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Abstract: Understanding second-order boundary value problems (BVPs) aids 
in modelling and predicting various real-world phenomena, crucial for 
scientific and engineering advancements. This study proposes the development 
of an effective numerical method based on cubic splines and non-polynomial 
triplet parameters for approximations to the solution of systems of second-order 
BVPs. This method extends the non-polynomial cubic spline’s trigonometric 
part by three additional parameters, which makes it superior to other existing 
numerical techniques. The cherry on top is the suggested scheme’s adaptability 
to different step sizes. With the inclusion of CPU time, this analysis gets more 
fascinating. Comparatively speaking to alternative spline, collocation, and 
finite difference approaches, the current algorithm provides better 
approximations. To build a solid foundation for the suggested method, the 
convergence analysis of the proposed algorithm is discussed. Numerical 
examples are used to demonstrate the suggested method’s utility in practice. 

Keywords: non-polynomial triplet parameter spline; differential equations; 
convergence analysis; maximum absolute error; MAE; central processing unit 
time. 
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1 Introduction 

Due to its numerous uses in scientific study, second-order boundary value problem 
(SO-BVP) systems’ approximative solutions are actually of utmost relevance. In addition 
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to the challenges in finding precise solutions, numerical algorithms are becoming more 
relevant in mathematical applications since they can readily be used in conjunction with 
modern, fast digital computers. Such systems are numerous, and it is difficult to use 
straightforward methods to find their solutions. The literature contains a variety of 
techniques for solving SO-BVP systems. This study focuses on numerical solution of 
second-order boundary value problem (BVP) systems, which are widely used in 
mathematical modelling of real-world issues, applied sciences, engineering, and 
theoretical physics. 

There are several approaches in the literature for solving SO-BVP systems. Caglar 
and Caglar (2009) employed the B-spline approach to crack the linear system of  
SO-BVPs, while Cheng and Zhong (2005) solved the second-order ordinary differential 
system discussed by discussion of the presence of positive solutions. Thompson and 
Tisdell (2000) introduced difference equation systems, and Dehghan and Saadatmandi 
(2007) invented the sinc-collocation approach. There are not many methods in the 
literature for finding approximations of solutions to nonlinear systems. El-Gamel (2012) 
used the sinc-collocation method to solve nonlinear and singly perturbed SO-BVP 
systems. Lu (2007) invented the variational iteration approach for solving a nonlinear 
system, while Geng and Cui (2007) invented the reproducing kernel space method. While 
Srivastava and Kumar (2012) employed quintic non-polynomial spline to solve  
third-order BVPs connected to draining and coating flows, Bataineh et al. (2009) offered 
a modified homotopy technique for systems of SO-BVPs. Srivastava et al. (2011, 2012) 
used non-polynomial quintic splines to solve second- and fourth-order BVPs. 

In the modern period, spline-based solutions have become a reliable resource for 
addressing a wide range of issues. It is piecewise polynomial property gives it a 
competitive edge over existing numerical approaches. The splines are categorised into 
certain type based on order: linear, quadratic, cubic, and of higher orders (Srivastava, 
2015). It is classified as non-polynomial or polynomial depending on whether 
trigonometric functions are present or absent. It is possible to change the non-polynomial 
spline into a polynomial spline (Srivastava et al., 2012; Kumar and Srivastava, 2008, 
2009, 2011; Srivastava, 2014). Non-polynomial splines are infinitely differentiable due to 
the inclusion of trigonometric functions, which contributes to more precise  
problem-solving. The existence of a free parameter in the trigonometric portion is the 
primary characteristic of non-polynomial splines. When solving problems involving 
empirical mode decomposition, this parameter acts as a frequency (Srivastava and 
Kumar, 2012; Singh et al., 2013). Additionally, differential equation model 
approximation has long been a topic of study. That contains some reliable work on the 
solution of SO-BVPs. The most efficient methods for handling SO-BVPs include  
high-order generalisations of traditional finite difference schemes on the first and second 
derivatives (Amodio and Sgura, 2005), spectral-homotopy analysis (Motsa et al., 2010), 
continuous genetic algorithm (Abu-Arqub et al., 2014), a set of guidelines for recreating 
kernel Hilbert space (Sahihi et al., 2020), and improved Legendre orthonormal basis (Sun 
et al., 2021). This study is based on the resolution of generalised second order boundry 
value problem systems by non-polynomial cubic triplet parameter spline scheme. The 
system under consideration is of the form as follows: 

2

2
( , , ) ( , , ) ( ) ( , , ) ( ) ( , , ) ( , , )d y dz dym x y z l x y z y x n x y z z x p x y z q x y z

dx dx dx
= + + + +  (1.1) 
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2

2
( , , ) ( , , ) ( ) ( , , ) ( ) ( , , ) ( , , )d z dz dyg x y z f x y z y x h x y z z x x y z φ x y z

dx dx dx
= + + + ∅ +  (1.2) 

with 

0 0( ) , ( ) , ( ) , ( )n ny a y b y c η y d η= = = =ϑ ϑ  (1.3) 

where l(x, y, z), m(x, y, z), n(x, y, z), p(x, y, z), q(x, y, z), f(x, y, z), g(x, y, z), h(x, y, z), ∅(x, 
y, z) and φ(x, y, z) are continious functions in the interval y ∈ [a, b], and z ∈ [c, d] and ϑ0, 
ϑn, η0, ηn are constants. 

