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Abstract: The normal cloud model, as an important model for simultaneously 
studying the randomness and fuzziness of uncertainty problems, not only 
covers various disciplines and fields in practical applications but has also been 
promoted by scholars in theoretical research since its publication. This article 
introduces the normal cloud model and the cloud least squares method based on 
discrete envelope distance. In practical applications, the cloud least squares 
method may generate low accuracy or results that contradict the actual 
situation. To solve these problems, this article presents the improvements of the 
normal cloud linear regression model, which leads to the normal cloud ridge 
regression (NCR) and normal cloud positive regression models. Their 
advantages have been illustrated through simulation data analysis respectively. 
Finally, the model was applied to actual stock data to demonstrate the value of 
our modification once again. 
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1 Introduction 

As a bidirectional cognitive computing model for qualitative and quantitative 
transformation, the normal cloud model reveals the internal correlation between 
randomness and fuzziness in statistics. Since the cloud model was proposed by Prof D.Y. 
Li in 1995 (Li and Liu, 2004), after years of research and development, it has been 
covered more and more widely in scientific research. In terms of theoretical research 
(Yang et al., 2018; Xu et al., 2014), a large number of scholars have linked various 
theories of randomness and fuzziness to cloud models by analogy, combined with the 
characteristics of cloud models themselves, and creatively studied various theories of 
cloud models, making them increasingly mature in theoretical research (Liu, 2022; Nishat 
et al., 2024). In terms of practical application (Zhang, 2024; Sirbiladze et al., 2014), 
scholars in different disciplines take into account the randomness and fuzziness of 
indicators and problems (Bo and Fang, 2015; Song and Zhu, 2019), and look at problems 
from a new perspective with the help of the normal cloud model (Chhatria and Tripathy, 
2023; Xu, 2022), so that the normal cloud model has been applied to various disciplines 
and fields (Guo et al., 2022; Guo and Guo, 2024). 

Considering the correlation between ambiguity and randomness in uncertainty 
regression, the traditional linear regression model is extended and generalised. Gong  
et al. (2017) proposed the cloud least squares method based on discrete envelope distance 
as a generalisation of the traditional regression model and fuzzy regression model. 
Normal cloud linear regression considers the deviation between data and its estimated 
value as the result of the fuzzy and random association of system parameters. The three 
digital features of a normal cloud can reflect the uncertainty degree of the regression 
model, which has the advantage of being more in line with the connotation of natural 
language values. 



   

 

   

   
 

   

   

 

   

    Improvements and application of normal cloud positive regression model 125    
 

    
 
 

   

   
 

   

   

 

   

       
 

Similar to classical linear regression, cloud least squares method plays a crucial role 
in normal cloud linear regression. However, in practical applications, people may handle 
large-scale regression problems that involve many independent variables. In addition, 
there are some similar properties between the independent variables, which may lead to 
low accuracy and unstable results in the application of cloud least squares method. How 
to solve the problems of low accuracy and instability has become an urgent issue for 
statisticians. 

For classical linear regression, current literature mainly focuses on model evaluation 
and does not consider the issue of multicollinearity. As is well known, multicollinearity 
between regression variables in linear regression analysis can lead to highly unstable least 
squares estimates of regression parameters. For multicollinearity data, some coefficients 
may not be statistically significant and may have incorrect symbols. To solve this 
problem, some local estimation methods have been proposed to improve the accuracy of 
the least-squares method. Hoerl and Kennard (1970) proposed ridge regression 
estimation, which has become the most common method to overcome the special 
weakness of least squares estimation. In addition, many scholars have studied non 
negative coefficient regression and gradually enriched the theory of non-negative 
coefficient regression from various aspects such as different model construction methods 
and algorithm calculation methods. Peng (2023) analysed the advantages and 
disadvantages of different non-negative coefficient linear regression models based on 
domestic and foreign securities market data, indicating that non-negative coefficient 
regression in classical linear regression is becoming increasingly abundant and gradually 
improving. 

In this article, we proposed a normal cloud ridge estimation method and a normal 
cloud positive regression (NCP) estimation method for the normal cloud regression 
model. This method overcomes the potential for low accuracy and instability in cloud 
least squares determination. At the same time, we also analysed the superiority of the new 
method compared to existing methods, and demonstrated the feasibility of the new 
method through simulation data analysis. Finally, we take stock prices as an example to 
illustrate the advantages and value of this model in practical applications. 

The article is organised as follows. In Sections 2 and 3, related work and evaluation 
criteria of the normal cloud linear regression model are introduced. In Section 4, the 
normal cloud ridge regression (NCR) model and NCP model are obtained, and we also 
discuss their properties and simulated analysis for these two estimators. Furthermore, a 
real data example is given in Section 5. Finally, some conclusions are given in Section 6. 

