proof: If § < d, then

n

(Z_O‘w)d"

1
— lim — log |2/
; m dn 0g (Zfa)(;"

d

n w

Zaé (7)
Za

=log|z"“w| — lim (—a) (Z) log|z| = log |z~ *w|

1
G,(w) = lim d—nlog

n—oo

n—oo

on {z # 0}. It is clear that G,(w) = —co on {z = 0}.
If § > d and v > 0, then
as™ (W a
: (za)

. a\" w
:alog\z|+nlgrr;o <6> log‘z—a‘falog\d

1
G.(w) = lim 5—nlog

n—oo

on {zw # 0}. It is clear that G,(w) = —oo on {zw = 0}. O

Remark 5.3: If § # d, then f is semiconjugate to the product (z,c) — (2,c?) by

7(z,¢) = (2279, 27¢c). We can replace 7 by 7(z,c) = (z, 2%c) if « is an integer.
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We next consider the case § = d. If § = d and z # 0, then

4" 8" and so G°(w) = log ).

If 6 =d,v>0and |z| < 1, then

n—1 n
Zn'yd wd

G.(w)

. 1
Jim, g 1og

lim {nllog |z| 4 log \w|} = —o0.
n— o0 d

Lemma 5.4: If 6 = d and « > 0, then G3°(w) = log|w| on {z # 0} and G,(w) = —c0
on {|z| <1}. If § = d and v = 0, then G (w) = G, (w) = log|w| on C2.

These lemmas can be summarised into the following two tables.

Table 10 Psh functions for monomial maps when v > 0

G¢ or G G- Ao
o<d log |z~ “w| on C? log |z~ “w]| on C? {lz] < 1, |z~ %w| < 1}
6>d log |w/z%| on {z # 0} alog |z| on {w # 0} {lz| < 1}
o0=d log |w| on {z # 0} —oo on {|z| < 1} {lz| < 1}

Table 11 Psh functions for monomial maps when v = 0

G2 or G G, Ao
o<d log |w| on C? log |w| on C? {lz| < 1,|w| < 1}
o>d log |w| on C? 0 on {w # 0} {]z] < 1,|w| < 1}
sd=d log|w| on C? log |w| on C? {lz| < 1, |w| < 1}

5.2 Case2: 6 <Ts_1andd>1

Let § <T,_1 and d > 1 in this subsection. Then the Boéttcher coordinate exists on
U. The dynamics differs whether 6 < d, 6 = d or § > d. Recall that o < 0 and I} =
[l1,00) if § < d, that I} = [l1,00) if 6 = d, and that o > 0 and I} =[l,a] if Ts_1 >
0 >d.

We first show the existence and properties of plurisubharmonic functions on Aigoo

for any [ in I,lc or I} — {a} in Subsection 5.2.1, and then evaluate the limit supremum

and inferior of G¢ toward the boundary 8Alj?°° in Subsections 5.2.2 and 5.2.3,
respectively.

5.2.1 Existence and basic properties

Because f is conjugate to fy on U5 for any [ in T} ifd > 2 and for any [ in T} — {a}
if d =1, the limit G2 or G=° exists on U, where UL = {|z| < r, |w| < r|z|'}.
More precisely, as shown below,
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G2 (w) = log|gi(z)“da(z,w)]

= log|2~“w| + o(1) on UL*® as r — 0if § < d,
G (w) = log|pa(z, w)|

=log|w|+o(1) on U+>® asr — 0  if § =d,
¢2(sz)
GO (w) = log | 222 Y)
(w) = log 516"
= log Z—a’—i—o(l) on Ub® asr —0 ifd > d,

where ¢ = (¢1,¢2) is the Bottcher coordinate for f on U»™. It extends to a
plurisubharmonic function on Alf’OC via the equations G* o f = dG* and G* o f" =
d"G>® + nyd"1G)p o m,, where G(z,w) = G (w), G*(z,w) = GX(w) and 7, is
the projection to the z-coordinate. We remark that |¢1| and |¢2| extend to continuous
functions from Ai;oo to [0, 1). Theorem 2.3 indicates that Alf’OO = Ay — E, for any [ in
I} if d > 2 and for any [ in I} — {a} if d = 1. Consequently, we obtain the following.

Proposition 5.5: Let § < Ts_1. If 6 < d, then G¢ = G, on Ap. It is plurisubharmonic
and negative on Ay — E,, pluriharmonic on Ay — E and —oco on E N Ajy. Moreover,
G (w) = log|z=*w| + o(1) on U+ as r — 0. If § =d or § >d > 1, then G or
G¢ is plurisubharmonic on Ay — E,. It is pluriharmonic on Ay — E, —co on E,, — E,
oo on E, — E,, and not defined on E, N E,,. Moreover, G3°(w) = log |w| + o(1) or
G2 (w) = log|w/z%| + o(1) on U> as r — 0.

Proof: We only give a proof of the equality G¢ = G, on A, for the case § < d; the
other parts follow from the lemma below. Let § < d and (z,,w,) = f™(z,w). Then

1
et i v

=G.(w) —0=G.(w) on U,

— 11 = i o, 2]
= Jim, g toglunl = lim o loglen

which extends to Ay — E,. The equality G¢ = —oco on E, follows from the definition.
On the other hand, the equality G, = —oco on E, N Ay follows from the dynamics of f
on the w-axis. In fact, ¢(0, w) degenerates the w-axis to the origin if n; > 0, or it has
a superattracting fixed point at w = 0 with the order m; if n; = 0, where m; > d. O

Lemma 5.6: Let § <Ts_y. If 6 <d, then G, =log|¢1] on {|z| <r} and G¢ =
log |1 “p2| on U, If § =d, then GZ° = log|¢s| on U™ If § >d > 1, then
G2 — log|gz/%] on U,

Proof: We treat explicitly only the case é < d and the case § = d, the case § > d being

completely analogous to the case § < d and left to the reader.
Let § < d. Since f§(z,w) = (2°", 27 w?"), formally,

B 1/d™
—-n _ 1/8
%(ZW)<Z () >.
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Let (zp,wy) = f"(z,w). Since ¢(z, w) = lim,_,o0 fy " © (2, w),

1/d™
. n w
o(z,w) = lim (zs/é , (Zgn;;n) ) .

We remark that the composition f; ™ o f™ is well-defined and converges uniformly to ¢
on U+ as stated in Ueno (2019b). Hence log |¢1(2)| = lim,, 00 6" log |z, | = Gp(2)

and, since 7y, = a(é" — d"),
w, \ V" oo {0 1/d»
v /671 Zn e%
Znn Zn

.« . 1 o
nll)ngo 5 log |z, | + nlgt;o an log = aG,(z) + GS(w).

lim log
n— oo

= lim log
n—oo

log |2 (2, w)

n
(0%
Zn

Therefore, G (w) = log |2(2, w)| — alog |1 (2)| = log|¢p1(2)~*¢2(z,w)| on UL,
Let § = d. Since v, = nyd™ !,

1/d™ 1/d"
. Wy, o Wy,
P2(z,w) = nlgréo (ZZ"/dn) = nl;rrgo (227/d>

and so

. 1
log |p2(z, w)| :nll)rrgod—nlog zi =

Moreover, G¢ is plurisubharmonic on Ag if § < d.
Proposition 5.7: 1If § < d, then G¢ is plurisubharmonic on Aj.