At the beginning of the 21st century, the numerical treatment of SO-BVPs occurring 
in contact, unilateral, and obstruction scenarios was effectively completed. These 
problems have been connected to the problem of the equilibrium of elastic bodies in 
contact with a rigid base and can be investigated within the context of variational 
inequality theory. In the formulation of the theory of variational inequality, the 
approximation of second order differential equation models becomes an integral part of 
the solution. Uniform cubic splines were successfully used to manage it, and they were 
proven to be superior to other finite difference and collocation approaches (Al-Said, 
2001). With the help of quadratic, cubic, and non-polynomial cubic spline one parameter 
functions, Ramadan et al. (2007) later covered it and established a solid foundation for 
the use of spline technology to resolve SO-BVPs. Further this method has been expanded 
to handle such BVPs using a non-polynomial quintic one parameter approach (Srivastava, 
2019). Additionally, Liu et al. (2011) created a difference scheme grounded on quartic 
splines to approximate Neumann-type boundary conditions based both linear and 
nonlinear SO-BVPs. 

Similar issues were resolved using a collocation technique based on quintic B-spline 
by Lang and Xu (2012). Furthermore, Cabada, Enguic, and Somoza examined the 
chances of discovering positive-solutions for SO-BVPs with interrupted and Dirichlet 
boundary conditions. In response to these circumstances, the Green’s functions change 
sign. These outcomes held true for mixed circumstances as well (Cabada Fernández et al., 
2017). Arqub et al. replicated kernel theory under the assumption of generalised 
differentiability to explore the analytical solutions as well as the second-order two-point 
fuzzy BVPs’ approximation solutions. Utilising the learned kernel functions, the process 
also included the creation of orthogonal bases (Arqub et al., 2017). The block  
Falkner-style technique which is three-time differentiable was developed to solve  
SO-BVPs subject to each potential boundary condition. The method was created using 
the interpolation and collocation approaches (Ramos and Rufai, 2019). Zheng et al. 
(2020) created a multi-scale technique to resolve the SO-BVPs in a recent paper. 

In addition to these, recent developments in numerical techniques for solving  
SO-BVPs have contributed significantly to numerous engineering and scientific fields. 
Karthick and Subburayan (2022) developed finite difference methods with linear 
interpolation for solving coupled hyperbolic delay differential equations, improving 
numerical stability. Achchab et al. (2023) introduced an adaptive finite element method 
for Wick stochastic partial differential equations, which enhances solution adaptability in 
stochastic environments. Rawat et al. (2023) focused on the convergence analysis and an 
efficient numerical technique for the Benjamin Bona Mahony equation, ensuring 
improved accuracy. Similarly, Sriwastav and Barnwal (2023) proposed a numerical 
solution for Lane-Emden pantograph delay differential equations, emphasising stability 
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and convergence. Das et al. (2022) developed a second-order weighted monotone 
numerical scheme for time-delayed parabolic initial-boundary-value problems, handling 
small perturbations effectively. Güngör and Altun (2024) explored new fixed-point 
theorems on quasi-metric spaces to establish existence results for SO-BVPs. Erdogan 
(2024) introduced a second-order numerical method for singularly perturbed Volterra 
integro-differential equations with delay, offering high accuracy. Sabir et al. (2024) 
integrated a neuro-evolution heuristic with sequential quadratic programming for  
second-order prediction differential models, combining machine learning with numerical 
analysis. Zhang (2023) analysed the oscillation behaviour of certain second-order linear 
differential equations, providing deeper theoretical insights. Adeyanju (2023) proposed 
stability and boundedness criteria for solutions of specific second-order differential 
equations, contributing to the fundamental understanding of system dynamics. Ala’yed  
et al. (2023) applied cubic B-splines to solve the quadratic Riccati differential equation, 
demonstrating the method’s efficiency. Parumasur et al. (2023) explored the use of  
B-spline approximation functions for solving Burgers’ and KdV-Burgers’ equations, 
highlighting their applicability in fluid dynamics. Masti and Sayevand (2024) introduced 
a collocation-Galerkin method using fractional B-spline functions for stochastic 
fractional integro-differential equations. Jena and Gebremedhin (2023) developed a 
decatic B-spline collocation scheme for Burgers’ equations, achieving higher-order 
accuracy. Babu and Asharaf (2023) utilised modified cubic B-spline-based differential 
quadrature methods to solve the nonlinear Sine-Gordon equation efficiently. Negero 
(2023) proposed a fitted cubic spline in tension difference scheme for singularly 
perturbed delay parabolic equations, ensuring solution stability. Lubo and Duressa (2023) 
employed linear B-spline finite element methods for solving delay reaction-diffusion 
equations, showcasing their effectiveness. Arumugam et al. (2025) presented a quintic 
spline-based computational method for singularly perturbed periodic BVPs, improving 
periodic solutions’ accuracy. Daba et al. (2025) investigated singularly perturbed time-lag 
parabolic differential-difference equations numerically, addressing time-delay challenges. 
Palav and Pradhan (2025) developed a fourth-order hyperbolic polynomial B-spline 
collocation method for the advection-diffusion equation, improving numerical efficiency. 
Mangal and Gupta (2025) introduced an exponential B-spline collocation method with 
Richardson extrapolation for solving the generalised Black-Scholes equation, advancing 
financial modelling techniques. Finally, an additional 2025 study by Hariharan et al. 
(2025) proposed a dynamic operational matrix approach for nonlinear second-order 
differential equations, enhancing both accuracy and computational stability. Their 
method integrates finite volume discretisation with dynamic operational matrix, making it 
particularly effective for problems involving sharp gradients and singular perturbations. 
These studies collectively advance numerical methods for SO-BVPs, addressing various 
theoretical and practical challenges across multiple disciplines. 