2 Related work 

In the real world, uncertainty mainly includes randomness and fuzziness. When the 
uncertainty of observed variables is determined by membership functions rather than 
probability distributions, the corresponding regression model is called a fuzzy linear 
regression model. Randomness and fuzziness are two fundamental characteristics in 
uncertainty problems. Classic linear regression models and fuzzy regression models have 
studied these two types of uncertainties separately, but the study of the correlation 
between the two has not received enough attention, that is, considering both randomness 
and fuzziness simultaneously. In order to deal with the widespread randomness and 
fuzziness in qualitative concepts, Li and Du (2014) first proposed a cloud model that uses 
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a second-order Gaussian distribution method to reflect the randomness of qualitative 
concepts, while also calculating the fuzziness that reflects qualitative concepts. Li et al. 
(2009) proposed a new cognitive model loud model, which can synthetically describe the 
randomness and fuzziness of concepts. They also showed that a normal cloud model can 
not only be viewed as a generalised normal distribution with weak constraints but also 
avoid the flaw of fuzzy sets to quantify the membership degree of an element as an 
accurate value between 0 and 1 and, therefore, may be more adaptive for uncertainty 
description of linguistic concepts. Ma et al. (2023) proposed an approach based on a 
fuzzy cloud cognitive diagnosis framework (FC-CDF) to predict examinees’ performance 
in an e-learning environment and utilised innovatively the normal cloud models to 
measure the expectation, degree of variation and variation frequency of learners’ skill 
proficiency, and each NCM is transformed into an interval fuzzy number to characterise 
the uncertainty of the skill proficiency for every learner. Gong et al. (2018) considered 
the fuzzy linear regression model with fuzzy input, fuzzy output, and crisp parameters 
and combined centroid point and radius of gyration point for defuzzification from the 
viewpoint of geometric quality. They merged the least square method with the new GCP 
distance and proposed the least square GCP distance method to estimate regression 
coefficients. Chen et al. (2013) proposed a simple two-stage approach for constructing a 
fuzzy regression model based on the distance concept and showed a mathematical 
programming model to determine the fuzzy adjustment term in the proposed fuzzy 
regression model to minimise the total estimation error based on the distance concept. 
The results showed that the proposed fuzzy regression model has the highest explanatory 
power based on the total estimation error using various criteria. Choi et al. (2013) have 
successfully combined ridge regression with the fuzzy regression model to address the 
multicollinearity in fuzzy regression models and the proposed algorithm uses the a-level 
estimation method to evaluate the parameters of the ridge fuzzy regression model.  
Li et al. (2023) proposed an improved method for estimating the similarity between  
LR-type fuzzy numbers. They also showed an algorithm for computing the proposed 
similarity measure between LR-type fuzzy numbers and computed the similarity between 
trapezoidal fuzzy numbers, Gaussian fuzzy numbers, and normal fuzzy numbers.  
Min et al. (2022) discussed the similarities and differences between the fuzzy transform 
and least-squares fuzzy transform on the least-squares fuzzy transform that combines a 
fuzzy transform with a least-squares algorithm, and showed that the fuzzy transform 
outperforms the least-squares fuzzy transform in terms of image reconstruction and 
image denoising. On the basis of cloud model theory, this article extends and generalises 
the existing normal cloud linear regression methods to address the correlation between 
fuzziness and randomness in uncertainty regression. The NCR method and NCP method 
are proposed to estimate parameters, and the effectiveness and feasibility of the methods 
are discussed. 

3 Basic theory and evaluation criteria of normal cloud linear regression 
model 

The normal cloud model is the uncertainty transformation model between a qualitative 
concept expressed in language value and its quantitative representation. To describe such 
a model that combines randomness and fuzz, the normal cloud model expresses the 
numerical characteristics of a qualitative concept with an independent set of parameters, 
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reflecting the uncertainty of the concept, namely, expected value Ex(Expected Value), 
entropy En(Entropy), and hyper entropy He(Hyper Entropy). The formula of the normal 
cloud model is x = NC(Ex, En, He). 

For a multiple linear regression model y = a0 + a1x1 + a2x2 + … + apxp, presume that 
both the independent and dependent variables are in a normal cloud form with both 
randomness and fuzziness, and the model coefficient aj(j = 1, 2, …, p) is a real number, 
then the regression model is called a normal cloud linear regression model. Namely, if 
(x1i, x2i, …, xpi, yi) (i = 1, 2, …, n) is the experimental data of (x1, x2, …, xp, y), then the 
data of the variable is in the form of xji = NC(Exji, Enji, Heji), yi = NC(Exi, Eni, Hei). 

According to the definition of the discrete envelope distance between normal clouds 
(Liu, 2022), the mean square error between the estimated and observed values of the 
normal cloud-dependent variable in the normal cloud linear regression model is: 
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The cloud least squares method is to estimate the linear regression coefficient of the 
normal cloud ˆ ,ja  whose partial derivative is equal to zero, by solving Eα with aj(j = 1, 2, 
…, p). Let the coefficient vector be 
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pA a a a a=  

The normal cloud independent variable envelope endpoint value vector and matrix are 
respectively: 
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The normal cloud-dependent variable envelope endpoint value vector is: 
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Then the mean square error of equation (1) can be expressed as: 
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is reversible, then the least square estimation of the normal cloud linear regression can be 
obtained as: 

1Â W V−=  (4) 
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The normal cloud linear regression least squares parameter estimation method based on 
discrete envelope distance is called the cloud least squares method (CLS: Cloud Least 
Squares), Â  is the cloud least squares estimator, and the normal cloud linear regression 
model obtained according to the cloud least squares is: ˆŶ XA=  

Property 1: The estimator Â  is an unbiased estimate of A. 