Proof: There is a constant C' > 0 such that |¢(z,w)| < C|w|? on a neighbourhood of
the origin, because d < j for any j such that b;; # 0. Hence we have the inequality

Alg(z,w)| < (Aw])?

on the neighbourhood, where A =|C|*/(4=1. Let g,(z,w) = d "log|Aw,|. Then
gn+1 < gn and so {g,} is a decreasing sequence of plurisubharmonic functions.
Therefore, g, converges to a plurisubharmonic function g., on the neighbourhood.
Since g, (z, w) = d~"log|w,| + d~" log|A|, it follows that goo (2, w) = GZ(w). O

The limit G, also exists on U'°°, which extends to Aj.
Proposition 5.8: Let 6 <Ts_1. If § < d, then G, = GS on Ay. If § =d, then G, =
—oo on Ag. If 6 >d>1, then G, =aGpom, on Ay — E,, and —oco on E,. It is

plurisubharmonic on Ay — (E,, — E.), pluriharmonic on Ay — E and —co on E N Aj.

Proof: We give proofs for the case § = d and the case J > d; the claim for the case
d < d is already stated in Proposition 5.5.
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Let 6 = d. It follows that
n 1
7| = Jlim 7 log|wn| = lim 7 o " log |20

=G, (w) — 00 Gp(z) = G,(w) + .

Since G° < ocoon Ay — E,, G, = —oco on Ay — E.. The equality G, = —oo on E, N
Ag follows from the dynamics on the w-axis as the same as the proof of Proposition 5.5.
Let 6 > d. It follows that

.1 .«
G.(w) —aGy(z) = nlLII;O 50 log |wy,| — nhﬂrrolo 50 log |z, | = hm — log

5n
d\" 1
=1 -] =1
R (5) an

on Ul — {y =0}, which extends to Ay — E. The equality G, = —co on E,
follows from the definition, and the equality G, = —oco on E, N Ay follows from the
dynamics on the w-axis as the same as the proof of Proposition 5.5. O

TL

Wn

=0-G%(w) =0

n

The existence of G, implies that of Gy or G? if 6 > d.

Corollary 5.9: Let 6 <Ts_1. If § =d, then Gy = G,om, on Ag. If 6 > d > 1, then
¢ = aGpom, on Ay.

5.2.2 Asymptotic behaviour of G¢ toward 8Alf’°°: limit supremum

Let S' = {|z] < r,|w| =r|z|'} =0U"> N {|z| <r} and S, = f~"(S'). Let E4e, be
the union of all the preimages of the set of vertical lines in A, x C that are degenerated
to points by f:

Fueg = U{ U}, M

n>0

where L is a fibre in A, x C that is degenerated to a point by f. Note that E4., can be
the empty set or included in E,, which holds if f is monomial. Let £, g =Tz (Edeg)-

Remark 5.10: If § < d, then f maps {w = 0} to itself. Hence f(Fgcq) C {w = 0} and
$0 Bgeg C Ay UE,.

Lemma 5.11: If § < d or § = d, then for any [ in I} and for any z in A, — E, U Ej,_ .
we have that S;, N C, # 0 for any large n, and G%lsy = 0 or GP|s, — +00asn —
oo, respectively, where C, = {z} x C. Let Ts_; > § > d > 1. Then for any [ in I} if
d > 2, for any [ in I} —{a}ifd=1, and for any z in 4, — E, U E;eg, we have that
S NC, # () for any large n, and

o casn—oo iflh <Il<a,
G|Sl*> .
Oasn—o0 ifl=«oandd> 2.
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The proof for the case § < d is similar to that of Theorem 4.5 in Ueno (2016a), but not
the same; we deal with any [ in I} not only c. We also remark that one can prove the
lemma for the case § < d by a similar fashion to Theorem 5.4 in Ueno (2016a) since

G =G.. Let f"(z,w) = (p”(z),QZ(w))

Proof: Let z € A, and N > 1 the smallest integer such that [p™ (2)| < 7. Then S! N
C,=0forany n>1ifz € £, and fN(C,) ¢ U and for any n # N if z € Ej.,
and fN(C.) € U">. On the other hand, if z ¢ EJ_,, then (Q7) " (U"* N Cyn(s)) # 0
and hence S\, NC, # () for any n > N + 1.

Let § < d. By Proposition 5.5, there is a constant C' > 0 such that

|GS(w) —log |z~ *w|| < C on Uhee,
Since |z~ %w| = r|z|'~% on S!, where | —a >1>1; >0,
G () (@2 (w) — logrlp" (=) ~*| < C on S,

Since Gy, (Q% (w)) = d"GZ (w),

G2 (w) —d™" logr\p”(z)|l_a| <d™"C on S!.

Fix any z in A, » UL}

7eg Note that G, (z) # —oo since z ¢ E,. Since degp =6 <
d,

ol = (§) 5 e - 0- (1= )Gy () =0

and d7"C — 0 as n — oo.
Let § = d. By Proposition 5.5, there is a constant C' > 0 such that

|G2°(w) — log |w|| < C on UH°.
Since |w| = r|z|' on S¢,

G35 (@1 (w)) — logrlp" ()] < C on 8.
Since G%) (Q2(w)) = d"G (w) + nyd" "' Gy(2),

logr 1 n c .
- < .

oo Y
622 () + 3Gy () -

Since degp = § = d and G,(z) # —oo by the setting,

l
= log[p" (2)] = 00 — 1Gy(2) = o0

g
—n3Gy() + -

as n — oo.
Let 6 > d. The proof is similar to the case § < d except the assumptions of § and
d, and thus «. By Proposition 5.5, there is a constant C' > 0 such that

GS(w) — log‘z%H < C on Ub>,
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Since |z~ w| = r[2|'"* on S and G, (Q%(w)) = d"G¢ (w), where | —a < 0,
G2 (w) — dfnlogr\p"(z)|l*‘”‘| <d™"C on S..

If ] < o and d > 2, then

1
dn

g ()~ = (§) 5 05" (2] = 0 - (1~ )Gy ) = o

as n — oo since degp = § > d and Gp(z) # —o0. If | < @ and d = 1, then
log [p"(2)['= = (1 — ) log [p" ()] = (I — @) - (~o0) = 00
as n — oo. On the other hand, if ] = « and d > 2, then
d"logr|p™(2)|'"" =d " logr — 0
and d7"C — 0 as n — oo. O

We want to show that S! converges to the boundary 8A§J°° in A, x P! as n — oo. Let
S!_ be the set of the accumulation points of S, in A, x P! as n — oo:

St, ={z € A, x P'|3z; € S, such that z), — = and ny, — 0o as k — oo}
Since the sequence f~"(U">) is monotonically increasing,
S! = {x e A, x P'3x, € S!, such that z,, — = as n — oo}.

Lemma 5.12: Let 6 < T,_1. For any [ in I} if d > 2, for any [ in I} —{a}ifd=1,
and for any n > 0,

1 ffn(aUl,oo) — 8f7n(Ul’oo)
2 pr(fOUBR)) € UL

30 f7SY) = MU ) N (z,w) " (2)] < i}
4 (s c s

5 fTHOAY®) = 0AY™ and f(0A}®) C A

6 fX

Moreover, if f is surjective on A, x C, then fn(f~"(0UL>)) = UL,

fn(f*n(sl)) =9, f(aAlfoo) = aAlfoc and f(Sloo) = Séo. This condition means that
f(A, x C) = A, x C and implies that Ez., = 0.

f
SL)y=S. and f(S.) C S..

We only give an outline of the proof of equation (1). The inclusion f~™(0U) D
df ~™(U) follows since f is continuous. The inverse inclusion f~"(9U) C 9f"(U)
follows from the simplicity of the shape of U.
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Remark 5.13: As shown in Lemma 2.1, f(U>>) c U"* for any [ in I} if d > 2 and
for any [ in I} — {a} if d = 1. With a slight change of the proof, one can show that

JWP) = {0} € UM and F{UM) N aU"* = {0}.

Hence, for any [ in I}c if d > 2, for any [ in I} —{a} if d =1, and for any n > 0,

JoHUTE) - f(0) € f D) and
FT=) n oD Ut = £(0),

Let lim,,_,o f~"(8U">) be the set of the accumulation points of f~"(dU"*) in
A, x P! as n — oo. The monotonicity of f~"(U">) and Lemma 5.12 induce the
following.