In addition to all of previous studies, the current work represents an effective attempt 
to address a system of SO-BVPs using a non-polynomial triplet parameter spline-based 
approach. The coverage is broken down into sections that cover the definition of the  
non-polynomial triplet parameter cubic spline, the method’s derivation, its description, 
and the setting up of border circumstances. The remainder of the section includes 
convergence investigation, numerical examples, discussion and a comparative study, 
establishment of theorem on proposed study with real word applications including the 
conclusion at the end. 
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2 Cubic non-polynomial triplet parameter spline 

The process of spline interpolation creates a piecewise function that roughly model’s 
boundary value issues. A vector space in the range [U, V] and a continued knot vector in 
the range are represented by the degree m spline. As an illustration, the C2 cubic spline 
space contains the subspace of the natural cubic spline space (Srivastava, 2014; 
Srivastava et al., 2012). 

A region-specific piecewise polynomial function W such that W may be divided into 
smaller parts is often considered to be a polynomial spline of degree m, each of which has 
a polynomial function of degree m. Additionally, it has derivatives of order up to  
(m – 1) and is a continuous function in W. 

In this study, the proposed term ‘non-polynomial triplet parameter spline’ refers to 
spline functions with triplet parameters (ρ1, ρ2, ρ3) that are described in every subinterval 
of the domain in order to effectively handle boundary value concerns. Assured 
smoothness criteria at the knots are preferred to arbitrary constants. If the parameter is 
(ρ1, ρ2, ρ3) → (0, 0, 0), such ‘splines’ arranged in the class C∞[U, V] are changed to 
polynomial splines. The method used to introduce the free parameters determines the 
spline’s precise appearance. 

The following is the structure of the projected spline functions in this article 

( ) ( ) ( ){ }1 2 31, sin , cos , sinT span ρ w ρ w ρ w=  

The non-polynomial spline’s C∞-differentiabiility compensates for the polynomial 
spline’s loss of smoothness. Once the correlation between the base of polynomial and 
non-polynomial splines has been examined using the following theme: 

( ) ( )

( )
( )

1 2 3 1 2 3
1 22( , , ) (0,0,) ( , , ) (0,0,0) 1 2

3 33
3

1 2lim lim 1, sin , 1 cos ,

1 sin

ρ ρ ρ ρ ρ ρ
T span ρ w ρ w

ρ ρ

ρ t ρ w
ρ

→ →

  = −  


 − 


 (2.1) 

The equation (2.1) contents 

{ }
1 2 3 1 2 3

2 3
( , , ) (0,0,0) ( , , ) (0,0,0)

lim lim 1, , ,
ρ ρ ρ ρ ρ ρ

T span w w w
→ →

=  (2.2) 

where (ρ1, ρ2, ρ3) are the spline function’s trigonometric frequencies, which might be 
either pure real or imaginary. These have been used to increase the scheme’s accuracy. 
Compared to finite difference approaches, a continuous approximation to the function 
p(z) has been provided and its advanced derivatives. 

3 Development of the scheme 

In order to get close to the solution of the under consideration second order differential 
equation, the mathematical scheme has been shaken up by taking a mesh ∆ and nodes wj 
on [U, V] such that 

0 1 2 3: nU w w w w w VΔ = < < < < =  
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having wj = U + jhj, j = 0, 1, 2, …, n, where hj = wj+1 – wj, j = 0, 1, …, n – 1. 
The non-polynomial function Sj(w) belongs to C∞[U, V] and interpolating y(w) at the 

node arguments wj, j = 0, 1, 2, …, n, which hinges on three independent parameters (ρ1, 
ρ2, ρ3), and converted to usual cubic spline Sj(w) in [u, v] as (ρ1, ρ2, ρ3) → (0, 0, 0). 