Proof: 
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We can also get E[Yr2(k/m)], E[Yl1(k/m)], E[Yl2(k/m)], by substituting (5), we get: 
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We can get the conclusion: the estimator Â  is an unbiased estimate of A. q.e.d 
To evaluate the performance of the normal cloud linear regression model, the error of 

the model must be estimated. Similar to classical linear regression, the mean square error 
of the model was used for comparison. Although the two names sound the same, the 
classical regression analysis uses mean square error comparison to compare the distance 
between the observed value and the fitted value by using the point-to-point gap to 
evaluate the fitting effect. In comparison, the normal cloud fitting focuses on the gap 
between the actual cloud droplet and the estimated cloud droplet by using the discrete 
envelope distance difference to explain whether the envelope curve between the actual 
cloud and the synthetic cloud is similar. Thus, the gap between the actual cloud droplets 
and the estimated cloud droplets is illustrated, and the quality of the model is further 
explained. Therefore, when Eα the obtained fitting value and the actual value are 
relatively smaller, we believe that the normal cloud linear regression model is good. 

Definition 1: For two normal cloud regression models obtained from the same sample 
data, the mean square error of Model 1 is Eα1, and the mean square error of Model 2 is 
Eα2. If Eα1 < Eα2 so, then Model 1 is superior to Model 2 in the sense of mean square 
error. 

4 Improvement of normal cloud regression model 

4.1 The significance of improvement of normal cloud regression model 

Since the performance of a normal cloud model is evaluated by considering whether the 
envelope curves are similar in practice, the mean square error of a normal cloud linear 
regression model is as follows: 
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In this way, the mean square error ˆ( )E Yα  estimated by the normal cloud linear 

regression model can be reflected by the mean square error ˆ ˆ ˆ( ) E( ) ( )TMSE A A A A A= − −  

of the coefficient estimator. The smaller ˆ( )MSE A  means smaller ˆ( ),E Yα  which means 
the model works better. 

In traditional linear regression, the mean square error of the coefficient estimator 
obtained by the least squares method is proportional to the sum of the reciprocal 
eigenvalues of the matrix XTX. When there is multicollinearity between the independent 
variables, the minimum eigenvalue is very small, resulting in a very large mean square 
error and poor simulation effect. 

Different from traditional linear regression, when the multicollinearity between 
variables is not serious to a certain extent in normal cloud linear regression, most of the 
effects of such multicollinearity are balanced out according to the calculation of the 
envelope endpoint value in the solution process of cloud least squares method. In this 
case, the cloud least squares method is still preferable. 

However, when the multicollinearity between variables is very serious, the influence 
brought by multicollinearity is still not very satisfactory after most of it is neutralised. 
Meanwhile, to seek the minimum mean square error, cloud least squares sometimes 
ignore the problem itself, resulting in a large change in the result after a slight 
transformation of the data. That is, the result is unstable. At the same time, it may cause 
problems such as unreasonable results. To solve such problems, combined with the 
traditional regression improvement method, the current study puts forward the NCR 
model, which has a certain improvement compared with the cloud least squares method 
in solving very serious multicollinearity problems under the evaluation standard of mean 
square error. Meanwhile, the fitting results of different data generated by the computer 
for the same problem are relatively stable and feasible. 

In addition, in some practical problems, negative coefficients are of no practical 
significance, and the regression of non-negative coefficients has to be considered in the 
regression process, while the positive and negative coefficients generated by the cloud 
least squares method are uncertain. To solve such problems, combined with the positive 
regression in classical regression, the NCP is proposed in the current study to make the 
coefficient estimators have practical significance. 

4.2 The NCR model 

4.2.1 Model construction 
In 1970, Hoerl and Kennard proposed ridge estimators in the traditional sense of 
regression (Li et al., 2023; Min et al., 2022), which provides a good solution for the 
presence of multicollinearity in traditional data. Concerning the ridge estimation under 
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traditional regression, the normal cloud ridge estimation is presented here. Consider 
coefficient estimators: 

1ˆ ( ) ( )A k W kI V−= +  (7) 

The coefficient estimator called normal cloud ridge regression is the NCR model. 
ˆˆ ( )Y XA k=  is NCR model. Where is the order unit matrix and is the ridge parameter, and 

the mean square error of the model is reduced by selecting the appropriate ridge 
parameter, where the corresponding coefficient estimator is the cloud least squares 
estimator. 

By definition, the NCR estimator has the following properties: 

Property 2: For arbitrary k > 0, ˆ ( )A k  is a biased estimate of A. 

