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Abstract: While setting up an assembly line, challenge of defect detection is 
twofold. The first is determination of possible defects and second is 
examination of a newly setup assembly line to identify the occurrence of 
possible defects. Here, a two-step analytical approach to address this 
managerial problem is proposed. In the first step, past setup data are utilised to 
identify: 1) list of possible defects; 2) list of control parameters, along with the 
possible operating levels, to construct an N-dimensional solution space. A 
bootstrapping approach generates bootstrapped sampling distributions for each 
sub-solution space. From this, probability of occurrence for a specific defect 
when control parameters are operated at a particular level is identified. In the 
second step, an optimisation model determines the ideal sub-solution space, 
ensuring all defects are identified with an acceptable level of certainty. Data 
from a developed experimental design is used to demonstrate the proposed 
approach empirically. 
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1 Introduction 

Mass manufactures always focus on defect detection as an essential aspect of assembly 
lines. From a management perspective, defect identification before the sale of products 
leads to significant savings in terms of warranty costs and, more importantly customer 
satisfaction. However, the costs of conducting tests for defect detection are expensive. 
Conventionally, samples from the production are used to determine the quality of a 
production lot (Wetherill, 1977). Past literature has also considered concepts of 
accelerated life testing to establish the life of products and equipment (Zhu et al., 2021; 
Woo, 2016; Shin and Lee, 2008). These types of analysis are suitable for mature 
assembly lines operating at full scale. However, the setup of an assembly line is done in 
stages. Here, it is imperative to determine the possible defects in each stage and rectify 
them, to ensure they are avoided when producing the product to scale. Therefore, this 
study focuses on the problem of defect detection in the stage-by-stage setup of an 
assembly line. 

In a stage-by-stage approach for setting up an assembly line, each stage represents a 
ramp-up in production. Ramp-up is the process of incrementally increasing the 
quantity/volume of output obtained from the assembly line. The last stage of this process 
is the final volume that the assembly line will achieve, thereby operating at full scale. The 
main reason for considering a stage-by-stage approach for setting up an assembly line is 
to identify possible manufacturing defects and rectify them before moving to the next 
stage by ramping up. In this fashion, maximum possible defects are identified and 
rectified before the final ramp-up. It is to be noted that products from the final stage are 
sold to customers. The products produced at the intermediate stages are not sold to 
customers, but are solely for internal testing purposes. 

An example of a stage-by-stage ramp-up would be the setup of an automobile (car) 
assembly line. The assembly line to assemble a car is setup before the launch of a new 
car. One important requirement of the assembly line is its ability to assemble cars without 
manufacturing defects. This ensures that during mass production, cars adhere to targeted 
driving comforts. For this purpose, production volume on the assembly line is generally 
ramped-up in stages. 

At each stage, a specific number of test cars are produced and a road test is 
performed. The road test involves driving test cars for pre-specified test distances on 
actual roads. The actual roads are in target regions where the car is expected to be sold. 
Local drivers from the target region are hired to drive the test cars. The drives are rotated 
such that every car is driven by every driver within the total test distance. When a test car 
is driven by a driver, a keen eye is maintained to identify possible manufacturing defects 
(such as engine noise in the cabin, steering vibrations, door not closing, etc.). If a defect 
occurs, the nature and distance of a defect occurrence are recorded in a database. Thus, 
the road test aims to identify possible defects a customer may experience when driving 
the car. Once a defect is identified, the root cause may be rectified before the subsequent 
production ramp-up. In this fashion, defects are reduced when moving from one stage to 
another. However, certain defects may arise due to inherent design elements. These will 
be persistent throughout the car’s lifecycle. 

From a management perspective, the road test is significant due to the costs involved. 
For every launch (either new or facelift) and at every stage, the company has to produce 
cars which are tested and then disposed. This leads to incurrence of the production and 
disposal costs. Additionally, in each stage of the road-testing process, test cars are driven 
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by drives up to the specified test kilometres. This creates the cost components of salary 
and overheads for drives, and fuel cost for the specified drive distance (test kilometres). 
The total cost for the road test activity is the summation of all these costs. The purpose of 
the road test activity is to identify possible defects in a car and rectify the identified 
defects before the final stage of setup. 

Thus, any reduction in either the number of test cars or the drive distance per test 
vehicle (test kilometres) will result in significant savings. This in turn will lead to the 
managerial benefit of improved profitability and competitiveness. However, this 
reduction should be realised without compromising the ability of the road test to identify 
the possible defects in each stage. 

Therefore, for each stage in a general stage-by-stage setup of an assembly line, it is 
required to identify the best solution space from an N-dimensional solution space. In the 
N-dimensional space, each defect takes up one dimension. Hence, if there are ‘N1’ 
defects, the remaining N – N1 dimensions are the production-related operational variables 
(in the previous example, it was the number of test cars to produce and the drive distance 
per test car). The best solution space will identify all possible defects (N1) in combination 
with minimal values for the other N – N1 dimensions. 

Accordingly, in this study, a bootstrapping approach is proposed to identify the best 
solution space for defect detection. The best solution space is an N-dimensional 
probability space consisting of the N1 defect dimensions and the other N – N1 production 
parameter levels (controllable parameters). The approach aims to reduce the solution 
space for each defect by generating the bootstrapped sampling distribution. These 
bootstrapped distributions will assist in determining the statistical defect distribution 
parameters, leading to the observation of possible plateaus in the cumulative probability 
distributions for each identified defect when considering combinations of the other  
N – N1 production parameter levels. An ideal combination for the other N – N1 
dimensions can be suggested from the different plateaus for various defects. The 
suggestions can be aggregated, and a single combination can be determined that satisfies 
the requirements of capturing all defects with a specified probability. It is noted that the 
proposed approach is applicable to any manufacturing/ assembly industry where setup of 
the production facility is done in stages, where each stage is a ramp-up of the previous 
stage. 

In the next section, past literature is explored to establish the newness of the problem 
addressed in this work. Section 3 presents a detailed description of the new focused 
problem with an example. The mathematical constructs for the described problem are 
presented in Section 4. In Section 5, an experimental design is proposed to simulated data 
which is used to empirically illustrate the mathematical construct presented in Section 4. 
Section 6 highlights the managerial insights observed for the simulated data. The study 
concludes in Section 7. 