In every section [wj, wj+1], j = 0, 1, 2, …, n – 1, the non-polynomial Sj(w) is expressed 
by 

( ) ( ) ( )1 2 3( )j j j j j j j jS w a b Sinρ w w c Cosρ w w d Sinρ w w= + − + − + −  (3.1) 

where aj, bj, cj, and dj are constants with ρ1, ρ2, ρ3 independent parameters. 
Let yj be a close approximation to y(wj), which is obtained by the spline function’s 

section Sj(w), which passes through (wj, yj) and (wj+1, yj+1). Additionally, in order to get 
the appropriate requirements for the coefficients established in equation (3.1), the Sj(w) 
needs to interpolate wj and wj+1, as well as have a continuous first derivative at the 
common knots (wj, yj). 

When the coefficients of equation (3.1) are expressed in terms of yj, yj+1, Mj and Mj+1, 
the following first denotes: 

( ) ( )1 1, ,j j j j j jS w y S w y+ += =  

and 

( ) ( )" "
1 1, , 0, 1, 2, 0, 1, 2, , 1.j j j j j jS w M S w M j j n+ += = = = −  

From equation (3.1) 

( )j j j j jS w a c y= + =  

( )1 1 2 3j j j j j j j j jS w a b Sinρ h c Cosρ h d Sinρ h+ = + + +  (3.2) 

( ) ( ) ( )1 1 2 2 3 3( )j j j j j j jS w b ρ Cosρ w w c ρ Sinρ w w d ρ Cosρ w w′ = − − − + −  

( ) ( )1 1 1 2 2 3 3 1 1

1 1 1 3

j j j j j j j j j j

j j

S w b ρ Cosρ h c ρ Sinρ h d ρ Cosρ h S w
b ρ d ρ

′ ′
+ + +

+ +

= − + =
= +

 (3.3) 

( ) ( ) ( )" 2 2 2
1 2 31 2 3( )j j j j j j jS w b ρ Sinρ w w c ρ Cosρ w w d ρ Sinρ w w= − − − − − −  

( ) ( )" "
1 1 1j j j jS w S w+ + +=  (3.4) 

It implies, 
2 2 2 2

1 2 3 11 2 3 2j j j j j j jb ρ Sinρ h c ρ Cosρ h d ρ Sinρ h c ρ+− − − = −  (3.5) 

( )" 2
2j j j jM S w c ρ= = −  (3.6) 

It gives 

2
2

( ) .j
j

M
i c

ρ
= −  
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2
2

( ) .j
j j

M
ii a y

ρ
= +  

( )" 2 2 2
1 1 1 2 31 2 3j j j j j j j j jM S w b ρ Sinρ h c ρ Cosρ h d ρ Sinρ h+ += = − − −  (3.7) 

It gives, 
2 2 2

1 3 1 21 3 2j j j j j j jb ρ Sinρ h d ρ Sinρ h M c ρ Cosρ h+− − = +  (3.8) 

From equation (3.1) 

1 3 1 2j j j j j j j jb Sinρ h d Sinρ h y a c Cosρ h++ = − −  (3.9) 

From equations (3.8) and (3.9) using cross multiplication 

1 2 3
2 2

1 2 32 3

1 j j j j j
j

j j j j

y a c Cosρ h Sinρ h
b

M c ρ Cosρ h ρ Sinρ hX
+

+

− −
=

+ −
 

and 

1 1 2
2 2

1 1 21 2

1 j j j j j
j

j j j j

Sinρ h y a c Cosρ h
d

ρ Sinρ h M c ρ Cosρ hX
+

+

− −
=

− +
 

where 

( )2 2
1 31 3 .j jX ρ ρ Sinρ h Sinρ h= −  

On simplification 

( )

2 2
3 32 2

1 1 23 3
2 2

2 2
11 3

1
( )

j j j j j j

j
j

ρ ρy ρ y ρ M M M Cosρ h
ρ ρ

iii b
ρ ρ Sinρ h

+ +

      − + + − − −            =
−

 

and 

( )

2
1 2

1 2 112 2
2 2

2 2
31 3

1
( )

j
j j j j j

j
j

MρM Cosρ h M ρ y y
ρ ρ

iv d
ρ ρ Sinρ h

+ +
    + − + − −    
     =

−
 

From equation (3.3) we have 

1 1 2 2 3 3 1 1 1 3j j j j j j j jb ρ Cosρ h c ρ Sinρ h d ρ Cosρ h b ρ d ρ+ +− + = +  (3.10) 

Using values of bj, bj+1, cj, dj and bj+1 in equation (3.10), it becomes 
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( )

( )