Proof: According to equation (7), there are: 

1 1 1 1

1 1

ˆ ˆ( ) ( ) ( ) ( )
ˆ ˆ( ( )) ( ) ( ) ( )

A k W kI V W kI WW V W kI WA

E A k W kI WE A W kI WA

− − − −

− −

= + = + = +

= + = +
 

So when we have k > 0, ˆ ( )A k  is a biased estimate of A. q.e.d 

Property 3: There exists k > 0 that makes ˆ ˆ( ( )) ( ),MSE A k MSE A<  then we get 
ˆ ˆ( ( )) ( ),E Y k E Yα α<  that is, in the sense of mean square error, there is a ridge regression 

estimation model better than the cloud least squares method. 

Proof: 

( ) ( ) ( )
( ) ( ) ( ) ( )
( ) ( )
( ) ( )

( ) ( )

          

          

ˆ ˆ ˆ ˆ ˆ( ) ( ) ( )

ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ( ) ( ) ( ) ( ) ( ) ( )

ˆ ˆ ˆ ˆ( ) ( ) ( ) ( )

ˆ ˆ ˆ ˆ( ) ( ) ( )

ˆ ˆ ˆ ˆ( ) ( ) ( )

T

T

T

T

T

MSE A k E A k A A k A

E A k E A k E A k A A k E A k E A k A

E A k E A k A k E A k

E A k E A k E A k A

E E A k A A k E A k

= − −

   = − + − − + −   

   = − −   

   + − −   

   + − −  

( ) ( )
( ) ( )          2

ˆ ˆ ˆ ˆ( ) ( )

ˆ ˆ ˆ( ) ( )

T
E E A k A E A k A

trCov A k E A k A



   + − −   

= + −

 

Notes that ˆ( ) ( ( )),g k MSE A k=  1 ˆ( ) ( ( ))g k trCov A k=  and 2
2 ˆ ˆ( ) || ( ( )) || ,g k E A k A= −  we 

get g(k) = g1(k) + g2(k), k > 0, among which:  
( )

( )( )
( )

1

1

1 1

ˆ( ) ( )

( )

( ) ( ) ( )

g k trCov A k

tr Cov W kI WA

tr W kI WCov A W W kI

−

− −

=

= +

= + +
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Note that W is a real symmetric matrix, so there are: the eigenvalues of the W are 
respectively λ0, λ1, …, λp, and then the eigenvalues of the covariance matrix Cov(A) are 
α0, α1, …, αp (here αj is related to λj, but not related to k), so it can be obtained (here is 
used in higher algebra is that the symmetric matrix W can be expressed as an orthogonal 
matrix P and the eigenvalue matrix diag(λ0, λ1, …, λp) of the form of the contract property 
W = P diag(λ0, λ1, …, λp)PT and the trace operation property of the matrix): 

( )
2

1 2
0

( )
p

j j

jj

λ
g k

λ k

α

=

=
+  

( ) ( )

    

2 2 21 2 1
2

1 1
0 0

2

ˆ ˆ( ) ( ) ( ) ( )

0 0

0 0

T

T T

p p

g k E A k A W kI W I A k W kI A

λ k λ k
k P A P A

λ k λ k

− −

− −

= − = + − = +

   + +         =       
      + +      

 
 

Note that PTA = [b0, b1, …, bp]T, (bj is related to αj, but not related to k), so: 

( )
2

2
2 2

0

( )
p

j

jj

b
g k k

λ k=

=
+  

Take the derivation of g1(k) and g2(k) respectively, and you get 

( ) ( )
2 2

1 23 3
0 0

2 2
( ) , ( )

p p
j jj j

j jj j

λ kb λ
g k g k

λ k λ k

α

= =

−
′ ′= =

+ +   

1(0) 0,g ′ <  2 (0) 0g ′ =  and 1( ),g k′  2 ( )g k′  are continuous when k ≥ 0, so when k > 0 and 
small enough, we get 1 2( ) ( ) ( ) 0,g k g k g k′ ′ ′= + <  so g(k) is monotone decreasing. 

So there exists k > 0 that makes g(k) < g(0), us get ˆ ˆ( ( )) ( ).MSE A k MSE A<  q.e.d 
The ridge parameters k can still be selected by the cross-validation method. That is, 

the mean square error of the model is regarded as a function of the ridge parameters, and 
the ridge parameters are selected so that the mean square error is small enough, and the 
regression coefficient does not have unreasonable symbols. At the same time, the value k 
should not be too large, that is, the coefficient estimators should not be too biased. 

It should be noted that although the normal cloud ridge estimation should consider 
that the value of the ridge parameter k should not be too large when selecting a certain 
ridge parameter value, since it is a matrix W obtained by the addition of 4 m matrices, 
even if the value k is not too large, it is roughly 4 m times that of the traditional ridge 
regression. 