2 Literature review 

The works of Chen et al. (2021) and Li et al. (2021a) have extensively reviewed past 
literature on defect detection in the manufacturing space. Chen et al. (2021) review the 
literature on defect detection in additive manufacturing technologies. The study describes 
the different defect inspection technologies, their applications and architectures in 
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additive manufacturing. Li et al. (2021a) provide a survey of the literature on defect 
detection in textile manufacturing. These two studies can be used to classify general 
defect detection literature into traditional and learning-based algorithms. Accordingly, 
modern research has extensively focused on learning-based artificial intelligence and 
machine learning algorithms for defect detection (Singh et al., 2023; Singh and Desai, 
2022; Suo et al., 2022; Tulbure et al., 2022; Khan et al., 2021; Li et al., 2021b; Liu et al., 
2021; Zhang et al., 2021; Czimmermann et al., 2020; Ren et al., 2019; Yang et al., 2019). 
Such studies focus on defect identification in fully operational production systems 
through real-time or near real-time monitoring. They do not address the initial setup of 
production systems. 

Literature that focuses on traditional algorithms also addresses the issue of defect 
detection from the standpoint of established production systems. Among these, image 
processing techniques are the most common and have been extensively used to detect 
defects for various products (Kuo and Nursyahid, 2022; Wang and Cheung, 2021; Gao  
et al., 2020; Akhtar et al., 2019; Arnal et al., 2017; Lee and Vachtsevanos, 2002). Apart 
from image processing, statistical techniques such as sampling and bootstrapping are also 
adopted for defect detection. 

The book by Wetherill (1977), establishes the extensive use of sampling for quality 
inspection in the production process from as early as 1950. Therefore, only some 
exclusive works which have led to different use of sampling in production systems are 
presented here. Originally, optimal inspection policies were assumed to hold only for IID 
Bernoulli product characteristics with single-sample lot acceptance-sampling plans. 
Later, Wiel and Vardeman (1994) establish that results from single-sample lot 
acceptance-sampling plans hold more generally, and over a much wider class of 
inspection plans. The study by Nurani et al. (1994) is one initial work that explores the 
development of a methodology to determine optimal sampling strategies for in-line defect 
inspection. The methodology determines the optimal sampling strategies to identify 
trade-offs between the costs of sampling and cost of defective dyes. Nurani et al. (1996) 
extend the previous work to be a more comprehensive cost-based methodology for defect 
inspection, the number of inspected lots and the number of inspected wafers per lot for a 
wafer fabrication process. The methodology proposed in the study assists in allocating in-
line inspection resources based on the distribution of defects across the wafer layers, 
considering relevant cost components such as the cost of running out of control and wafer 
inspection. Tsarouhas and Liberopoulos (2004) explore the use of statistical analysis of 
failure data of equipment obtained from an automated pizza production line. The study 
identifies the optimal allocation of the total number of visits a quality inspector has to 
undertake to different workstations on the production line so as to minimise the total 
production time of undetected, defective products. 

The contemporary works of Elhabashy et al. (2021) and Wang et al. (2021) on 
sampling provide a new perspective on its adoption. Elhabashy et al. (2021) focus on 
using random sampling to determine the attributes to be monitored to detect  
cyber-physical manufacturing attacks. The study highlights the usefulness of randomness 
in sampling plans of multivariate control charts to design more resilient quality control 
tools. The sampling plans developed in the study did not require a large number of 
variables for inspecting if the system has had a cyber-attack or not. The study concludes 
by indicating the cost-benefit of using the proposed technique to detect cycle attacks. 
Wang et al. (2021) propose a dynamic sampling algorithm based on cost-risk assessment. 
The proposed algorithm considers measurement cost, product and process risks at the 
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same time. The study focuses on dynamically selecting lots with lower measurement 
costs and higher risks from a large number of produced lots, in a semiconductor 
manufacturing process, for scheduling at the measurement site. It is shown that the 
proposed algorithm is effective in terms of reducing sample ratio and cycle time, and also 
reduces the required number of sampling lots and interval time for catch execution. 
Comparisons for effectiveness in terms of cost and catch execution of defects are 
established for standard sampling procedures and the proposed algorithm. 

In bootstrapping literature, Gine and Zinn (1990) characterise the consistency of 
bootstrapping and establish that no local uniformity of the central limit theorem is needed 
for bootstrap to work for a large class of statistics. Jiang and Wang (2001) address the 
concern of small sample sizes for effective defect classification by machine vision 
algorithms, particularly for surface defect detection. In the study, a bootstrapping 
sampling technique is adopted to generate more defect samples. By the adoption of 
bootstrapping, statistical features of the defects are determined which enhances the 
accuracy of classification algorithms. The study by Chung and Lee (2001) corrects the 
convergence error in the construction of bootstrap confidence bounds. The study 
establishes that optimal bootstrapped sample size yields intervals that are shorter in 
length and with greater stability, compared to competitors of similar convergence 
accuracy. Phu et al. (2018) adopt a bootstrapping approach to guide the choice of the 
number of healthy subjects required for the visual field normative database. The study 
concludes that the ground truth statistics for visual field-testing sensitivities can be 
approximated using set sizes that are significantly smaller than the original cohort. One 
can explore and identify more studies that have adopted bootstrapping for defect 
detection. However, the studies consider the problem of identifying defects in outputs 
produced by established production systems. 

The current study takes a cue from the works of Jiang and Wang (2001), Chung and 
Lee (2001) and Phu et al. (2018) in the bootstrapping space and from Elhabashy et al. 
(2021) and Wang et al. (2021) in the sampling space, to support the decisions of setting 
up an assembly line by reducing the N-dimensional space for the occurrence of defects. 
Accordingly, the problem of focus in this work is explained in detail in the next section. 

3 Problem description 

Setting up an assembly line involves long-term investments with minimal flexibility for 
rapid modifications. When the assembly lines are put in place, the aim is to ensure that 
produced products adhere to quality standards with minimal defects. In this study, the 
focus is on manufacturing defects caused by elements in the production system that can 
be observed by customers. The presence of such manufacturing defects causes significant 
losses in terms of customer satisfaction and warranty costs. Thus, it is imperative to 
identify and rectify elements which cause such defects. This identification is a herculean 
challenge, especially in the initial phase of establishing the assembly lines. Hence, most 
assembly lines adopt a stage-by-stage approach to reach maximum production capacity. 
In each stage, a pre-fixed number of products are produced and examined. The 
examination leads to the identification of defects, which are then further analysed to 
identify root causes leading to corrections/ calibrations of the assembly line. As the 
assembly line moves from one stage to the next, capacity to produce products is 
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increased. This mode of increase is referred to as ‘ramping-up’. Undertaking the above 
activity ensures that as the volume of production increases, defects are reduced, 
ultimately producing defect-free products to scale for customer sales. 