2 2
3 32 2

1 1 23 3
2 2

1 12 2
11 3

2
1 2

1 2 112 2
2 2

2 3 32 2
2 31 3

2 3

1

1

j j j j j j

j
j

j
j j j j j

j
j j

j

j

ρ ρy ρ y ρ M M M Cosρ h
ρ ρ

ρ Cosρ h
ρ ρ Sinρ h

MρM Cosρ h M ρ y y
ρ ρM

Sinρ h ρ Cosρ h
ρ ρ ρ Sinρ h

y ρ

+ +

+ +

+

      − + + − − −            
−

    + − + − −    
     + +

−

−
= ( )

( )

2 2
3 32 2

1 1 2 1 2 13
2 2

12 2
1 11 3

2
11 2

2 2 1 1 2 112 2
2 2

32 2
3 11 3

1

1

j j j j j

j

j
j j j j j

j

ρ ρy ρ M M M Cosρ h
ρ ρ

ρ
ρ ρ Sinρ h

MρM Cosρ h M ρ y y
ρ ρ

ρ
ρ ρ Sinρ h

+ + + + +

+

+
+ + + + +

+

      + + − − −            
−

    + − + − −    
     +

−

 

this implies that 

( )

( )

2 2
3 32

1 1 2 1 13
2 2

2
12 2 2

2 1 2 11 3 12 2
2 2 2

32 2
2 1 13 3

2

3 3 1

1

1

j j j j j j j

j j
j j j j j j

j j j

j

ρ ρM M ρ y y M Cosρ h ρ Cotρ h
ρ ρ

M Mρρ ρ Sinρ h M M Cosρ h ρ y y
ρ ρ ρ

ρy ρ y ρ M
ρ

ρ Cotρ h ρ

+ +

+ +

+ + +

        − + − − −                  
    + − + + − + − −    

    

− + +

=

2

2

2
3

1 2 1
2

1 1

2
11 2

2 2 1 1 2 112 2
2 2

3
3 1

1

1

j

j j

j

j
j j j j j

j

M

ρM Cosρ h
ρ
Sinρ h

MρM Cosρ h M ρ y y
ρ ρ

ρ
Sinρ h

+

+ +

+

+
+ + + + +

+

  −  
  

 
   − −       

    + − + − −    
     +

 

so 
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 (3.11) 

This equation (3.11) can be written as 

1 2 ; 0, 1, 2, , 2j j j j j j jM M κ M η p j n+ +Ω + + = = −  (3.12) 
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where Ωj, κj and ɳj are multiplying elements of Mj, Mj+1, Mj+2 and pj; j = 0, 1, …, n – 2 
reflects the amount in equation (3.11)’s right-hand side. 

In order to acquire the system’s unique solution, two additional equations as follows 
must be solved 

( ) ( )0 1 1 1S w S w′′′ ′′′=  (3.13) 

and 

( ) ( )2 1 1 1n n n nS w S w′′′ ′′′
− − − −=  (3.14) 

which gives 
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 (3.15) 

Equation (3.15) may be written as 

0 0 1 1 2 2£ £ £ 0M M M+ + =  (3.16) 
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 (3.17) 

Equation (3.17) may be written as 

2 2 1 1£ £ £ 0n n n n n nM M M− − − −+ + =  (3.18) 

The combination of equations (3.12), (3.16) and (3.18) gives 
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 (3.19) 

The Mj values found through (3.19) have been applied in equations (i) to (iv) in order to 
find the values of aj, bj, cj and dj. 
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4 The scheme portrayal over the second-order linear BVPs system 

This study considers the following type of second-order linear BVPs system 
2

2
( ) ( ) ( ) ( ) ( ) ( ) ( )d y dy dzl x m x n x y x p x z x q x

dx dx dx
= + + + +  (4.1) 

2

2
( ) ( ) ( ) ( ) ( ) ( ) ( )d z dy dzf x g x h x y x x z x φ x

dx dx dx
= + + + ∅ +  (4.2) 

with 

0 0( ) , ( ) , ( ) , ( )n ny a y b y c η y d η= = = =ϑ ϑ  (4.3) 

where l(x), m(x), n(x), p(x), q(x), f(x), g(x), h(x), ∅(x) and φ(x) are continuous functions in 
the interval y ∈ [a, b], and z ∈ [c, d] and ϑ0, ϑn, η0, ηn are constants. 