Proposition 5.14: Let § < Ts_1. Then lim,, o, f~"(OUH>®) = 8Alf’°° for any [ in I}
if d > 2 and for any [ in Z; — {a} if d = 1.

Proof: Let U = U* and let us denote lim,, o, by lim in the proof for simplicity.

We first show the inclusion lim f~"(0U) C 0Ay. Let = € lim f~"(9U). Then we
may assume that there exist x,, € f~"(0U) such that z,, — = as n — oo. Lemma 5.12
implies that f~"(0U) =0f " (U) C f~"(U) C Ay. Since A; is closed, = € Ay.
Let us show that z € Ay by contradiction. If x € Ay, then there exists N such
that fN(z) € U. Hence x € f~N(U) and so =, € f~V(U) for any large n, which
contradicts the fact that 9f~"(U) N f~N(U) = for any n > N.

We next show the opposite direction. Let € As. Then z € Ay and so we
may assume that there exists x, € f~™(U) such that x, — x as n — co. Any
path connecting x and z, intersects with 9f~"(U). Let y, be the intersection of
Of™(U) and the segment connecting = and z,. Then y, — x as n — oo and so
x € im0 f~"(U), which coincides with lim f~"(0U) by Lemma 5.12. O

Since S'=09U N {|z| <r} and lim, o f" (U — S C 94, x P!, the
proposition above implies the following.

Corollary 5.15: Let § <T,_y. Then S, C 9A}™ and S N (A, x P!) = 9A}™
(A, x P) for any [ in Illc if d > 2 and for any l in Z; — {a} ifd: 1.

We obtain the proposition below from Lemma 5.11 and the corollary above. More
precisely, we can remove Ej,  from the exceptional set because the estimate of G |Sz
or G| is locally uniform over A, — E; e.g., if < d, then for any zq in 4, — E,
and for any € > 0, there is a ne1ghbourh00d of z9 in Ay, — E, and an integer N such

that |GZ|s | < e for any z in the neighbourhood and for any n > N.
Proposition 5.16: For any [ in Z} and for any (2o, wp) in 8A§;°° N{(A, — E,) x P1},

limsup W)EAL s (20,w0) G¢(w)=0 ifd <d,

hmsup(%w)eAzfoo_)(ZO’wO) G (w) = 0if § =d.
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Let Ts—1 > 6 > d > 1. Then for any (2o, wp) in 6A§;°° N{(A, — E,) x P},

lim sup G (w) =

(z,w)EAlf’ooﬁ(zo,wo)

o ifl <Il<a,
0 ifl=c«andd>2.

This proposition implies the following, the equalities in which also follow from
Theorem 2.3.

Corollary 5.17: Let § <Ts_1. If § <d, then Alf’Oo :Alfl’C>C for any [ in I}c. If
§>d>2, then AP ¢ A4 = AV for any I in T} — {a}.

Proof: We treat explicitly only the case § < d, the other cases being similar to or simpler
than the case § < d and left to the reader. Let § < d. By definition, Alf’OO C Ai}’oo for

any [ > [;. We derive the contradiction, assuming that the equality Ai;oo = Alfl"oo does
not hold. Let G = G¢ = G, and 0A = 8Alf’°° N Ai}’oo. If the equality above does not

hold, then OA # (). Since G is plurisubharmonic on A?’DO and since Alf’OO NE, =0,
it follows from the proposition above that G > 0 on JA. On the other hand, G <0
on Alfl’OO since G = lim,,_,oo d"" log |wy,| and |w,| — 0 as n — oo on Ai}’oo. Hence
G = 0 on QA, which contradicts the maximum principle for G. O

5.2.3 Asymptotic behaviour of G$ toward 8Alf’°°: limit inferior

It follows from the assumption m; > d > 1 that f maps {w = 0} to itself. If f~'{w =
0} 2 {w =0}, then we expect that the limit infimum of G¢ toward 8A§;°° is —oo
since G¢ = —oo on E,, — E,. Actually, we obtain the following with the assumption
that g is polynomial, which guarantees the surjectivity of the function.

Proposition 5.18: Let § < Ts_1. If ¢ is polynomial and f~'{w = 0} 2 {w = 0}, then
for any [ in Z} if d > 2, for any I in Z} — {a} if d =1, and for any z in A, — E, U
Ezeg’

lim inf G (w) = —o0,
weAL®NC.»944>°NP]

where C, = {2} x C and P! = {2} x P

Proof: Fix any I in Z} or Z; — {a} and any z in A, — E, U Ej_ . It is enough to show
that £, N C, accumulates to 0AL> N ]P’i since G = —oco on B, — E,.
Let f(z,w) = (p"(z), Q7 (w)). In other words, let

Q% (w) =¢qz,_, 00, 0q(w),

where z; = p?(z). Hence Q7 is the composition of n holomorphic functions on w, which
are not constant since z ¢ EJ, .

We first check that the cardinality of (Q7)~!(0) tends to infinity as n — oc.
Let q(z,w) = weh(z,w) and H = {z € C|3w # 0 such that h(z,w) = 0}. Then H =
{2 € Clg;1(0) 2 {0}} and it is enough to show that H is the complement of only
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finitely many points. Because h is polynomial and depends non-trivially on w, {z €
C|3w such that h(z,w) = 0} = C. On the other hand, {z € C|h(z,0) = 0} is a finite
set. If not, it follows from the identity theorem that h(z,0) = 0, which contradicts the
minimality of d. Therefore, H is the complement of only finitely many points.

We next show that (Q7)~1(0) — {0} converges to 8Alf’°° NP! as n — oo, which
completes the proof. Let w,, be a point in (Q7)~1(0) — {0} and {w,, } a subsequence
of {w,} that converges to a point w.,. Assuming that w., belongs to Alf’<>O NC,, we

derive the contradiction. Since (z, wy,) belongs to Alf’oo, there is an integer IV such that

Y maps a neighbourhood of (z,w..) to U->. Because f ~ fo on U-> as r — 0,
it follows for each sufficient large k that Q7 (QY (wy,)) = Q2™ (wy, ) # 0 for any
n > 0. Hence Q7 (wy,) = Q7 N (wy,) # 0 for n =ny — N, which contradicts the
definition of wy,, . g

Remark 5.19: The assumption ¢ being polynomial may be removable, which is used
only to guarantee that H is the complement of finitely many points.

Question 5.20: 1t is known that if p is polynomial and p~1(0) 2 {0}, then p—™(0) — {0}
converges to .J, densely. Does the same or similar thing hold for skew products? More
precisely, if f is polynomial and f~'{w = 0} 2 {w = 0}, then does [f~"{w =0} —
{w =0} N (A4, x C) converge to A N (A, x P!) densely? One may expect that this
is true from the results by Dinh and Sibony (2008) and, if this holds, then we can revise
the proposition above as follows: for any [ in Z} if d > 2, for any [ in 7} — {a} if
d =1, and for any (zg,wp) in aA’f"O N{(4, — E,) x P'},

lim inf G¢(w) = —o0.
(z,w)eAlf’m—)(zo,wo)

Let E2° be the set of the accumulation points of f~"{w = 0} — {w =0} in C x P!
as n — o0o. The proof of Proposition 5.18 implies the following.

Proposition 5.21: Let Ts_1 > § > d > 2. If q is polynomial and f~1{w =0} 2 {w =
0}, then

oo * 1,00
EX N{(4, -~ E,UE};, ) xP'}c [ 094%™
Lh<i<a
Consequently, E7° is unbounded if f satisfies the assumptions since A%™ C Alfl’oo.

Since E° N (A, x P') is included in the closure of Alf’oo in C x P!, we obtain the
following.