A real-life application of setting up an assembly line in this fashion is the automobile 
industry. Generally, when a new car is launched, the assembly line is setup by procuring 
and installing required new machinery from external sources. These new pieces of 
machinery are sequenced and performed in a specific order to obtain assembled cars. 
When an existing car is updated (facelifted), the existing assembly line undergoes 
modifications. The modifications could be the addition of new machines, replacement of 
existing machines with new machines, the performance of additional operations in 
existing machines, etc. In either case, setup of a new assembly line or modifications of an 
existing assembly line, installed machines are individually tested and tuned for 
performance. 

Once the assembly line is ready with tuned machines, the assembly of cars begins. 
However, before full-fledged assembly reaches maximum throughput, production is 
progressively stepped-up so that all machines work in synergy. Generally, a four-stage 
approach is adopted to gradually increase production volumes. Nevertheless, every 
automobile company has internal standards based on experience that pre-specify: 

1 the number of stages 

2 the number of cars to produce in each stage. 

For the general scenario of four stages, all cars produced in the first three stages are test 
cars. Among these three stages, all test cars produced in the first two stages are scrapped 
after the necessary tests have been performed. In the third stage, test cars can be repaired 
and sold to interested parties at a price lower than the actual selling price. They may also 
be scrapped if a sale is not possible. The cars produced in the final stage are for actual 
market sale. Of the cars for final market sale, a few are taken for test purposes. The cars 
taken for test purposes are later salvaged by using them as test-drive vehicles, display 
models in showrooms, etc. Test cars of the fourth stage are not sold at retail price to end 
customers. 

The above example clearly illustrates a practical application of the stage-by-stage 
setup of an assembly line. The main challenge in such a setup is to identify how many 
cars to produce in each stage for identifying defects. This, as illustrated in the example, is 
specified based on experience. Nevertheless, this study proposes a statistical approach to 
identify the number of cars to be produced in each stage. The approach aims to identify 
the number of cars to be produced in each stage so that all possible manufacturing defects 
can be identified. For this, setups of past cars with similar assembly lines can be 
exploited to determine the probability distribution of the possible defects. This 
probability distribution would be in an N-dimensional space, which can be divided into 
‘N1’ dimensions for the defects and ‘N2’ dimensions for the control parameters. Using a 
bootstrapping approach, bootstrapped sampling distribution can be determined for each 
defect under different combinations of ‘N2’ control parameters. Using the determined 
bootstrapped sampling distribution, the probability mass function (PMF) and cumulative 
distribution function (CDF) for identifying a defect at a particular combination of the ‘N2’ 
control parameters is computed. Once the PMF and CDF for the ‘N1’ defects are 
identified, from the entire N-dimensional solution space, an ideal combination of 
remaining ‘N2’ control parameters can be determined so that all ‘N1’ defects can be 
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captured with a desired level of probability. For the determination of the ideal 
combination of control parameters, an optimisation model is proposed. The objective is to 
minimise the costs of the test. The optimisation is performed while ensuring a specified 
desired minimum level of capture probability for each defect. 

Returning to the illustrative example of setting up an assembly line to assemble cars, 
tests cars produced at various stages are used for several test purposes. One among them 
is the road test, which focuses on identifying manufacturing defects from a customer 
perspective. In the road test, a select number of test cars are exclusively driven on actual 
road conditions in which the cars are to be sold. The test design is such that, in each 
stage, drivers who drive the cars are of different drive characteristics to mimic actual 
target customers. Moreover, in each stage, all drivers drive all test cars of that stage. The 
total distance a test car must be driven in a particular stage is pre-specified by the 
company. The company pays drivers a fixed salary and provides fixed routes to drive the 
respective test cars. The company also incurs fuel costs for all test cars for the duration of 
the road test. 

The drivers are trained to have a keen eye for identifying manufacturing defects in the 
test cars. Here, manufacturing defects refer to those a target customer may notice when 
driving the car after purchase. Some examples of such manufacturing defects are: 

1 engine noise in the cabin 

2 AC vent not working 

3 steering vibrations 

4 headlights not working 

5 slow pickup, etc. 

Past service complaints about other similar cars manufactured by the company provide 
the basis for identifying possible defects. In addition to this, drivers may also identify 
defects based on their driving experience. 

When a driver identifies a defect in a particular test car, the information: defect, 
kilometre at which the defect was observed and test car in which it was observed are 
recorded. After completing the road test for a particular stage, the recorded information is 
compiled from various drivers. These are addressed appropriately (a production issue is 
rectified; a design issue is catalogued and provided as feedback to the design team) 
before the next ramp-up. The defects identified in test cars of the final stage are 
catalogued and addressed either during service or in the next vehicle launch. 

Hence, the road test identifies possible manufacturing defects that may cause 
discomfort to a customer. The aim is to ensure that these defects are identified in advance 
(during road test of earlier stages of setup) so that they can be rectified in successive 
ramp-up stages thereby avoiding their occurrence within the warranty period of  
the car. The regular warranty period, for most cars sold in India, is two years or  
40,000 kilometres (whichever is earliest) which may be extended by additional plans for 
up to four years or 100,000 km (whichever is earliest) (Paul, 2016). In an ideal scenario, 
if a detected manufacturing defect does not occur in a customer’s car within the regular 
warranty period, then the road test is considered a success. However, some detected 
manufacturing defects occur in the customer’s vehicle. This is because the usage of a car 
will create wear and tear leading to the occurrence of manufacturing defects. Thus, the 



   

 

   

   
 

   

   

 

   

   116 M. Sundararaman    
 

    
 
 

   

   
 

   

   

 

   

       
 

road test is considered a success if all manufacturing defects reported by the customer 
had been noticed in the road test. Therefore, a car manufacturer can achieve significant 
savings in cost and time from the road test if the occurrence of different manufacturing 
defects is found using lesser resources (reducing the number of test cars or reducing the 
drive distance per test car or both). These savings should be achieved without 
compromising the ability of the road test to identify the occurrence of a defect. 

To identify when different defects occur, the probability of a defect happening in a 
random number of test cars when driven up to a certain distance is to be found. However, 
given the limited availability of data, a small number of test cars and very few road tests 
(1 or 2) in a year, the probability distribution for defect occurrence cannot be obtained by 
sampling the population. Nevertheless, it is possible to obtain the bootstrapped 
distribution for the occurrence of a defect from a single past road test. As road tests are 
designed experiments, which are blocked for driver and distance characteristics, it is 
possible to obtain the PMF for sub-solution spaces of every defect identified in the past. 
The sub-solution space is the combination of the number of test cars and the drive 
distance per test car. For every such sub-solution space, it is possible to obtain 
bootstrapped samples using which the PMF for that sub-solution space can be 
determined. With the PMF for different sub-solution spaces, it is possible to establish the 
CDF for a defect. The above procedure can be adapted to generate the CDF for different 
defects, from which an appropriate number of test cars and the drive distance for each test 
car can be determined using an optimisation model. The selection should achieve the 
requirement of identifying all the defects with the best (minimal) cost and time. 