The vector form of this system can be 

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )
( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )

y x l x m x y x n x p x y x q x
z x f x g x z x h x x z x φ x
′′ ′         

= + +         ′′ ′ ∅         
 (4.4) 

By applying equation (3.12) on SO-BVPs given in equation (4.4) with " "[ , ] ,T
j j jM y z=  

the corresponding equation is 

1 2 , 0, 1, , 2j j j j j jM M κ M η p j n+ ++ + = = −       (4.5) 

where ,j jκ η   are multiplicative factors of 1 2,j jM M+ +   respectively. 
When a function ρ is evaluated at the knots, the operator Θ is defined as 

( ) ( )2 2 1 1j j j j j jρ ρ ρ ρ ρ ρ+ − + −Θ = + + + +p q r  

this creates the relationships shown below: 

( ) ( )2 2 1 12
1 2( ) (2 4 )j j j j j j

j
M

h + − + −Θ =  + + − + + −  
   u u m u u m u  (4.6) 

where 

[ ], T
j j jy z=u  

1 1, ,
6 6
l l= + = + p p  

( )1 1
12 (2 ) ,
6
 = + − −  

 q m m  

( )1 1
12 ( 4 ) 2 ,
6
 = + + −  
 r m m  
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( )
2

1 csc 1 ,ω ω
ω

 = − 
 

  

2
1 (1 cot ),ω ω
ω

 = − 
 

m  

1 12 2
1 1 1 1, ,

6 3ω ω
   = − −   
   

  m m  

( )1 2 .jω ρ ρ h= +  

Using the relation (4.6) in equation (4.4), it results in 

( ) ( ) ( )
( ) ( )

( )

2 2 2
2 2 1 1

2 2
1 1 2 2

2
2 1 1 2

2( ) 2 4

2( )

, 2(1) 2

j j j j j jj j j

j j j jj j

j j j j jj

h κ h η h p

h κ h η

h p p p p p j n
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− − + +

− − + − − − + − + −

+ − − − + − −

= − + + + + = −

    

  

    

p u m q u m r u

m q u p u

p q r q p

 (4.7) 

To derive the system’s unique solution, two additional equations are needed, and they 
must take into consideration the boundary conditions listed below: 

( )
2

" " "
1 2 3 1 2 32 10 , 1,

12
jh

u j− + = + + =u u u u u  (4.8) 

( )
2

" " "
3 2 1 3 2 12 10 , 1,

12
j

n n n n n n
h

j n− − − − − −− + = + + = −u u u u u u  (4.9) 

Using it over equation (4.4) 

[ ]
2 2 2 2

1 1 2 2 3, 3 1, 2, 3,
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1 2 1 10 ,
12 12 12 12

j j j jh h h h
κ η p p p p

     
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     

     u u u  

[ ]

2 2 2

3 3 2 2 1 1
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3 2 1
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1 2 1

12 12 12

10
12

j j j
n n n n n n

j
n n n

h h h
κ η p

h
p p p

− − − − − −

− − −

     
− − + − + − −     
     

= − + +

  

  

u u u
 (4.10) 

By applying the Taylor series to expand equation (4.4), the truncation error obtained at wj 
will be 

( )

(4) (6)4 6

(8)8 9

1 1 1(7 ) (4 ) (31 ) (16 )
6 180 12
1 1(1,611 31 ) (4 )

131,040 360

j j j j j

j j

T h h

h O h

   = + − + + + − +      
 + + − + +  

  



m p q u m p q u

m p q u
 (4.11) 

For any combination ℓ and m , considering 1 .
2

+ = m  

Aimed at 1 1, ,
6 3

= = m  with 1 26 66, , ,
120 120 120

= = =p q r  confers 6( ).jT O h=  
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5 Convergence analysis 

The following matrix structure represents the suggested approach to test convergence: 
Consider equations (4.7), (4.8) and (4.9) in their matrix form representation as 

= + 
= 
= 

  
 
 

 (5.1) 

with [ ]T
j j jy z y=  or, , , ,j j jS= = = = −         be column vectors of 

dimension n with   standing for the discretisation error and   standing for a tridiagonal 
matrix, 

( )
2

0 , , , 2, 3, , 2.
12

j
j

h
diag k j n= + = = = −       

Likewise, 

0

10 1 1
12 12 12

12 12 12
12 12 12

12 12 12
12 12 12

1 1 10

 
 
 
 
 
 =  
 
 
 
 
  

 
 

 


 
 



m
m

m

m
m

 

( )

( )
( )

2
" " "
1 2 3

2
2 1 2

2
" " "

3 2 1

10 , 1,
12

, 2(1) 2,

10 , 1,
12

j

j j j j j jj

j
n n n

h
j

h p p p p p p j n

h
j n

− − +

− − −


+ + =

= − + + + + + = −

 + + = −

     

u u u

p q r q q p

u u u

 (5.2) 

The idea is to redefine equation =   in order to establish a bound on   as 

( ) ( )
( )

111 1 1
0 0 0

1 1
0 0

,

,

−−− − −

− −

= = + = +

≤ − ⋅ ⋅

          
     

 (5.3) 

Provided 1 1 1 1
0 0( ) ( )− − − −+ ≤ −       such that in the matrix vector ||.|| defines for the 

∞-norm. 
It describes 

1
0

1
0

,
1

−

−

⋅
≤

− ⋅
 
 

 (5.4) 
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provided 1
0 1.− ⋅ <   

As per definition Amodio and Sugra (2005), 

( ) ( )1 2 2 2
0 2

1 ( )
8 j jb a h O h
h

− −≤ − + =  (5.5) 

By equation (4.11) 

(4)4 1 (7 ) (4 )
6j jh p q = + + +  

 m u  (5.6) 

Using equations (5.4)–(5.6) it is noted that 

( )
1

0 2
2

1
0

,
1

12

j
j

O h
h

−

−

⋅
≤ ≅

− ⋅

 
 

 (5.7) 

The equation (5.7) approves that the proposed approach is second order convergent. 