4.2.2 Simulated data and analysis 
Take n = 10, using R statistical software, we can generate n groups of random datasets a1 
b1, which are independently and equally distributed N(20, 42), by the normal cloud data 
generation method, we set Ex1 = (a1 + b1) /  En1 = |a1 – b1| / 6 He1 = En1 / 6, the fuzzy 
simulation data is converted into the sample data of normal cloud variables x1 (Liu, 
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2022), and the sample data of the variable x2 is the sample data of the variable x1 plus a 
disturbance term, to build a multicollinearity variable. The linear model of the normal 
cloud is as follows: y = 2x1 + 3x2 + 1. In this way, the sample data of the dependent 
variable y is obtained, as shown in Table 1 (all data are reserved for three decimal 
places), which is taken from the following fitting m = 20. 
Table 1 Simulation data I 

 x1 x2 y 
1 NC(19.405, 1.028, 0.171) NC(19.638, 1.066, 0.178) NC(98.722, 0.855, 0.142) 
2 NC(17.576, 0.589, 0.098) NC(17.747, 0.577, 0.096) NC(89.393, 0.476, 0.079) 
3 NC(21.612, 0.736, 0.123) NC(22.188, 0.616, 0.103) NC(110.788, 0.554, 0.092) 
4 NC(16.287, 0.688, 0.115) NC(16.770, 0.761, 0.127) NC(83.882, 0.592, 0.099) 
5 NC(18.614, 0.190, 0.032) NC(19.029, 0.263, 0.044) NC(95.316, 0.187, 0.031) 
6 NC(22.892, 0.429, 0.071) NC(23.712, 0.466, 0.078) NC(117.919, 0.366, 0.061) 
7 NC(17.466, 0.492, 0.082) NC(17.996, 0.591, 0.099) NC(89.921, 0.444, 0.074) 
8 NC(16.423, 0.143, 0.024) NC(17.146, 0.211, 0.035) NC(85.285, 0.147, 0.025) 
9 NC(22.920, 0.893, 0.149) NC(23.439, 0.875, 0.146) NC(117.156, 0.722, 0.120) 
10 NC(16.547, 0.973, 0.162) NC(17.209, 0.980, 0.163) NC(85.720, 0.797, 0.133) 

Table 2 Simulation data II 

 x1 x2 y 
1 NC(21.275, 0.501, 0.083) NC(21.806, 0.400, 0.067) NC(108.969, 0.370, 0.062) 
2 NC(21.526, 1.041, 0.174) NC(22.225, 1.046, 0.174) NC(110.727, 0.852, 0.142) 
3 NC(22.103, 0.159, 0.026) NC(22.741, 0.188, 0.031) NC(113.429, 0.142, 0.024) 
4 NC(21.273, 0.863, 0.144) NC(21.576, 0.831, 0.139) NC(108.276, 0.692, 0.115) 
5 NC(18.093, 1.165, 0.194) NC(18.450, 1.250, 0.208) NC(92.534, 0.987, 0.164) 
6 NC(19.704, 0.252, 0.042) NC(20.461, 0.296, 0.049) NC(101.790, 0.225, 0.037) 
7 NC(17.509, 0.094, 0.016) NC(17.909, 0.211, 0.035) NC(89.744, 0.133, 0.022) 
8 NC(19.668, 0.335, 0.056) NC(20.266, 0.230, 0.038) NC(101.133, 0.235, 0.039) 
9 NC(15.211, 0.831, 0.138) NC(15.788, 0.837, 0.139) NC(78.787, 0.681, 0.113) 
10 NC(19.711, 3.049, 0.508) NC(20.565, 3.002, 0.500) NC(102.118, 2.473, 0.412) 

Cloud least squares fitting was performed on the simulation sample data 1, and the results 
were obtained: 

ˆ ˆ ˆ[0.252, 1.401, 3.622] , ( ) 1.305, ( ) 0.202TA MSE A E Yα= = =  (8) 

Normal cloud ridge estimation and fitting are carried out on simulated sample data 1. 
When the ridge parameter k is set to 9, the fitting result is obtained: 

ˆ ( 9) [0.206, 1.767, 3.266]TA k = =  

( ) ( )ˆ ˆ( 9) 0.755, ( 9) 0.128MSE A k E Y kα= = = =  (9) 
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By comparing the results of equations (8) and (9), it can be found that the mean square 
error of NCR is smaller than cloud least squares, and the coefficient results are closer to 
the true value. 

The sample data is generated again using the same method, as shown in Table 2: 
Cloud least squares fitting was performed on the simulated sample data II, and the 

results were obtained: 

ˆ ˆ ˆ[0.580, 8.727, 13.444] , ( ) 224.322, ( ) 30.808TA MSE A E Yα= − = =  (10) 

Normal cloud ridge estimation fitting was performed on simulated sample data 2. When 
the ridge parameter k was 77, the fitting result was obtained: 

( )
( )

ˆ ( 77) [0.220, 0.477, 4.498] ,
ˆ( 77) 5.172,

ˆ( 77) 2.406

TA k

MSE A k

E Y kα

= =

= =

= =

 (11) 

By comparing the results of equation (10) and equation (11), it can be found that the 
mean square error of normal cloud ridge estimation is much smaller than that of cloud 
least squares. Moreover, in the coefficient fitting results, the cloud least squares even 
have a negative value, which is much different from the real value. In contrast, the NCR 
simulation results are closer to the real value. 

Figure 1 Comparison of simulation results between CLS and NCR 

 

The same method continues to be used to generate 100 sets of sample data many times 
and carry out fitting. As shown in Figure 1, it is found that the cloud least squares fitting 
result coefficient changes greatly, and mean square error fluctuates between [0, 80], 
while NCR fitting result coefficient changes little. The mean square error is smaller than 
the mean square error of cloud least squares. It also basically changes between [0, 8] and 
has strong stability. 