Therefore, this study proposes a developed bootstrapping approach to estimate the 
PMF and CDF of different defects for different possible sub-solution spaces. Once the 
PMF and CDF are estimated for different defects, a developed optimisation model 
determines the ideal sub-solution space. The ideal sub-solution space ensures the 
identification of all defects with a necessary degree of capture probability while incurring 
the minimal possible cost for the road test. In the next section, a general mathematical 
construct for determining the PMF and CDF of the sub-solution spaces and the proposed 
optimisation model to identify the best sub-solution space are presented. 

4 General mathematical construct for the problem 

To mathematically formulate the problem described in Section 3, it is assumed that 
defects are not only independent of each other but also across the different stages. 
Furthermore, the control parameters are assumed to be a discrete set with each parameter 
having discrete levels. With these assumptions, it is possible to visualise an  
N-dimensional space consisting of defects dimensions and control parameter dimensions. 
If there are ‘N1’ total defects and ‘N2’ total number of control parameters, then total 
number of dimensions (N) equals N1 + N2. Let ‘D’ denote the set of defects {d | d ∈ D,  
D = {1, …, N1}} and ‘C’ the set of control parameters, {c | c ∈ C, C = {1, …, N2}}. Each 
of the N2 control parameters can have different levels. Let set ‘L’ denote the total number 
of levels for each control parameter in C, then {l | l ∈ L, L = {l1, …, lN2}. With these, the 
‘CP’ matrix denotes different possible levels for each control parameter-c. Then {cpjc | 
cpjc ∈ CP}, cpjc indicates the level-j for control parameter-c. It is noted that level-j for 
control parameter-c is in the range of [1 to lc]. Thus, CP is an irregular matrix consisting 
of N2 columns representing the control parameters, with rows in each column 
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representing the levels for the control parameter. A generic matrix representation of CP is 
given in (1) 

2

1 2 2

1,1 ,1

1, , N

N

l N l

cp cp
CP

cp cp

 
 =  
  


  


 (1) 

Using these notations, the aim is to determine the probability of capturing the defects in 
set-D, when each control parameter in set-C is operated at a particular level in matrix CP. 
Therefore, for each individual defect-d, the PMF for various combinations of the control 
parameters needs to be computed. This is denoted as ,1 ,21 2 ,2 2, , ,...,j j jN Nd cp cp cpPMF  where { 
d | d ∈ D, D = {1, …, N1}}, 1 2 2,1 , ,{ , ..., |Nj j N j ccp cp cp CP∈  such that 0 < j1 <= l1, …, 0 < 
jN2 <= lN2}. 

For effective communication of the above formulation, consider a small example 
where there are two defects D = {1, 2} which need to be determined by two control 
parameters C = {1, 2}. Say, the first control parameter has 2 levels and the second control 
parameter has three levels, then L = {2, 3}. Given these, the CP matrix is represented in 
(2) 

1,1 2,1

1,2 2,2

2,3

cp cp
CP cp cp

cp

 
 =  
 − − 

 (2) 

For this, the total number of PMFs that will be determined for defect-1 is 6, and these are 
as follows: 

1,1 1,21, ,cp cpPMF  PMF for defect-1 when control parameter-1 is in level-1 and control 
parameter-2 is in level-1 

1,1 2,21, ,cp cpPMF  PMF for defect-1 when control parameter-1 is in level-1 and control 
parameter-2 is in level-2 

1,1 3,21, ,cp cpPMF  PMF for defect-1 when control parameter-1 is in level-1 and control 
parameter-2 is in level-3 

2,1 1,21, ,cp cpPMF  PMF for defect-1 when control parameter-1 is in level-2 and control 
parameter-2 is in level-1 

2,1 2,21, ,cp cpPMF  PMF for defect-1 when control parameter-1 is in level-2 and control 
parameter-2 is in level-2 

2,1 3,21, ,cp cpPMF  PMF for defect-1 when control parameter-1 is in level-2 and control 
parameter-2 is in level-3. 

Similarly, there are six PMFs for defect-2. Therefore, the total number of PMFs to be 
computed for a general problem can be defined as given by formula in (3) 

 



   

 

   

   
 

   

   

 

   

   118 M. Sundararaman    
 

    
 
 

   

   
 

   

   

 

   

       
 

( )1 2 3 2 1* * *...* *NTotal number of PMFs l l l l N=  (3) 

For computing these PMFs, the past test data on similar products are utilised. The 
challenge is that the past data is a single sample. For determining the PMF for each defect 
in set-D, at various level combinations in set-L for the N2 control parameters in set-C, a 
bootstrapping approach is proposed. Here, for a specific combination of levels for all the 
control parameters, bootstrapped samples are taken from the past sample. For each 
bootstrapped sample, the occurrence or non-occurrence of various defects is noted. The 
procedure is repeated a large number of times. Next, the respective probabilities for the 
different defects are computed as the ratio of the number of occurrences to the total 
number of bootstrapped samples drawn. This provides an estimate of the probability to 
capture a defect when the different control parameters are operated at a specific 
combination of levels. These determined probabilities are the PMFs of interest. Using 
these probabilities, the CDFs can be computed as specified in (4) 

,1 ,2 ,1 2 22, , ,...,

number of samples in which defect  was noted when the control 
parameters are at a specified combination

Total numbers of samples taken at the specified 
combinations of 

j j j NNd cp cp cpPMF
d−

=

control parameter

 

, , ,1 ,1, ,..., , ,..., , ,andj c j i j b ad cp cp d cp cp j c j ia i b j
CDF PMF cp cp CP′ ′ ′ ′′ ′= ≤

= ∀ ∈   (4) 

For the small example used for effective communication previously, the different CDFs 
for the first defect would be as specified in the equations below: 

1,1 1,2 1,1 1,21, , 1, ,cp cp cp cpCDF PMF=  

1,1 2,2 1,1 1,2 1,1 2,21, , 1, , 1, ,cp cp cp cp cp cpCDF PMF PMF= +  

1,1 3,2 1,1 1,2 1,1 2,2 1,1 3,21, , 1, , 1, , 1, ,cp cp cp cp cp cp cp cpCDF PMF PMF PMF= + +  

2,1 1,2 1,1 1,2 2,1 1,21, , 1, , 1, ,cp cp cp cp cp cpCDF PMF PMF= +  

2,1 2,2 1,1 1,2 2,1 1,2 1,1 2,2 2,1 2,21, , 1, , 1, , 1, , 1, ,cp cp cp cp cp cp cp cp cp cpCDF PMF PMF PMF PMF= + + +  

2,1 3,2 1,1 1,2 2,1 1,2 1,1 2,2 2,1 2,2

1,1 3,2 2,1 3,2

1, , 1, , 1, , 1, , 1, ,

1, , 1, ,

cp cp cp cp cp cp cp cp cp cp

cp cp cp cp

CDF PMF PMF PMF PMF
PMF PMF

= + + +
+ +

 

Similarly, there are six CDFs for defect-2. Therefore, the total number of CDFs to be 
computed for a problem can be defined by the same formula specified in (3) that is used 
to compute the total number of PMFs. 