Corollary 5.22: Let Ts_1 > 6 > d > 2. If q is polynomial and f~'{w = 0} 2 {w = 0},
then Alf’oO is unbounded for any [ in Z}.

5.3 Case2: 6 <Ts_1andd=10

If d =0, then f can not be conjugate to fy on any open set, since fy is not dominant,
where fo(z,w) = (2°, 27). However, the same statements as Lemma 3.1 hold for any [
in I}c — {a}, and we can show that G, = aG, o 7, on Ay.
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Lemma 5.23: Let T;_y > 6 > d = 0. The following hold for any [ in Z; — {a}: f ~ fo
on UL as ry and r; — 0, and f(ULSS,) C UL, for suitable small r1 and 7.

The first statement follows from the same argument as in Ueno (2019b), and it holds
even for [ = a. The second statement follows from Theorem 2.2.

Remark 5.24 (illustration of the second statement in terms of blow-ups): Let f be
a formal blow-up of f by m(z,¢) = (z,z'c). Then f(z,c) = (2%,27 {1+0(1)}),
where ¥y =~ —10 >0 since d=0. If [ € I} — {a}, then ¥ > 0 and so the origin is
a superattracting fixed point of f . In particular, f preserves a neighbourhood of the
origin, and so f preserves Uﬁfiz. On the other hand, if [ = «, then 4 = 0 and so the
origin is neither superattracting nor a fixed point of f .

Proposition 5.25: If Ty_1 > 6 > d =0, then G, = aG, o7, on Ay.

Proof: Fix any [ in T} —{a}. Let U= UL, and let (zn,wy) = f"(z,w) for any

T1,T2
(z,w) in U. The second statement in the lemma above implies that (z,,w,) also

belongs to U. The first statement in the lemma implies that
Cil(zn)7| < wn| < Caf(20)"]

for some constants C; < 1 and Cy > 1. Hence 6~ " log |w,,| is bounded by

1 ¥ 1

6—”10ng + 5 5 log |z,
from below and above for j = 1 and j = 2, respectively. Therefore, G, = aG), o 7, on
U and so on Alffoo. Thanks to Theorem 2.3, the equality holds on Ag. O

54 Case2: 6 =Ts_1

Recall that § > d and Z; = {I1} = {a} if § = T\ 1.
Because f is conjugate to fo on U*™ if d > 2, the limit G¢ exists on U*,
which extends to A%

Proposition 5.26: If Ts_; =6 >d > 2, then G is plurisubharmonic on A‘;f’oo,
pluriharmonic on A%"* — E,, and —co on E\,. Moreover, G2 (w) = log |w/2%| + o(1)
on UM as r — 0.

The asymptotic behaviour of G toward 9AT™ is as follows.

Proposition 5.27: If Ts_1 =8 > d > 2, then for any (zg,wp) in GA?’OO N{(A, -
E,) x P},

lim sup G¢(w) =0.

(z,w)eA?’wﬁ(zo,wo)

Moreover, if g is polynomial and f~!'{w = 0} 2 {w = 0}, then for any z in A, — E, U

*
Edeg’

lim inf GS(w) = —o0.
wEAFTNC, AT = NPL
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The dynamics of f differs whether ns_; >0 or ns_y =0. Let Gi(w)=
limsup,, , ., A~ " log |w,|, where A = max{d,d}. If ns_; > 0, then Theorem 2.3 implies
the following inequality and equalities on Aj.

Proposition 5.28: Let 6 =Ts_1. If ng_1 >0, then G <aGpom, on Ay and G, =
aGpom, on Ay — A?’OO. In particular, G} = aGp o7, on Ag. Moreover, if d > 2,
then G, = aG, o7, on Ay — E,, and —oo on E,,.

On the other hand, if ns_; = 0, then we have the same inequality and almost the same
equalities only on A;’ﬁ"’c.

Proposition 5.29: Let 6 =Ts_1. If ng_; =0, then G5 < aGpom, on A;’c"oo. In
particular, G} = aGpom, on AJOC"OO. Moreover, if d > 2, then G, = aG,om, on
A;"OO — E, and —oo on E,,.

Remark 5.30: If § =Ts_q, then f has the other dominant term (ns_1,ms_1) than
(ns, ms), which belongs to Case 3 or Case 4. Moreover, if ngs_; =0, then s = 2 and
(n1,m1) = (ns—1,ms—1) = (0,9), which belongs to Case 3. Therefore, we can apply
the results in Case 3 or Case 4. For example, variants of Corollaries 6.7 and 7.9 imply
that G‘]’: =aGpom, on Ay if ng_q1 > 0 and that G}* is plurisubharmonic and continuous
on Ag if ng_1 = 0.

6 Case3

We deal with Case 3 in this section. Let s > 1,
Ty <6 and (v,d) = (n1,mq).

Note that v > 0 and § > 71 > d > 1 by the setting.

Although we observe that the blow-up f is superattracting at the origin and
degenerates the t-axis in Subsection 6.1, there are no results on invariant wedges and the
unions of all the preimages of wedges for Case 3. We exhibit results on the existence
and properties of plurisubharmonic functions and on the asymptotic behaviour of the
functions toward the boundaries of the unions in Subsection 6.2, which imply all the
main results stated in Subsection 2.2. Although we omit to prove the results on the
existence and properties since they are similar to Case 2, we prove the results on the
asymptotic behaviour in Subsection 6.3. One may refer Table 2 in Subsection 2.2 for
a comparison chart of the results. We assume that a = b4 = 1 in Subsections 6.2 and
6.3.

Two examples are given in Subsection 6.4. For any polynomial £ of degree d and
for any integers § and « such that § > d, we can construct a polynomial skew product f
that is semiconjugate to a polynomial product of the form (2%, h(w)) and such that the a
determined by f coincides with the given integer . The map f is in Cases 3 and 2, and
the dynamics of such a map is rather easy to understand. More precisely, the Bottcher
coordinates and plurisubharmonic functions for f are expresses by the counterparts of i
and, in particular, the boundary of the set where G is not pluriharmonic is described
in terms of the Julia set of h.
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6.1 Observation of blow-ups

Let us observe that the blow-up f is superattracting at the origin and degenerates
the t-axis for a suitable weight [. If [ belongs to Z2, then G(t,w) ~ t"w? on a
neighbourhood of the origin and so

F(tw) = (P70 DL 4w}, O+ w)}),

where d = 171y 4 d. Moreover, if 6 > Ty and | > «, then § — d > 0 and so we have
the following.

Proposition 6.1: 1f § > T, then f is superattracting at the origin and degenerates the
t-axis for any I in 77 — {a}.,

Although f degenerates the t-axis, we do not know whether A?p’l contains Ag — E,,.

6.2 Plurisubharmonic functions

Let us first review Z? and related quantities, which depends on whether § > T} and
whether v > 0; see Table 12 for a summary. If 6 > 77 and v > 0, then § > d, a > 0
and 77 = [a,ly]. If § > T1 and v =0, then § > d, o= 0 and Z} = (0,l5]. Moreover,
d>?2 because of the assumption for f being superattracting at the origin. If § = T3
and v > 0, then § > d, « > 0 and Z2? = {a} = {lo}. If § =T} and v = 0, then § = d,
a = ly and I = (0,l5]; recall that we redefined « to be 5 in Subsection 2.2, whereas
~v/(0 —d) is not defined for this case.

Table 12 Informations on Ifc and related quantities for Case 3

§>T 77 = (o Io] 77 = (0,12
d>d>1and o >0 6>d>2and a=0

=T 77 = {a} = {l2} 77 = (0,12
6>d>1land a >0 d=d>2and a=13>0

In particular, the dynamical features depend strongly on whether v > 0 or v = 0. If
~v =0, then fy is just a product. More precisely, if ¥ = 0 and § > d, then o« = 0 and so
the properties of G¢ are different from the other cases. On the other hand, if v = 0 and
§ =d, then fo(z,w) = (2°,w’) and so the properties of G, and the inclusion relation
between Ao’l for any [ in 12 are different from the other cases.