The simulation in Figure 1 results show that: 

• On the one hand, from the perspective of data simulation, when MSE the coefficient 
estimator decreases, the mean square error Eα of the model also decreases, and vice 
versa; Moreover, for the simulated sample data with strong multicollinearity, the 
mean square error of the NCR fitting coefficient estimator and the mean square error 
of the model are smaller than the cloud least squares method. 

• On the other hand, when there is a serious multicollinearity between variables, the 
cloud least squares method leads to the instability of the fitting results to pursue the 
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minimum mean square error, while the NCR can make the model more stable in the 
fitting results and the model mean square error by adjusting the values of the 
corresponding ridge parameters k. 

4.3 NCP model 

4.3.1 Model construction 
For some practical problems of normal cloud regression, the negative regression 
coefficient may have no practical physical and economic significance, or even contrary to 
the facts. For example, using cloud least squares fitting between the stock index and the 
corresponding stock variables often get some negative coefficients, which means that the 
stock index falls when the stock rises, which is inconsistent with the fact. In this case, 
when applying the normal cloud linear regression model to practical problems, it is 
necessary to combine the problem background and add some non-negative constraints to 
the coefficients. 

This section introduces the NCP, a method for constructing a linear regression model 
with non-negative coefficients under normal cloud data. It is based on the construction of 
a traditional regression model with non-negative coefficients, which was proposed by 
scholar Xie Zhongqiu (Xie, 2006). 

The idea is to multiply the negative coefficients (without considering constant 
coefficients) in the cloud least squares method by a negative correction factor to make it 
positive. The steps for constructing this model are as follows: 

1 Find the estimated coefficient of the cloud least squares method * * *
0 1, , ..., ,pa a a  

where, * 0ta ≥  * 0ta ≥  1 < s, t < p and the number of such *
sa  and *

sa  is p. 

2 For the negative coefficient *
sa  obtained in step 1, multiply it by a negative 

correction factor Q < 0, making the corrected coefficient * 0.s sa Qa= >  *
ta  changes 

along with *.sa  Therefore, when *
ta  multiplied for the same positive correction 

factor, it can enable *
s sia x  and *

t tia x  undergo the same degree of change 
processing; 

3 The non-negative coefficient linear regression model becomes: 

*

*

min

s.t.
0

α

s s

t t

E
a Qa
a Qa
Q

=


= −
 <

 (12) 

4 Use Lagrange’s multiplier method to solve equation (12), i.e.: 

( ) ( )* *min α s s s t t tF E μ a Qa μ a Qa= − − − +   (13) 

 Take the partial derivative of F over a0 and make it equal to zero to obtain: 
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( )

( )

( )

( )

0 1 , 11

0 2 , 22

0 0 1 ,l11

0 2 ,l22

( / ) ( ) ( / ) ( / )

( / ) ( ) ( / ) ( / )2
4 ( / ) ( ) ( / ) ( / )

( / ) ( ) ( / ) ( / )

s si t ti r i rr

s si t ti r i rr

s si t ti l il

s si t ti l il

a a x k m a x k m y k m

a a x k m a x k m y k mF
a m a a x k m a x k m y k m

a a x k m a x k m y k m

 + + − 
 + + + −∂  =

∂  + + + − 
 + + + − 

 
 
 
 

1 1

0

m n

k i= =

 
 
 
 
 
 
 
 
 

=

  (14) 

 Substitute *
s sa Qa=  and *

t ta Qa= −  into equation (14) to obtain: 

( )0
1 1

1 1n n

s si t ti yi
i i

a a Ex a Ex Q Ex
n n= =

= − + +     (15) 

5 Combine with equation (15), obtain the negative correction factor Q that can 
minimise the mean square error, that is: 

( ) ( )

( ) ( )

( ) ( )

( ) ( )

2
0 , 11 1

2
0 , 22 2

2
0 ,l11 1

2
0 ,l22 2

min

( / ) ( / ) ( / )

( / ) ( / ) ( / )1
4 ( / ) ( / ) ( / )

( / ) ( / ) ( / )

s si t ti i rr r

s si t ti i rr r

s si t ti il l

s si t ti il l

E

a a x k m a x k m y k m

a a x k m a x k m y k m

m a a x k m a x k m y k m

a a x k m a x k m y k m

α

 + + − 


 + + + − = 
 + + + − 

 + + + − 

 
 
 
 

1 1

m n

k i= =





  


 
 
 
  

  

( ) ( )( ( )

( ) ( )

( )

1 1

1 1
1

2

, 1 2 2
1

, 2
1 1

1
4

1( / ) ( / )

1 ( / ) ( / ) ( / )

1 1 ( / )

m n

k i

n

s si t ti s si t tir r
i

n

yi i r s si t tir r
i

n n

s si t ti yi i r
i i

m

Q a x k m a x k m a Ex a Ex
n

Ex y k m Q a x k m a x k m
n

a Ex a Ex Ex y k m
n n

= =

=

=

= =

=

 
+ − +  

   
+ − + +        

 
− + + −  

 