Once the PMFs and CDFs are computed, they can be used to determine the ideal level 
combinations for the different control parameters, such that all the defects can be 
identified with the desired level of capture probability. 

The determination of the ideal combination for the control parameters is challenging, 
given the large number (counts) of PMFs and CDFs. To address this, a binary linear 
programming optimisation model is developed. In this model, the objective is to 
minimise the costs associated with each level for the various control parameters. The 
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model is constrained with a lower bound on the desired probability of capturing the 
different defects. Let , ,,...,j c j icp cpP ′ ′  indicate the price associated with performing the defect 
detection process when control parameter-c is operated in level-j and control parameter-i′ 
at level-j′. Let , ,,...,j c j icp cpY ′ ′  be a binary variable indicating the combination in which the 
test is going to be performed (level of operation for a control parameter-c is j and level of 
operating control parameter-i′ is j′). Thus, if , ,,...,j c j icp cpY ′ ′  is 1 then the test is performed 
with control parameter-c operating at level-j and control parameter-i′ operating at level-j′. 
It is 0 otherwise. Therefore, the objective of reducing the cost associated with performing 
the defective detection can be mathematically represented as given in (5) 

, , , ,,..., ,...,*j c j i j c j icp cp cp cpCP
Min Z P Y′ ′ ′ ′=  (5) 

This objective is constrained by specifying the required level of confidence with which 
each defect-d must be identified. If the desired level of confidence for a defect-d is 
denoted by ‘Xd’, then the constraint is mathematically represented as given in (6). 
Moreover, a control parameter can be operated at only of its levels, and there can be only 
combination (a level identified for every control parameter) for this test. This constraint is 
mathematically incorporated as given in (7). The readers may note that the suffix ‘CP’ 
used in ‘summation-terms’ of (5), (6) and (7) refers to the elements in the CP-Matric 
defined earlier as 1 , 22,1 ,{ , ..., |Nj j N j ccp cp cp CP∈  such that 0 < j1 <= l1, …, 0 < jN2 <= lN2} 

, , , , , ,,..., ,..., , ,...,* *j c j i j c j i j c j icp cp cp cp d cp cp dCP
P Y CDF X d′ ′ ′ ′ ′ ′ ≥ ∀  (6) 

, ,,..., 1j c j icp cpCP
Y ′ ′ =  (7) 

Solving this optimisation model, will result in a solution which suggests the best 
operating combination for the control parameters to identify all possible defects. This 
mathematical construct is empirically demonstrated using simulated data generated from 
a proposed experimental design in the next section. 

5 Empirical demonstration using simulated data 

A numerical instance is simulated through a proposed experimental design to illustrate 
the mathematical construct in Section 4. For the numerical example, the setup of a 
vehicle assembly line through four stages is considered. In each stage, a certain number 
of test vehicles are to be assembled and driven on the road to identify possible 
manufacturing defects through the road test. Here, in each stage, there are two control 
parameters. The control parameters are the production related aspects that can be 
controlled by the manufacturer. Accordingly, the first control parameter is the number of 
test vehicles to be assembled in a stage. The second control parameter is the drive 
distance for each test vehicle. Past data on the setup of an assembly act as a single sample 
which provides the upper limit on the two control parameters for every stage. The past 
data also has the information of defects and when they were identified. From this single 
sample, it is possible to identify the list of possible defects. Moreover, it is also 
conceivable to create sub-levels for the control parameters. From this past data, the aim is 
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to identify the likelihood of an error happening at a particular level combination for the 
two control parameters. 

Hence, as an illustration, consider a scenario where 20 thinkable defects are to be 
identified through the two control parameters (number of test vehicles to produce and 
drive distance for each test vehicle). For past data, considering an assembly line on which 
25 test vehicles were assembled at a given stage, each was driven for a distance of 3,000 
kilometres to identify defects. It is noted that the numbers ‘20 defects’, ‘25 test vehicles’ 
and ‘3000 kilometres of drive distance per test vehicle’ are assumed without loss of 
generality and for the purpose of demonstration. These can be any numbers based on 
actual past data. Furthermore, without loss of generality, for this illustration, the levels 
for the two control parameters (‘Number of test vehicles assembled’ and ‘Drive distance 
for each test vehicle’), are developed considering that vehicles be assembled only in 
multiples of 5 and the running distance must be in multiples of 500 kilometres. This will 
create 5 levels for control parameter-1 ‘Number of test vehicles assembled’ (which are 5, 
10, 15, 20 and 25 vehicles) and six levels for control parameter-2 ‘Drive distance  
per test vehicle’ (which are < 500 km, 501 km–1,000 km, 1,001 km–1,500 km,  
1,501 km–2,000 km, 2,001 km–2,500 km and >= 2,501 km). 

To simulate the data for the above configuration, three variables are randomly 
generated. The first is the distance at which the defect is likely to occur. The second is the 
likeliness of the defect occurring in a particular vehicle when it is driven for a specified 
distance (which is identified in the previous variable). The third is the likeliness of a 
driver to observe the defect if it occurs in the vehicle at the specified kilometre. For 
effective communication, the notations ‘Var1’, ‘Var2’ and ‘Var3’ are used to represent 
the three variables. 

To generate these variables, a 3-step experimental design is proposed as described 
below 

Step 1 Without loss of generality, to simulate Var1, the defects D1 to D10, D11 to D17 
and D18 to D20 are assumed to occur at distances that follow the three normal 
distributions N(400, 2,500), N(700, 10,000) and N(2,000, 40,000) respectively. 
Accordingly, for each vehicle-defect combination, a random number between 
+/– 6 Sigma of the respective normal distribution is generated. This provides the 
distance at which the defect may occur in a particular vehicle. 

For example: For defect D12, the distribution is N(700, 10,000). This indicates 
that the minimum distance range (minus six sigma limit) where D12 can be 
observed is 100 km and the maximum distance range (plus six sigma limit) is 
1,300 km. Within this range, a random number is generated for each vehicle for 
identifying the defect D12. As an example, say for vehicle-1, the obtained 
number for Var1 is 1,250 km. 