Recall that fis conjugate to the monomial map fo on U%! for any [ in 12 ifd>2
and for any [ in 77 — {a} if d =1 and § > T} as stated in Lemma 3.6, where Ul =
{]2|" < r!|wl, |w| < r}. Therefore, G exists on U% — {z = 0} for any [ as above if
~v > 0 or § = d. More precisely,

b2

(/)O‘ o(1) on U — {2 =0} as r — 0,

G2 (w) = log
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which extends to a pluriharmonic function on A(J)Jl — E.. On the other hand, if v =0
and 0 > d, then o = 0 and G¢ exists on U%' for any [ in Z7. More precisely,

G%(w) = log|¢o| = log|w| + o(1) on U as r — 0,

which extends to a pluriharmonic function on A(}’l.

Proposition 6.2: The following hold for any [ in Z} if d > 2 and for any [ in 77 —
{a} ifd=1and § >Ty: If y>0 or § =d, then o > 0 and G¢ is pluriharmonic on
A?yl —FE,. Itis co on E, — E, and not defined on F, N E,. Moreover, G¢(w) =
log |w/z%| + 0(1) on U%! — {z =0} as r — 0. If v = 0 and § > d, then o = 0 and G<
is pluriharmonic on A?’l. Moreover, G (w) = log|w| + o(1) on U%! as r — 0.

This proposition implies Proposition 2.8. Recall that Ay = A(}’l"’ and that A(}’l2 is
the largest wedge among A?yl for any [ in I]%.

Moreover, we have the following propositions on the asymptotic behaviour of G¢
toward BA?JZ, which are proved in the next subsection.

Proposition 6.3: Let d > 2 or § > Ty. For any [ in the proposition above and for any
(20,wo) in {0AT' MDA} N {(4, — E,) x P},

00 if vy > 0(and § > d),
lim sup GS(w)=<¢0 ify=0and ¢ > d,
(z:w) €AY = (20,w0) —aGy(z9) ify=0andd=d.

The same convergence to 0 holds for any z in A, if y=0and § > d.

Proposition 6.4: Let § > d. For any (zp, wp) in 5‘A(}’l NAy—E.,

lim G2 (w) =

(z,w)eA?’l%(zo,wo)

0 ify>0,d>2and ! = a,
—oo fa<l<ls.

The same convergence to —oo holds for any (zg,wp) in GA[}’Z N A if v =0.

On the other hand, if § = d, then for any [ in Z7 and for any (zo,wp) in 8A(}’l N
AO - EZ9

lim G2 (w) = (I = @) Gp(20),

(z,w)GA?’l%(zo,wo)

where Z7 = (0,1] and a = I

As a consequence of Propositions 6.2, 6.3 and 6.4, we obtain Theorem 2.9 and
Proposition 2.11.

The limit G, also exists on U if d > 2 or if d =1 and § > T}, where U = U%l2,
More precisely,

G.(w) =aGy(z) on U ifv>0andé§ >d,
G.(w)y=0onU ify=0and § > d, and
G.(w) =log|w|+ o(1) on U, as r — 0if (y =0 and) 6 =d,
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which extends to a pluriharmonic function on Ay.

Proposition 6.5: If d>2 or 6 > 1T, then G, is pluriharmonic on A;. Moreover,
G,=aGpom, on Ay if y>0and § >d, G, =0 on Ay if y=0 and § > d, and
G.(w) =log|w|+o(1) on U, as r — 0 if (y =0 and) § = d.

By arguments similar to the proof of Proposition 6.4, we obtain the following.

Proposition 6.6: 1f 6 = d, then for any [ in IJ% and for any (29, wp) in 8A(;’l N A,

lim Gz(w) = le(Z()).

(z,w) €AY = (z0,w0)

As a consequence of Propositions 6.5 and 6.6 and the remark below, we obtain the
following, which, together with Proposition 6.5, implies Theorem 2.10.

Corollary 6.7: If § > d, then G? =aGpom, on Ay, which is plurisubharmonic
on Ay and pluriharmonic on Ay — E,. If 6 = d, then G% > aG,om, on A?JO‘ and
G;? =aGpom, on Ay — A?;O‘, which is plurisubharmonic and continuous on Ay and
pluriharmonic on Ay — 8A(J)c’a.

Remark 6.8: If d =1 and § = T3, then my = 0, where (ng, msg) is the other dominant
term of ¢. Hence f is also in Case 2, and Proposition 5.25 implies that G} = aGj, o7,
on A().

We end this subsection with a proposition that relates to the discontinuity of GG,. Recall
that G%(w) = limsup,,_, ., A~ " log|w,,|, where A = max{J, d}.

Proposition 6.9: If 6 > T1, then G} < aGpom, on Ag — Af.

Proof: For any [ in 77 — {a} and for any (z,w) in Ay — A(J)c’l, it follows that |w,| <

7=z, |! for any n > 1, where (2,,, w,,) = f"(z,w). Hence G%(w) < IGp(2) < aGp(2)
on Ag — A?c’l for any [ in IJ% — {a}. In particular, G (w) < aG,(z) on Ay — A%b. O

Therefore, even if the limit G, exists on Ay, it is not continuous on 0A; N Ay when
6 >Ty.
6.3 Asymptotic behaviour of G toward 8A3’l

In this subsection we prove Propositions 6.3 and 6.4 by arguments similar to Case 2.
We separate the boundary U into two surfaces S°* and S™: let

5o = {|z|' < r'jwl, |w| = r} and S = {|z|' = r'|w|, |w| < r}.

Note that St = {|z| < r™*¥/! jw| =7} and S U S™ = U N {|z| < r1+/1}.
Let Sgu¢ = f=n(S°") and Si = £~ (5™).
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Lemma 6.10: Let d > 2 or 6 > T. For any [ in Proposition 6.2 and for any z in A, —
E, UFE},,, we have that 57" N C, # ) for any large n, and

00 as m — 00 if v > 0(and § > d),
G7|sout — 40 as n — oo ify=0andé > d,
—aGy(z) asn—o0 ify=0and § =d

The same convergence to 0 holds for any z in A, — EJ, g ify=0and 0 >d.
Proof: By Proposition 6.2, there is a constant C' > 0 such that
‘G?(w) — log ‘Z%H <ConU% —{z=0}.
Since |w| =7 on S°U, |G¥(w) — logr|z|~%| < C on S°“* — {2z =0} and so
G ) (@2 (w) — logrlp" ()] ~°| < C on 55 — f~"{z = 0},

Since Gp (Z)(Q (w)) = d"G¢(w),

]Gj(w) —d " logr\p"(z)|_o“ <d"C on S — f~"{z = 0}.
If v > 0, then « > 0 since d > d, and

el = (§) - G 0eb" ()] - 0 (-0)Gyl) = o

asn —oo. If y=0and § =d, then a > 0 and

—Lloglp" (2)] = == log |p" ()] —+ ~aGy(2)

as n — oo.
If v =0 and é > d, then @ = 0 and there is a constant C' > 0 such that

|G< (w) — log|w|| < C on U
by Proposition 6.2. The same arguments as above imply that
|G2(w) —d™ " logr| < d~"C on So*.
Clearly, d " logr — 0 and d~"C — 0 as n — oo since d > 2. O

Lemma 6.11: Fix any z in A, — E, U £}

ieg Then S;"NC, # 0 for any large n. If
6 > d, then

G2

0Oasn— oo ify>0,d>2and ! = a,
Sin .
—occasn—oo ifa<l<ls.