    

  

   

( ) ( ) ( )

( ) ( )

( )

2

1 1
1

2

,l1 2 2
1

,l2
1 1

1( / ) ( / )

1 ( / ) ( / ) ( / )

1 1 ( / )

n

s si t ti s si t til l
i

n

yi i s si t til l
i

n n

s si t ti yi i
i i

Q a x k m a x k m a Ex a Ex
n

Ex y k m Q a x k m a x k m
n

a Ex a Ex Ex y k m
n n

=

=

= =




  
+ + − +     

   
+ − + +        

 
− + + −  

 

    

  

   
2

 
 
 
 
 
 
 
 
 
 
  
 
 
 
 
 
 
 
 
 

 
   
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 It can be found that Eα is a univariate quadratic function of Q, and when Q = –K/2J, 
Eα can take the minimum value, where, K and J take the following values: 

( ) ( ) ( )

( ) ( ) ( )

( ) ( ) ( )

( )

1 1
2

1 1
1

2

2 2
1

2

1 1
1

1
4
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n
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i

n
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K
m
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a x k m a x k m a Ex a Ex
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a x k m a x k m a Ex a Ex
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a x

= =

=

=

=

=

 
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  

 
+ + − + 
  

 
+ + − + 
  

+



    

    

    
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2 2
1
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 
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 
 
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 Here, K is positive. If J > 0, take Q = –K/2J. If J < 0, simply take Q as a negative 
number sufficiently close to zero to obtain a sufficiently small Eα, that is, the value 
of Q is: 

               

   

0
2

sufficiently close to zero, negative numbers 0

K J
Q J

J

− >= 
 <

 (16) 
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6 Substitute equation (16) into equation (15) to obtain 0a , and calculate *
s sa Qa=  and 

*
t ta Qa= −  to obtain the normal cloud positive regression coefficient a0, a1, …, ap. 

Compared with the coefficients obtained by cloud least squares, the normal cloud 
regression coefficients a1, …, ap obtained through steps 1 to 6 are all non-negative 
coefficients, which also appear more reasonable in terms of economic and practical 
significance. 

4.3.2 Simulated data and analysis 
For the data in Table 2, according to the cloud least square fitting result (16), it can be 
found that *

1 0,a <  *
2 0,a ≥  by substituting the data s = 1, t = 2 in step 1, what can be got 

as follows: 

ˆ ˆ0.201, [11.477, 1.754, 2.702] , ( ) 13.741TQ A E Yα
+ += − = =  (17) 

According to the results of equation (17), for the data in Table 2, the normal cloud 
positive regression not only obtains a positive coefficient of a1 a2 and, but also makes the 
final mean square error less than that obtained by the cloud least square method. 

The normal cloud positive regression does not necessarily make the mean square 
error less than the mean square error of the cloud least square method, and sometimes the 
mean square error obtained is larger or even much larger than the cloud least square 
method, but it is worthwhile to sacrifice a part of the mean square error when the 
coefficient is guaranteed to be non-negative and certain physical or economic rationality 
is taken into account. 

5 Application of normal cloud regression model 

With the study of the linear relationship between the Shanghai 50 stock indexes and its 
corresponding 50 stocks, it was found that there was a strong multicollinearity among 
seven stocks, including CONCH, SANY, CPIC, WHCHEM, SINOPEC, CHINA 
SECURITIES, and GWM. In particular, CONCH had a significant positive linear 
correlation coefficient with the other six stocks, as shown in Table 3. Daily data  
from seven stocks from 3 January 2023 to 18 April 2023 (sourced from 
https://www.tdx.com.cn/) were collected to construct normal cloud data. The normal 
cloud sample data from 3 January 2023 to 20 March 2023, is used as the training set, with 
a total of 50 sets of sample data. The normal cloud sample data from 21 March 2023 to 
18 April 2023, was used as the testing set, with a total of 25 sets of sample data. Cloud 
least squares and normal cloud regression models were applied to explore the linear 
relationship between the normal cloud-dependent variable CONCH and the normal 
cloud-independent variables SANY, CPIC, WHCHEM, SINOPEC, CHINA 
SECURITIES, and GWM. 

Software R is used for calculation. Take m = 20, and use x1~x6 to represent the 
respective prices of stocks SANY, CPIC, WHCHEM, SINOPEC, CHINA SECURITIES, 
and GWM. Use y to represent the stock price of CONCH. The linear cloud model 
estimation results obtained by the cloud least squares method and NCR are shown in 
Table 4. 
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Table 3 Linear correlation coefficients between seven stocks 

 CONCH SANY CPIC WHCHEM SINOPEC CHINA  
SECURITIES GWM 

CONCH 1 0.965 0.947 0.909 0.509 0.557 0.887 
SANY 0.965 1 0.931 0.859 0.551 0.473 0.849 
CPIC 0.947 0.931 1 0.905 0.545 0.591 0.884 
WHCHEM 0.909 0.859 0.905 1 0.595 0.603 0.918 
SINOPEC 0.509 0.551 0.545 0.595 1 0.235 0.608 
CHINA  
SECURITIES 