Step 2 Var1 and Var3 are categorical variables with two levels. Thus, a uniform 
distribution between 0 and 1 is used to stimulate these variables. To stimulate 
the probability that the defect would have occurred in that particular vehicle at a 
specified distance level, a random number between 0 and 1 is generated. If this 
number is greater than or equal to 0.5 then the defect would have occurred at 
that distance in that vehicle (Var2 = 1). Else it would not have occurred  
(Var2 = 0). Similarly, Var3, a random number between 0 and 1 is generated and 
if it is greater than or equal to 0.5, then the defect is identified by the driver 
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driving the vehicle (Var3 =1). Else the driver does not identify the defect  
(Var3 = 0). It is noted that the proposed experimental design considers Var2  
and Var3 for clearly distinguishing the instances where the defect would  
have occurred in the vehicle (Var2 = 1), but was not observed by the driver 
(Var3 = 0). 

Step 3 Once the three variables Var1, Var2 and Var3 are simulated. The final result is 
combined by multiplication. If the multiplied value is non-zero, then the control 
parameter-2 is set to the mapped level for that specified test vehicle. Else, it is 
set to zero. 

For example, say in test vehicle-1 for defect D12 Var1 is 1250, Var2 is 1 and 
Var3 is 0. Then the corresponding level entry is Table 1 is obtained by mapping 
1250*1*1 = 1,250 with the level ‘1,001 to 1,500 km’ of control parameter-2. 

Therefore, through the above experimental design, a level for control parameter-2 is 
assigned for every defect-vehicle combination. A data simulation based on the above 
experimental design is presented in Table 1. 

From Table 1, it can be understood that only defects D3, D5, D12, D15, D19 and D20 
are identified when vehicle V1 is driven. The other defects are not identified by the 
vehicle. The readers may explore the simulated data further to understand that the defects 
are spread across the distribution from which they were generated. 

For the simulated data in Table 1, identifying the probability of capturing a defect 
when vehicles are driven to a certain distance is the same as identifying the expected 
value (mean) of the original distribution from which the defect was generated. Moreover, 
this probability can vary based on the combination of levels for the two control 
parameters. Thus, the aim is to identify the probabilities for every possible level 
combination of the two control parameters. In this illustration, the total number of 
combinations is 30 (five levels for control parameter-1 multiplied by the six levels for 
control parameter-2). The various combinations are presented in Table 2. These 30 
combinations represent the sub-solution spaces for the problem. 

In each combination, the PMF for the 20 defects are to be determined. For this 
purpose, repeated samples (with replacement) that satisfy the different combinations are 
taken from the original sample in Table 1. These sub-samples, from the original sample, 
are referred to as bootstrapped samples. In this illustration, for each combination, a total 
of 100 bootstrapped samples are generated. In each bootstrapped sample, the occurrence 
or non-occurrence of a defect is noted. R-software is used to generate the bootstrapped 
samples and determine the PMF and CDF. To facilitate further research, the developed 
R-code is made available on GitHub. On completion of the above bootstrapping 
operation for the 30 combinations, a ratio of total occurrence of a defect to the total 
number of bootstrapped samples computes the expected value of the bootstrapped 
distribution for each combination. This expected value is the PMF for the defect at that 
specified combination. For the sample data provided in Table 1, the determined PMF for 
different defects at the various combinations of the control parameters is provided in 
Table 3. 
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Table 1 A simulated input data generated according to the proposed experimental design 
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Table 2 Different combinations of control parameters 

Combination 
ID 

Control parameter-1: number of 
vehicles to be produced (in count) 

Control parameter-2: distance to be 
driven per vehicle (in kilometres) 

ID-1 5 500 
ID-2 5 1,000 
ID-3 5 1,500 
ID-4 5 2,000 
ID-5 5 2,500 
ID-6 5 3,000 
ID-7 10 500 
ID-8 10 1,000 
ID-9 10 1,500 
ID-10 10 2,000 
ID-11 10 2,500 
ID-12 10 3,000 
ID-13 15 500 
ID-14 15 1,000 
ID-15 15 1,500 
ID-16 15 2,000 
ID-17 15 2,500 
ID-18 15 3,000 
ID-19 20 500 
ID-20 20 1,000 
ID-21 20 1,500 
ID-22 20 2,000 
ID-23 20 2,500 
ID-24 20 3,000 
ID-25 25 500 
ID-26 25 1,000 
ID-27 25 1,500 
ID-28 25 2,000 
ID-29 25 2,500 
ID-30 25 3,000 

In Table 3, the values highlighted in ‘BOLD’ indicate the highest PMF (the first highest 
PMF in case of a tie) for the various defects at various possible levels of control 
parameter-1 (number of test vehicles to produce). On closer examination of these highest 
values, it can be seen that the values at each level of control parameter-1 match (very 
closely) the means of the various source distributions from which the data were 
simulated. This implies that the above bootstrapping approach can capture the expected 
value at which there is a maximum possibility for capturing the defect. Using Table 3, the 
computed CDF for each combination is presented in Table 4. 
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Table 3 PMF for different defects at various combinations of the control parameters 
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Table 4 CDF for different defects at various combinations of the control parameters 

 C
om

bi
na

tio
n 

ID
 

CD
F 

fo
r d

ef
ec

t a
t a

 c
om

bi
na

tio
n 

of
 c

on
tro

l p
ar

am
et

er
s 

D
1 

D
2 

D
3 

D
4 

D
5 

D
6 

D
7 

D
8 

D
9 

D
10

 
D

11
 

D
12

 
D

13
 

D
14

 
D

15
 

D
16

 
D

17
 

D
18

 
D

19
 

D
20

 

ID
-1

 
0.

3 
0.

6 
0.

8 
0.

6 
0.

6 
0.

6 
0.

5 
0.

5 
0.

7 
0.

3 
0.

7 
0.

2 
0.

3 
0.

4 
0.

4 
0.

4 
0.

3 
0 

0 
0 

ID
-2

 
0.

6 
0.

9 
0.

8 
0.

7 
0.

8 
0.

7 
0.

5 
0.

7 
0.

8 
0.

6 
0.

8 
0.

4 
0.

6 
0.

7 
0.

6 
0.

7 
0.

5 
0.

2 
0 

0 
ID

-3
 

0.
6 

0.
9 

0.
8 

0.
7 

0.
8 

0.
7 

0.
5 

0.
7 

0.
8 

0.
6 

0.
8 

0.
8 

0.
7 

0.
7 

0.
7 

0.
8 

0.
7 

0.
5 

0.
5 

0.
2 

ID
-4

 
0.

6 
0.

9 
0.

8 
0.