6 Numerical illustrations 

To show the effectiveness of the strategy, the proposed scheme is applied to three 
systems of BVPs selected from Shahna and Khan (2021). To test the effectiveness of the 
suggested system in each challenge, the step size is chosen at random, and it is 
discovered to be well coordinated. 

Problem 1: Taking into account the following BVP 
2

12

2

22

(2 1) cos( ) ( )

( )

d y dy dzx πx g x
dx dx dx

d z xy g x
dx

+ − + = 

+ = 

 

where 
2

1( ) sin( ) (2 1) cos( ) (2 1)cos( ),g x π πx x π πx x πx= − + − + −  

2 ( ) 2 sin( ),g x x πx= +  

with y(0) = 0, y(1) = 0, z(0) = 0, z(1) = 0, 0 < x < 1. The exact solutions are y(x) = sin(πx) 
and z(x) = x2 – x. 

Solution: The values of y and z that correspond to the various values of x chosen at 
different step sizes are shown in Table 1 along with the precise solutions. The 
approximate solutions are discovered to be extremely near the precise solutions. 
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Table 1 Numerical results of Problem 1 using proposed method 
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Table 2 Numerical results of Problem 2 using proposed method 
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Table 3 Numerical results of Problem 3 using proposed method 
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Problem 2: Consider the system of BVPs 
2

2

2

2

2

2 2 2

d y dy dzx x
dx dx dx

d z dy dzx x
dx dx dx

+ + = 

+ + = − 

 

with y(0) = 0, y(1) = 0, z(0) = 0, z(1) = 0, 0 < x < 1. The exact solutions are y(x) = x2 – x 
and z(x) = x – x2. 

Solution: Table 2 displays the various x values along with random step sizes hj, together 
with the obtained and precise y solutions. The estimated solutions are discovered to be 
extremely near to the precise solutions. 

Problem 3: Taking into account the nonlinear system of BVPs 
2

12

2
2

22

cos( ) ( )

( )

d y dy dzx πx g x
dx dx dx

d z dyx xy g x
dx dx

+ + = 

+ + = 

 

where 

( )2
1( ) sin( ) 2 cos( ) (1 2 )cos( ),g x x x x x x πx= + − + + −  

( )2 2 2
2 ( ) ( 1) sin( ) sin ( ) cos( ) 2,g x x x x x x x x x= − + + + − −  

with y(0) = 0, y(1) = 0, z(0) = 0, z(1) = 0, 0 < x < 1. The exact solutions are y(x) = (x – 1) 
sin(x) and z(x) = x – x2. 

Solution: Table 3 displays the various x values along with random step sizes hj, together 
with the obtained and precise y solutions. The estimated solutions are discovered to be 
extremely near to the precise solutions. 

7 Comparative study and discussion 

The addition of the triplet parameters (ρ1, ρ2, ρ3) to the non-polynomial spline’s 
trigonometric section increases the scheme’s accuracy when applied to a broad system of 
second order differential equations. They are superior to non-polynomial single 
parameter spline methods, B-spline approaches, and variational iterative approaches 
because they provide a continuous approximation to the function and its higher 
derivatives. Results of the proposed method are compared to those of B-spline, second 
order cubic non-polynomial single parameter spline, fourth order cubic non-polynomial 
single parameter spline, and variational iteration method using maximum absolute errors 
(MAEs) in tabular and graphical form. Comparative analysis of Example 1 is shown in 
Table 4, while Examples 2 and 3 are shown in Tables 5 and 6. 
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Table 4 Comparison of MAE by proposed method and other existing methods for Problem 1 

Method Maximum absolute error 
y(x) error by proposed method 2.748378E-11 
y(x) error by fourth order method (Shahna and Khan, 2021) 1.2207E-08 
y(x) error by second order method (Shahna and Khan, 2021) 9.3019E-05 
z(x) error by proposed method 1.63215487E-13 
z(x) error by for fourth order method (Shahna and Khan, 2021) 6.4875E-10 
z(x) error by second order method (Shahna and Khan, 2021) 4.6494E-06 

Table 5 Comparison of MAE by proposed method and other existing methods for Problem 2 

Method Maximum absolute error 
y(x) error by proposed method 5.2155E-19 
y(x) error by fourth order method (Shahna and Khan, 2021) 8.3267E-17 
y(x) error by fourth order method (Shahna and Khan, 2021) 7.4940E-16 
y(x) error by B-spline method (Caglar and Caglar, 2009) 3.4139E-15 
z(x) error by proposed method 1.6322E-18 
z(x) error by fourth order method (Shahna and Khan, 2021) 2.4980E-16 
z(x) error by second order method (Shahna and Khan, 2021) 3.8858 E-16 
z(x) error by B-spline method (Caglar and Caglar, 2009) 1.8457E-15 