On the other hand, if § = d, then
G2

sin = ([ = a)Gp(z) as n — oo
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for any 0 < I < Iy, where o = [5.
The same convergence to —oc holds for any z in A, — Ejj, if y=0and § > d.

Proof: By Proposition 6.2, there is a constant C' > 0 such that

’G‘Z)‘(w) flog’;%H < ConU% —{z=0}.

Since |z~ %w| = r|z|'~® %(w) —logr|z|'=*| < C on §™ — {0} and so

G ) Q1 (w)) — Togrlp" (2)]~| < € on 81 — £77(0).

Since G () (Q7 (w)) = d"GZ(w),

’Gg‘(w) —d" logr\p"(z)|l_o‘| <d™"C on S™ — f7™(0).
Letd > d. If v >0,d > 2 and | = «, then
d~"logr|p™(2)|'" =d " logr — 0

and d™"C — 0asn — oo. If a <l <y, then

ol ()] = (§) 5 ol a)] - o0 1 - @)Gy(9) = o0

as n — oo.
On the other hand, if § = d and 0 < [ < I5, then

—a |-« n
log (' = L log " (2)] — (1 @)y (2)

as n — oo, where o = Is.

If =0 and 6 >d, then @« =0 and the same inequalities hold not only on
Sim — f~™(0) but also on Si". Hence G¢|sin = d~"logr|p™(z)|' = —o0 as n — oo
for any 2 in A, — £}, and for any 0 <[ < l. O

Let lim, o f~"(0U') be the set of the accumulation points of f~"(0U®!) in
A, x P! as n — oo, as the same as Case 2. Then the following equality follows from
the same argument as Case 2.

Proposition 6.12: 1t follows that lim, f’”(aUO’l):ﬁA?{l for any [ in
Proposition 6.2.

Let S and S be the sets of the accumulation points of S2“* and S in A, x P! as
n — oo, respectively. We investigate the inclusion relation between S9“ and aA?;l N

Ao and between S and 6‘A?;l N Ao. Let 1y = r1+1/1,
W= (el < il < vl and UF = U UW! = {J2] < i ful < 7).

Let WL = f~»(W!) and U,} = f~™"(U"). Note that U, is a neighbourhood of the
origin, AU;F N {|z| < 7} = S and OW]! N {|z| < 7} = Si".
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Applying the same argument as Case 2 for U,", we obtain the following.

Proposition 6.13: Tt follows that St C 8A0l NOAp and SN (A, x P!) = BAO o
DA N (A, x P) for any [ in Proposition 6. 2

Combining this proposition with Proposition 6.10, we obtain Proposition 6.3 in the
previous subsection.
We next show Proposition 6.4. Note that W! N U™ is a decreasing sequence and

(NwWhynut={J @ =vu"- A},

n>1 n>1

which is not empty and closed in U*. Since S = dW! N {|z| < r;}, it follows that
ShNUT C 8A?p’l N U™. Moreover, we have the equality since 3A§)c’l NnUt cwt.

Proposition 6.14: 1t follows that S N U+ = aAﬁ’;l N U™ for any [ in Proposition 6.2.
In addition, Propositions 6.12 and 6.13 imply the following global statement.
Proposition 6.15: It follows that S D aA(;’l N Ap for any [ in Proposition 6.2.

Combining this proposition with Proposition 6.11, we obtain Proposmon 6.4. Note that
G¢ is monotonic increasing on AOl NWLNC, for any z in A, — E, U E}., and for
any n > 0 because of the max1mum principle. Hence we can take the limit mstead of
the limit inferior in Proposition 6.4. More precisely, we first obtain the claims in the
proposition over {0 < [z[ < r} for small 7 > 0, which does not intersect £}, and then
extend them to A, — E, by pulling G¢ back by f.

6.4 Examples

For any polynomial i of degree d and for any integers § and « such that § > d, we
can construct a polynomial skew product f that is semiconjugate to the polynomial
product g(z,w) = (2%, h(w)) and such that the o determined by f coincides with the
given integer o. The dynamics of such a map is rather easy to study as stated in the
introduction in this section.

We divide a family of such maps into two cases: the case ¢ > d and the case
0 =d. If § > d, then f degenerate the w-axis and Ag is unbounded. If § = d, then f is
non-degenerate and Ay is bounded. Here we say that f is non-degenerate if f does not
degenerate any fibre to a point. Let A be a monic polynomial of degree d > 2. More
precisely, let h(w) = w? 4 bg_jw?=! + - - 4 b,,w™, where b,, # 0.

Example 6.16 (degenerate type): Let o be an integer, § > d and

flz,w) = (z‘s,za‘sh (%)) .
z
Then f is semiconjugate to g(z,w) = (2%, h(w)) by 7(z,w) = (2,2%0w): for =T og.
Since  q(z,w) = 220Dy 4 by_1 200 (d=D)gyd=1 L ... 4 b 20@=m)gyym — the
Newton polygon of ¢ has two vertices, (ni,m1) = (a(d —d),d) and (ng,msy) =
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(a(6 —m),m), and f is in Cases 3 and 2. Let U; = {|2|* < r*|w|, |w| < r} and
Us = {|z| < r,|w| < r|z|*} for small » > 0. Let A; and A2 be the unions of all the
preimages of U; and Us, respectively. Since

n _ o _ad"in ﬂ

e = (2 (),

we have the following equalities:
_ [e e el ﬂ _ a, 0 ﬂ

o(z,w) = (z,z o5y (za>> on U; and ¢(z,w) = (z,z o (zf’)) on Us

if m > 2, where o°(w) = lim “/h"(w) and ) (w) = lim "\/h"(w),
n—oo n—oo

G¢(w) = GY, (z“) 0on A; — {z =0} and G¢(w) = G}, (z“) < 0on Ay

if m > 2, where G7°(w) = ILm d~"log|h™(w)| and GY (w) = ILm m~ " log|h"™(w)|,

w

Gt w) = G () = {OG?? (=) Zn jo i 11 = 0},

where G3°F (w) = lim d™"log™ |h™(w)],
n—oQ

A1 N{(A, — Ey) xC= ] {2} x9{w|G¢T(w) >0}
0<|z|<1

U {2} x 0 {w|G (w) =0}

0<|z|<1

U {z} x 2%Jp,

0<]z|<1

where Jj, is the Julia set of h. Note that 94; N (4, x C) = 043N (A, x C) if m > 2
because the boundaries of the attracting basins of co and 0 for i coincide. Moreover,

| Ay — By,
G.(w) = alog|z| on Ay and G, (w) = {a og|z| on A;
—00 on F,,

if m > 2. Therefore,

alog|z| on Ay — E,,
Glw) = {—oo on E

if m > 2, and G§ (2, w) = alog|z| on Ay, where A9 = {|2| < 1}.

Example 6.17 (non-degenerate type): Let o be an integer and

flz,w) = (zd,zo‘dh (%)) .

z
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Then f is semiconjugate to g(z,w) = (2¢, h(w)) by 7(z,w) = (z,2%w): for =T og.
Since q(z,w) = w? + bg_1 2w 4+ -+ + by, 2*@=™)w™ the Newton polygon of
q has two vertices, (nq1,m1) = (0,d) and (ng, m2) = (a(d —m), m). Since

fM(z,w) = (zdn,zo‘dnh" (ﬂ)) ,

Za

the same equalities as the previous example hold except the following:

G.(w) = alog|z| + G5° (%) > alogl|z| on 4; — {z =0}

and so
log |w| on {z =0},
w
G5 (z,w) = { alog|z| + G (;a) on A; — {z =0},
alog|z| on Ag — Ay,
where
oo w
A= {0l <yu( U {or (&)< -algll}).
0<]z|<1

The same construction works even if d = 1. Such maps are used in Example 7.5 in Ueno
(2019b) to show that we can not remove the condition § # T}, for any %k in Lemma 1.1
if d = 1. See also Example 5.2 in Ueno (2016b).