7 
0.

8 
0.

7 
0.

5 
0.

7 
0.

8 
0.

6 
0.

8 
0.

8 
0.

7 
0.

7 
0.

7 
0.

8 
0.

7 
0.

6 
0.

8 
0.

2 
ID

-5
 

0.
6 

0.
9 

0.
8 

0.
7 

0.
8 

0.
7 

0.
5 

0.
7 

0.
8 

0.
6 

0.
8 

0.
8 

0.
7 

0.
7 

0.
7 

0.
8 

0.
7 

0.
8 

0.
8 

0.
5 

ID
-6

 
0.

6 
0.

9 
0.

8 
0.

7 
0.

8 
0.

7 
0.

5 
0.

7 
0.

8 
0.

6 
0.

8 
0.

8 
0.

7 
0.

7 
0.

7 
0.

8 
0.

7 
0.

8 
0.

9 
0.

8 
ID

-7
 

0.
5 

0.
8 

1 
0.

9 
0.

9 
0.

8 
0.

8 
0.

7 
0.

9 
0.

8 
0.

8 
0.

4 
0.

4 
0.

8 
0.

7 
0.

8 
0.

6 
0 

0 
0 

ID
-8

 
0.

7 
1 

1 
0.

9 
1 

0.
9 

0.
8 

0.
8 

1 
0.

9 
0.

9 
0.

6 
0.

8 
0.

9 
0.

8 
0.

9 
0.

8 
0.

3 
0 

0 
ID

-9
 

0.
7 

1 
1 

0.
9 

1 
0.

9 
0.

8 
0.

8 
1 

0.
9 

1 
1 

0.
9 

0.
9 

0.
9 

1 
0.

8 
0.

6 
0.

7 
0.

4 
ID

-1
0 

0.
7 

1 
1 

0.
9 

1 
0.

9 
0.

8 
0.

8 
1 

0.
9 

1 
1 

0.
9 

0.
9 

0.
9 

1 
0.

8 
0.

8 
1 

0.
4 

ID
-1

1 
0.

7 
1 

1 
0.

9 
1 

0.
9 

0.
8 

0.
8 

1 
0.

9 
1 

1 
0.

9 
0.

9 
0.

9 
1 

0.
8 

0.
9 

1 
0.

7 
ID

-1
2 

0.
7 

1 
1 

0.
9 

1 
0.

9 
0.

8 
0.

8 
1 

0.
9 

1 
1 

0.
9 

0.
9 

0.
9 

1 
0.

8 
1 

1 
0.

9 
ID

-1
3 

0.
7 

0.
9 

1 
1 

1 
1 

0.
9 

0.
8 

1 
0.

9 
0.

9 
0.

5 
0.

7 
0.

9 
0.

9 
0.

8 
0.

7 
0 

0 
0 

ID
-1

4 
0.

9 
1 

1 
1 

1 
1 

0.
9 

1 
1 

1 
1 

0.
7 

1 
1 

0.
9 

1 
0.

8 
0.

5 
0 

0 
ID

-1
5 

0.
9 

1 
1 

1 
1 

1 
0.

9 
1 

1 
1 

1 
1 

1 
1 

1 
1 

0.
9 

0.
8 

0.
8 

0.
6 

ID
-1

6 
0.

9 
1 

1 
1 

1 
1 

0.
9 

1 
1 

1 
1 

1 
1 

1 
1 

1 
0.

9 
0.

9 
1 

0.
6 

ID
-1

7 
0.

9 
1 

1 
1 

1 
1 

0.
9 

1 
1 

1 
1 

1 
1 

1 
1 

1 
0.

9 
1 

1 
0.

9 
ID

-1
8 

0.
9 

1 
1 

1 
1 

1 
0.

9 
1 

1 
1 

1 
1 

1 
1 

1 
1 

0.
9 

1 
1 

1 
ID

-1
9 

0.
8 

1 
1 

1 
1 

1 
1 

0.
9 

1 
0.

9 
1 

0.
6 

0.
8 

0.
9 

0.
9 

0.
9 

0.
9 

0 
0 

0 
ID

-2
0 

1 
1 

1 
1 

1 
1 

1 
1 

1 
1 

1 
0.

8 
1 

1 
1 

1 
1 

0.
6 

0 
0 

ID
-2

1 
1 

1 
1 

1 
1 

1 
1 

1 
1 

1 
1 

1 
1 

1 
1 

1 
1 

0.
9 

1 
0.

6 
ID

-2
2 

1 
1 

1 
1 

1 
1 

1 
1 

1 
1 

1 
1 

1 
1 

1 
1 

1 
0.

9 
1 

0.
6 

ID
-2

3 
1 

1 
1 

1 
1 

1 
1 

1 
1 

1 
1 

1 
1 

1 
1 

1 
1 

1 
1 

0.
9 

ID
-2

4 
1 

1 
1 

1 
1 

1 
1 

1 
1 

1 
1 

1 
1 

1 
1 

1 
1 

1 
1 

1 
ID

-2
5 

0.
9 

1 
1 

1 
1 

1 
1 

0.
9 

1 
0.

9 
1 

0.
6 

0.
9 

1 
1 

1 
0.

9 
0 

0 
0 

ID
-2

6 
1 

1 
1 

1 
1 

1 
1 

1 
1 

1 
1 

0.
9 

1 
1 

1 
1 

1 
0.

6 
0 

0 
ID

-2
7 

1 
1 

1 
1 

1 
1 

1 
1 

1 
1 

1 
1 

1 
1 

1 
1 

1 
1 

1 
0.

7 
ID

-2
8 

1 
1 

1 
1 

1 
1 

1 
1 

1 
1 

1 
1 

1 
1 

1 
1 

1 
1 

1 
0.

7 
ID

-2
9 

1 
1 

1 
1 

1 
1 

1 
1 

1 
1 

1 
1 

1 
1 

1 
1 

1 
1 

1 
0.