0.557 0.473 0.591 0.603 0.235 1 0.557 

GWM 0.887 0.849 0.884 0.918 0.608 0.557 1 

Table 4 Comparison of cloud least squares and positive regression model estimation results 

 a0 a1 a2 a3 a4 a5 a6 Eα 
CLS: ŷ  0.008876 0.532046 0.206601 0.124767 –0.262605 0.194445 –0.043080 6.068798 
NCP: ŷ + 4.820403 0.379330 0.147299 0.088954 0.187228 0.138632 0.030714 4.816230 

Comparing the results, it is seen that the prices of SANY (x1) have a significant impact on 
the price of CONCH. In addition, it can be found that the prices of CPIC (x2) and 
WHCHEM (x3) also have a large positive impact on the price of CONCH, which is also 
consistent with the correlation coefficient among stocks in Table 3. 

Comparing and analysing the results of the two methods, it can be seen that: on the 
one hand, the improved cloud model, that is, the NCR model is better than the cloud least 
squares method under the criterion of mean square error; On the other hand, by 
comparing the coefficient estimators of the two models, NCR weakens the influence of 
the price of SANY (x1) on the price of CONCH in the model, and increases the influence 
of the price of CPIC(x2), which also has a very high linear correlation coefficient, on the 
price of CONCH stock. At the same time, the positive linear correlation coefficient is not 
too high, and the influence of the price of CHINA SECURITIES (x5) on the price of 
CONCH is also weakened, to reduce the negative impact of the price of SINOPEC(x4) 
and GWM (x6) on the price of CONCH. 

Therefore, the results of NCR in this application are better than the cloud least 
squares method. 

In these two models, the price coefficients of SINOPEC(x4) and GWM (x6) are 
negative, but according to the linear correlation coefficients in Table 3, we can see that 
both of them should have a positive impact on the price of conch cement respectively. 
Therefore, the results of the cloud least squares method are further improved by 
considering normal cloud positive regression. 

After calculating, J = 110.3589 K = 157.3638 and correcting factors Q = –K/2J = –
0.7129634, the normal cloud positive regression linear cloud model is obtained as 
follows: 

1 2 3

4 5 6

ˆ 4.820403 0.379330 0.147300 0.088954
0.187228 0.138632 0.030714

y x x x
x x x

+ = + + +
+ + +

 

Its mean square error is ˆ( ) 4.816230.αE y+ =  
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Compare this with the cloud least squares results, as shown in Table 5. 
Table 5 Comparison of results between cloud least squares and positive regression models on 

the test set 

 Cloud least square Normal cloud positive regression 

Eα 25.342410 1.650681 

According to the results of the normal cloud positive regression, the price of SANY (x1) 
and the price of CPIC(x2) has a great impact on the price of CONCH, which is consistent 
with the results of the linear correlation coefficient. However, the price of SINOPEC(x4) 
also has a greater impact on the price of CONCH, which is not consistent with the linear 
correlation coefficient. However, it ensures that the influence of the six stock prices on 
the price of conch cement is positive, and its mean square error is smaller than that 
obtained by the cloud least square method. 

Therefore, the results of normal cloud positive regression in this application are 
superior to the cloud least squares method. 

6 Conclusions 

The normal cloud model, as a kind of cloud model with universal adaptability, not only 
takes into account the randomness and fuzziness of uncertainties but also represents the 
model through three digital features, which are more in line with natural language 
features, making the normal cloud model more widely applied. 

In this paper, under the theoretical support of the normal cloud model and cloud least 
squares method, combined with the improvement of traditional regression, the NCR 
model is proposed. Through theoretical proof and simulation data analysis, the value of 
the improved model is explained. Considering the physical significance and economic 
value of the model, the normal cloud positive regression is proposed, and the coefficients 
in the cloud least squares method are improved by multiplying a correction factor to get 
more reasonable results. Finally, a case of financial stock data shows that the improved 
model is valuable under certain evaluation criteria, so that cloud linear regression can 
also be applied to different types of actual data in different aspects. 

As a model construction method of normal cloud linear regression with non-negative 
coefficients, normal cloud positive regression can effectively transform the negative 
coefficients of the model coefficients obtained by the cloud least squares method into 
positive coefficients so that the model can conform to the corresponding logic and 
significance under the specific problem background. In the last case of the stock price, 
the effect and significance of the normal cloud positive regression are further illustrated 
in the context of practical problems. 

When using normal cloud to improve models, note that not all multicollinearity data 
perform better with NCR than with the cloud least squares method. By comparing the 
mean square error of the two models in Table 4, it can be found that the mean square 
error of the NCR model is less reduced than that of the cloud least squares method. This 
shows that due to the clever characteristics of the normal cloud itself, the cloud least 
squares method can obtain good results even in the face of severe multicollinearity such 
as this application. In fact, in many practical applications, due to the larger and higher 
sample size and dimension of the data, if a NCR model is to be adopted at this time, the 
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calculation amount in selecting a better ridge parameter is very large, time-consuming, 
and laborious. What’s more, the results obtained may be only a little better or even worse 
than the cloud least squares method, in which the loss outweighs the gain. 
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