Even if « is rational, one can construct similar examples, although it is more
complicated and the desired polynomial A is limited. Proposition 3.9 in Ueno (2010)
and Proposition 3.1 in Ueno (2012) give necessary and sufficient conditions for
the non-degenerate polynomial skew product (2% q(z,w)), where q(z,w)=w?+
O.(w?™1), to be semiconjugate to (z%,q(1,w)) by =w(z,w) = (2",2%w) for some
positive integers r and s. More generally, Lemma 5.1 in Ueno (2020) gives necessary
and sufficient conditions for the rational skew product (z°, g(z,w)), where the degree
of ¢ with respect to w is d, to be semiconjugate to (2%, ¢(1,w)) by 7(z,w) = (27, z°w)
for some integers r and s. Green functions of such maps are studied in Ueno (2012)
and such maps are characterised by symmetries of Julia sets as stated in Ueno (2010,
2020). One can find statements similar to the examples above in Examples 5.2 and 5.3
in Ueno (2011), Examples 4.3 and 5.2 in Ueno (2014), Section 10 in Ueno (2016a) and
Example 4.4 in Ueno (2016b).

7 Case 4

We deal with Case 4 in the last section. Let s > 2,
Tk < ) < Tk,1 and (’}/7d) = (nk7mk)

for some 2 < k < s — 1. Note that v > 0 and § > d > 1 by the setting.

We first exhibit several results on invariant wedges and the unions of all the
preimages of the wedges, which imply Theorems 2.13 and 2.14, and describe the
properties of the blow-up f; in Subsection 7.1. We then exhibit a few results on the



192 K. Ueno

existence and properties of plurisubharmonic functions in Subsection 7.2. We finally
investigate the asymptotic behaviour of G¢ toward the boundaries of the unions in
Subsection 7.3, which is separated into three subcases. One may refer Table 3 in
Subsection 2.3 for a comparison chart of the results. We assume that a = b,q =1 in
Subsections 7.2 and 7.3.

7.1 Invariant wedges and attracting sets

We exhibit several results that imply Theorems 2.13 and 2.14 in Subsection 7.1.1. Since
the statements and proofs are almost the same as the case § > d in Case 2, we omit the
proofs.

Note that the dynamics of the first blow-up f1 is almost the same as the case § > d
in Case 2.

Proposition 7.1: The blow-up fi is superattracting at the origin for any 0 < I < «, even
forl=aif 0 > T, and d > 2 or if 6 = T}, and my41 > 2, and degenerates the c-axis
for any 0 < I < « unless (n1,m1) = (0,9).

Therefore, one may expect that Theorems 2.13 and 2.14 hold. This proposition
corresponds to Proposition 4.1 in Case 2. See Subsection 7.1.2 for a detail, in which the
shape of the Newton polygon of ¢; and properties of f; are summarised.

7.1.1 Exhibition of results

We can apply the same arguments for Case 2 to the dynamics of f on Uﬁﬁ2 and Ub>°,
The following lemma corresponds to Lemma 4.4 in Case 2.

Lemma 7.2: If (n1,m1) # (0,6), then D > ¢ forany 0 <! < o, and D = ¢ for [ = .
On the other hand, if (ny,m1) = (0,9), then D = § for any 0 < < a.

The following lemma and theorem correspond to Lemma 4.5 and Theorem 4.6,
respectively, which imply Theorem 2.13.

Lemma 7.3: For any [ > 0 and for any small r; and 75, there exists a constant C' > 0
such that |g(z,w)| < C|z|'P on UL

T1,72°

Theorem 7.4: The following holds for any 0 < [ < a: f(UL> ) C UL, for suitable

71,72 71,72

small r; and ro. More precisely, 71 and ry have to satisfy the inequality C'Tll(D_é) <7y
or QCrll(D =) < ry for some constants C' and D* if D > § or D = 4.

The following lemma and proposition correspond to Lemma 4.9 and Proposition 4.10,
respectively, which imply Theorem 2.14.

Lemma 7.5: For any [ > 0 and for any small r and r3, there exists a constant C' > 0
such that |q(z, w)| < C|w|? on V.
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Proposition 7.6: If (n1,m1) # (0,6), then the following holds for any 0 < [ < a: for
any (z,w) in V! with suitable small r and r3, there exists an integer n such that
f(z,w) belongs to UH°.

7.1.2  Shapes of Newton polygons

The shape of the Newton polygon of ¢; and properties of f1 for Case 4 are more or
less similar to those for Case 2. More precisely, the magnitude relation between 0, 71,
ng, -+ -, Ny are the same as Case 2, where n; = 7, as shown in the following tables,
which induces the attraction and/or degeneration properties of fi. Roughly speaking,
0 <ng—1 <7and 0 < 7, forany j when 0 <! <y and (ny,mq1) # (0,0),0 <F <7,
for any j when [; <[ < «, and 0 <4 when [; <[ < . On the other hand, we have
the extra vertices (Mg+1,Mg+1), -+ (s, ms) for Case 4, and so N(q;) always has
other vertices than (%, d).

Table 13 Shape of N(G1) when T} < 6 < Tk—_1

l 0<i<ly Iy h<li<a «

¥ 0<nEg—1 <%y 0<y=ng_1 <Ny 0<y<ny 0=9<n;
0 < ny for any j for j #k,k—1 for j # k for j # k

fl SA and Deg SA and Deg SA and Deg SA ifd>2

Table 14 Shape of N(Gi) when § = T}

l 0<li<lh I h<l<a o

ot 0<np—1 <4 0<q="nk-1 <Ny 0<vy<ny 0=79=ngr1 <Ny
0 < ny for any j for j #k,k—1 for j # k for j Ak k+1

f SA and Deg SA and Deg SA and Deg SA if mg41 > 2

Table 15 Shape of N(Gi1) when § = T,_1 and (n1,m1) # (0,0)

l O<li<h=a« h=«a

o7 0<ng—1 <% 0=4=nkp—1 <7y
0 < n; for any j for j #k,k—1

fi SA and Deg SA if d > 2

Table 16 Shape of N(Gi) when (ni,m1) = (0,9)

l O<li<lh=a« h =«

5 0= <7< ny O0=7 =75<7ny
for 7 >3 for 5 >3

fi SA SA if d > 2

We only give tables of summaries of the shape of N(g;) and properties of f1. Recall
that Z} =[l1,0] if T}, < 6 < Tp—1, I} = [l1,a) if § = T}, and I} ={li} ={a}ifd =
Ty_1. Tables 13, 15 and 16 for Case 4 correspond to Tables 7, 8 and 9 for Case 2,



194 K. Ueno

respectively. Table 14 resembles to Table 13, whereas the case | = « is different. Note
that (v, d) = (n2,mg) for Table 16 since (ny,m;) = (0,9).

7.2 Plurisubharmonic functions

Because f is conjugate to the monomial map fy on Ul™:l@ for any Iy in Illc and
li2y in Z7 if d > 2, and for any 1y in Z} — {a} and l(5) in ZF — {a — )} if d =1
and T}, < & < Tj_1, the limit G exists on U!®-l@, which extends to a pluriharmonic

. Lol
function on Af(” @,

Proposition 7.7: For any 1y in Z} and [(3) in Z7 if d > 2, and for any [y in Z} — {a}
and /(2 in I]% —a-— Iy} if d=1and T}, < 6 < Ty_1, the limit G¢ is pluriharmonic

on Alf“”l@’. Moreover, G (w) = log [w/z%] + o(1) on Uy as r — 0.

Recall that Ay = A?’b and that Ai}’l2 is the largest wedge among Alf“)’l(z) for any /(1)
in Z} and l(y) in Z7. This proposition implies Proposition 2.16.