Table 6 Comparison of MAE by proposed method and other existing methods for Problem 3 

Method Maximum absolute error 
y(x) error by proposed method 1.5470E-12 
y(x) error by fourth order method (Shahna and Khan, 2021) 1.4866E-09 
y(x) error by second order method (Shahna and Khan, 2021) 9.1538E-06 
y(x) error by variational iteration method (Lu, 2007) 4.5900E-02 
z(x) error by proposed method 4.6322E-12 
z(x) error by fourth-order method (Shahna and Khan, 2021) 2.8044E-09 
z(x) error by second-order method (Shahna and Khan, 2021) 3.2445E-06 

In addition, Figures 1 to 3 show a graphic comparison of the proposed scheme with the 
aforementioned three approaches to solve Problems 1, 2, and 3. This comparison reveals 
unequivocally that the proposed technique is superior to these three widely used 
approaches. 

8 Established theorem on proposed numerical method and its real word 
applications 

The main result of this study establishes the accuracy, stability, and efficiency of the 
proposed numerical method for solving SO-BVPs, as stated in the following theorem. 
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Figure 1 Comparison of MAE by second and fourth order one parameter non-polynomial spline 
and proposed method in Problem 1 (see online version for colours) 
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Figure 2 Comparison of MAE by second and fourth order one parameter non-polynomial spline, 
B-spline and proposed method in Problem 2 (see online version for colours) 
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8.1 Theorem (convergence and accuracy of the proposed numerical method) 

Consider a system of SO-BVPs with given boundary conditions (Srivastava, 2021). The 
proposed numerical method, based on cubic splines with non-polynomial triplet 
parameters, provides an approximate solution over a defined interval with a chosen step 
size. Under appropriate smoothness conditions on the given function and its solution, the 
proposed method satisfies the following properties: 

1 Convergence: The method achieves fourth-order accuracy, meaning the error reduces 
significantly as the step size decreases. 
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2 Stability: The numerical scheme remains stable for different step sizes due to the 
additional parameters incorporated into the cubic spline formulation. 

3 Computational efficiency: Compared to traditional spline, collocation, and finite 
difference methods, the proposed scheme provides better accuracy while reducing 
computational effort. 

Figure 3 Comparison of MAE by second and fourth order one parameter non-polynomial spline, 
variational iteration and proposed methods in Problem 3 (see online version for colours) 
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8.2 Real word applications 

The proposed numerical method’s effectiveness in solving SO-BVPs makes it a valuable 
tool for various real-world applications. Here are some real-world applications where the 
proposed method for solving SO-BVPs could be effectively applied: 

1 Structural engineering: Modelling and analysing beam deflection under various 
loading conditions in mechanical and civil engineering. 

2 Fluid dynamics: Solving problems related to laminar flow in pipes or channels, 
where differential equations describe velocity and pressure distribution. 

3 Thermal analysis: Modelling heat conduction in materials with varying properties, 
crucial in mechanical and aerospace engineering. 

4 Environmental modelling: Simulating pollution dispersion or temperature 
distribution in atmospheric or aquatic systems. 

5 Electrical engineering: Solving differential equations for circuit analysis, particularly 
in systems involving inductance and capacitance. 

This versatility highlights the proposed method’s potential to improve numerical 
solutions across diverse engineering and scientific applications with greater accuracy. 
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9 Conclusions 

The qualities of non-polynomial splines are used in this work to improve its features by 
employing three more parameters. Because of the trigonometric features, the existence of 
triplet parameters in the trigonometric component of the spline has made it more 
efficient. Because of its application in unequal step size, the proposed study becomes 
more useful. Other conventional approaches, such as B-spline, one parameter  
non-polynomial spline, and variational iteration, are only applicable to problems with 
equal step size. Due to the suggested system’s applicability for unequal step size, 
obtaining the ordinate values at a given abscissa is thus a simple task that is  
time-consuming for existing approaches. The cherry on top is that this research has also 
been applied to a broader system of second order differential equations. The effectiveness 
of the strategy has been proved by the convergence analysis. Understanding SO-BVPs is 
crucial for modelling real-world phenomena. This study proposes a novel numerical 
method using cubic splines and non-polynomial triplet parameters, enhancing accuracy 
and adaptability across different step sizes. Future research can explore extending this 
method to higher-order BVPs and nonlinear systems, improving accuracy and stability. 
Adaptive step-size strategies and hybrid approaches integrating machine learning could 
enhance efficiency. Investigating error bounds and theoretical guarantees will strengthen 
reliability. Applications in fluid dynamics, biomechanics, and quantum mechanics offer 
exciting directions. 
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