Combining Theorem 2.14 and Proposition 2.16 with Propositions 7.13 and 7.16,
results on the asymptotic behaviour of G exhibited in the next subsection, we obtain
Theorem 2.17.

The limit G, also exists on U, where U = U2, which extends to Ay.

Proposition 7.8: If d > 2 or T}, < § < Tj_1, then G, = aGpom, on Ay.

Moreover, it follows from Theorems 2.13 and 2.14 that G} < aG, o7, on Ap if
(n1,m1) # (0,0). Therefore, we have the following.

Corollary 7.9: If (n1,m1) # (0,9), then G¢ = aGyom, on Ag.

The proposition and corollary above imply Theorem 2.19.

7.3 Asymptotic behaviour of GS toward 6Alf“)’l<2)

In this subsection we exhibit results on the asymptotic behaviour of G¢ for the
cases T, <0 <Tp_1, 6 =T}, and 6 = T}_; in Subsections 7.3.1, 7.3.2 and 7.3.3,
respectively. In particular, Propositions 7.13 and 7.16 below imply Theorem 2.17, and
Corollaries 7.14 and 7.17 below imply Proposition 2.18. We omit all the proofs since
they are almost the same as the previous cases.

7.3.1 Case4: T, <6 <Ty_1
Recall that Zy = [I1,a] X [a, 11 + Io] — {(e, @)} if T < § < Tj—1 and that Utote =

Izl < ploful, Ju] < rlzf),
We first point out that f has two disjoint invariant wedges in U2,

Proposition 7.10: 1t follows for sufficiently small » > 0 that
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1 f(Uilaa_ll) C Uil»a_ll and f(Uﬁ‘Jl"FlZ_a) C Ugal1+l2—0¢
l,a—1 Jitle—a _ l,a—l JiAHla— 11,0
2 Ulorh nuehth-a = and Ulvo—h yushith-a c glholz,
Similar to Case 3, we separate the boundary OU'™:!> into two surfaces: let S°% =

{lel'o+le < rlofw|, jw] = 7|20} and $7 = {|zfw+e = rlo fw, ju] < rlzo}.
Let S’I(’)LUt — f—n(Sout) and STiln — f‘"(Si”).

Lemma 7.11: Fix any z in A, — E, UE;SQ and let Iy <) <lq)+l) <+l

Then S N C, # () and S N C, # O for any large n, and

coasn—oo ifly) <a,

Gg|5‘out—) .
" Oasn—oo iflg =aandd>2,

and

G2

0asn— o0 ifl(l)—i-l(z):aanddzl
Sin .
" —o0asn— oo ifly) +1lpg) > a.
In particular, the following hold under the condition d > 2:
G7|sout — o0 and G [gin — —00 asn — o0 if l(1) < a <ln) +(2),
G7|sout — o0 and G
G(zl|S;’l“t — 0 and G(;

Sin —0asn— o0 if l(l) <a= l(l) + 1(2)7

Sin —» —00 a8 N — 00 if l(l) =a< l(l) + 1(2).

Let S2¥¢ and S be the sets of the accumulation points of S2* and S in A, x P! as

. Layslays
n — oo, respectively. Let Ul t = {|z] < p1Hl@) u| < r|z'®} and AP *
the union of all the preimages of Ul 1)+,

Lemma 7.12: For any l(1y and /(2 in Proposition 7.7,

i - Lyl ¢ ; L1yl
1 nlgréof QUM le) = gout y g — 3Af<1> @
out Laybeay+ L1yl (2)
2 Soo - 8Af C 8Af
Lyl
3 S&?tﬂ(ApXPl)ZaA;1>7(2)7+m(Ap><IP>1)
4 gATE AT gin c gl
5 SinnUolet = gAW® qutelet,

. . Loyl
Note that this lemma holds even if we replace U’/ * and A" @ o glayee

and Alf“)’oo. Hence the two lemmas above imply the following.

Proposition 7.13: For any (z,wp) in aAlf(”’OC N{(A, — Ep) x P1},

lim sup G (w) = {OO ith <o <o,
(z,w)eAlf(l)’l(z)H(zo,wo) 0 if l(l) =aand d > 2.
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For any (zg,wp) in aA’f<1>’l<2> NAg — 8Alf“)’oo UFLE,,

lim G (w) =

Legysl
(z,w)GAf(l) @ —(z0,w0)

—o0 ifa< l(l) + 1(2) <li+ o,
0 if o = l(l) + l(g) and d > 2.

Note that we can replace 8Alf(1)’l(2) NAy— 8Alf(“’°° UE,. in the proposition
to {8A§§1)’l<2) - aAlf(”’Oo} N{(4, — E,) x P'}. Moreover, we can replace it to
{BA;“”Z(Z’ N Ao} N{(A4, — Ep) x P} if [(1) < o thanks to Theorem 2.14.

Corollary 7.14: 1t follows that Alf“)’lm :Alfl’l2 for any 1) <l <a and o<
l(y + L2y < 11 + lo. Moreover, A?’O‘_ll - Alfl’l?, A;"lﬁ'lz—a - Alf"l2 and Alf"a_l1 N
APt =i d > 2.

7.3.2 Case 4: 6§ =T},

Recall that I; < o and Zy = [l1, o) x {a} if 6 = T.
Let S°% = {|z|'*® < r®|w|, |w| = r|2|'} and S = {|z|'*t® = r*|w|, |w| < 7|2|'}.

Lemma 7.15: Let d > 2. For any [ in I} and for any 2z in A, — E, U E.,» we have that

SN C, #0 and S;* NC. # 0 for any large n, and GZ|ggur — 00 and G |gin — 0
as n — o0.

This lemma and Lemma 7.12 imply the following.

Lfmma 7.16: Let d > 2. For any [ in I} and for any (zp, wp) in aAlfo N{(4, — Ep) x
P},

lim sup G¢ (w) = oo.
(z,w)GAlf’ule(zo’wo)

For any [ in Z; and for any (z0,wo) in 8A§;°‘_l NAg — 6Alf’°° UE,,

lim G¢(w) = 0.

(zw)€AL ! = (20,w0)

Corollary 7.17: 1f d > 2, then Aé;a_l = Alfl’o‘_l1 for any [ in I}.

7.3.3 Case 4: 6 =Tj_1

Recall that 7} = {a} and 77 = (0,15] if § = Ty_;.
Let o4 = {|z|** < rl|wl|, |jw| = r|z|*} and S™ = {|z|**! = rl|w]|, |w| < r|z|*}.

Lemma 7.18: Let d > 2. For any [ in I]% and for any z in A, — E, U Ejj, , we have that

SputNC, # 0 and S;" NC, # 0 for any large n, and G¢|gou: — 0 and G
as n — oo.

Sfln — —00
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This lemma and Lemma 7.12 imply the following.

Proposition 7.19: Let d > 2. For any (zo,w) in 9AT™ N {(A, — E,) x P'},

lim sup G (w) =0.

(z,uz)EA?‘m%(zo,wo)

For any [ in Z7 and for any (zo,wy) in 3A?’l_a NAg—0ATT UE,,

lim GS(w) = —o0.
(z,w)eA?’Lia—)(zo,wo)

Corollary 7.20: 1If d > 2, then A})"l_a = A?’b_a for any [ in I]%.

Remark 7.21: If 6 = Ty, then f has the other dominant term (nj_1,my_1), which
belongs to Case 3 or Case 4. Therefore, variants of Theorems 2.9 and 2.17 imply
that G is plurisubharmonic on Ay — E,. Moreover, variants of Corollaries 6.7 and
7.9 imply that G‘;‘ =aGpom, on Ag if ny_; >0, and G}* is plurisubharmonic and
continuous on Ag if ni_1 = 0.
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