9 
ID

-3
0 

1 
1 

1 
1 

1 
1 

1 
1 

1 
1 

1 
1 

1 
1 

1 
1 

1 
1 

1 
1 



   

 

   

   
 

   

   

 

   

   126 M. Sundararaman    
 

    
 
 

   

   
 

   

   

 

   

       
 

From Table 4, it is necessary to identify the best combination of control parameters that 
would result in the desired level for the probability of capturing a defect. For this 
purpose, a binary optimisation model is developed. In the model, the decision to choose a 
combination such that the different defects are identified with a probability that is at least 
that of the desired level. This translates to the mathematical requirement that the CDF 
must be greater than or equal to the desired level of probability for each error at the 
chosen combination. In the binary optimisation model, the objective function is the cost 
of conducting the test, and the aim is minimisation of cost. This cost is the combination 
of the number of test vehicles to produce and the drive distance per test vehicle. Without 
loss of generality, the cost for manufacturing a single vehicle is considered Rs. 15,000 
and a cost of Rs. 10/km is considered to be incurred when the vehicle is driven. 
Accordingly, assuming a common desired probability of 0.9 (90% chance of occurrence) 
for all defects, the results in Table 4 are modelled as the binary model presented in 
Section 4 [equations (5), (6) and (7)] and solved in a LINGO 11.0 Solver. For the benefit 
of readers, the developed LINGO Set-Code to generate the proposed model is provided in 
GitHub. From the solution, for the simulated data the ideal combination of control 
parameters is identified to be 15 test vehicles to produced and driven for a distance of 
2,500 kilometres per test vehicle. This will ensure that all 20 defects could have occurred 
in the road test at a given stage in the ramp-up process with a probability of 90%. Thus, 
control parameter-1 can be operated at its third level and control parameter-2 at its fifth 
level for achieving the degree of capture probability. 

In the next section, the managerial insights of the proposed approach are presented. 

6 Managerial insights 

The inferences from the empirical illustration in Section 5 are first presented in brief. 

1 The recommended combination of control parameters suggests the production of 15 
vehicles and a drive distance of 2,500 kilometres per vehicle to ensure that all defects 
have a 90% chance of getting identified. 

2 The reduction in operation level of the control parameters reduces the cost for the 
road test from Rs. 1,125,000 to Rs. 600,000. Thus a savings of Rs. 525,000 is 
realised. 

3 A sample plot of the PMFs for defects ‘D4’, ‘D13’ and ‘D20’ respectively is 
presented in Figures 1, 2 and 3, respectively. This indicates the ability of the 
approach to identify the mean distance for the different defects, at different possible 
control parameter combinations. Furthermore, the figures also indicate the change in 
capture probability for various combination of control parameter levels (sub-solution 
spaces). 

4 The CDF graph samples for ‘D4’, D13’ and ‘D20’ in Figures 4, 5 and 6 emphasises 
that the capture probability of the maximum size probability space (25 vehicles 
driven for 3,000 kilometres each) is approximated by the sub-sample spaces 
generated by the proposed approach. 
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The above inferences lead to the following managerial insights: 

1 While setting up an assembly line, identifying an ideal sub-solution space leads to 
significant savings in cost and resources for the defect detection test. 

2 The PMF for a defect help in identifying the control parameter combinations which 
yield same chance of capturing the defect. Hence, the management can do a deep 
dive to understand the impact of a control parameter on a defect. 

3 It is possible that the CDF’s for certain defects may plateau (reach maximum) after a 
certain combination of the control parameters. The plateaus indicate the different 
combination of control parameter levels over which the same capture probability 
may be achieved. This phenomenon is extremely interesting from a management 
perspective as it provides opportunity to incorporate further considerations for choice 
of operating levels. 

Figure 1 PMF plot of defect ‘D4’ at various levels of control parameters 1 and 2 (see online 
version for colours) 

 

Notes: A Cartesian coordinae graph with control parameter-2 on the X-axis and probability of 
occurance (PMF) on the Y-axis for defect ‘D4’ and lines of different colours for 
control parameter-1. A line graph drawn with the levels of control parameter-2 on the 
X-axis and the different probability of occurance (PMF) in the Y-axis for defect ‘D4’. 
Each line in the graph is for a particule level of control parameter-1. The points on each 
line indicates the probability of capturing the particule defect when control parameters 
are operated in that specific level combination. 

It is imperative to note that the choice for operation level of a control parameter is greatly 
influenced by their respective cost. In the empirical example, given that the cost of 
manufacturing a vehicle is greater than the cost of driving the vehicle for additional 
distance, the results are always skewed towards first reducing the number of vehicles. 
Only after identifying the reduced number of vehicles, the distance is reduced. Therefore, 
the management has the power to emphasise the importance of a decision criteria based 
on the requirement during the choice phase by appropriately awarding the costs 
associated with the control parameter levels. 
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Figure 2 PMF plot of defect ‘D13’ at various levels of control parameters 1 and 2 (see online 
version for colours) 

 

Notes: A Cartesian coordinae graph with control parameter-2 on the X-axis and probability of 
occurance (PMF) on the Y-Axis for defect ‘D13’ and lines of different colours for 
control parameter-1. A line graph drawn with the levels of control parameter-2 on the 
X-axis and the different probability of occurance (PMF) in the Y-axis for defect ‘D13’. 
Each line in the graph is for a particule level of control parameter-1. The points on each 
line indicates the probability of capturing the particule defect when control parameters 
are operated in that specific level combination. 

Figure 3 PMF plot of defect ‘D20’ at various levels of control parameters 1 and 2 (see online 
version for colours) 

 

Notes: A Cartesian coordinae graph with control parameter-2 on the X-axis and probability of 
occurance (PMF) on the Y-axis for defect ‘D20’ and lines of different colours for 
control parameter-1. A line graph drawn with the levels of control parameter-2 on the 
X-Axis and the different probability of occurance (PMF) in the Y-axis for defect 
‘D20’. Each line in the graph is for a particule level of control parameter-1. The points 
on each line indicates the probability of capturing the particule defect when control 
parameters are operated in that specific level combination. 
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Figure 4 CDF plot for defects ‘D4’at various levels of control parameters 1 and 2 (see online 
version for colours) 

 

Notes: A Cartesian coordinae graph with control parameter-2 on the X-axis and CDF for 
defect ‘D4’ on the Y-axis and lines of different colours for control parameter-1. 
A line graph drawn with the levels of control parameter-2 on the X-axis and the CDF 
for defect ‘D4’on the Y-axis. Each line in the graph is for a particule level of control 
parameter-1. The points on each line indicates the cummulative probability of 
capturing the particule defect when control parameters are operated in that specific 
level combination. 

Figure 5 CDF plot for defects ‘D13’at various levels of control parameters 1 and 2 (see online 
version for colours) 

 

Notes: A Cartesian coordinae graph with control parameter-2 on the X-axis and CDF for 
defect ‘D13’ on the Y-axis and lines of different colours for control parameter-1. 
A line graph drawn with the levels of control parameter-2 on the X-axis and the CDF 
for defect ‘D13’on the Y-axis. Each line in the graph is for a particule level of control 
parameter-1. The points on each line indicates the cummulative probability of 
capturing the particule defect when control parameters are operated in that specific 
level combination. 
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Figure 6 CDF plot for defects ‘D20’at various levels of control parameters 1 and 2 (see online 
version for colours) 

 

Notes: A Cartesian coordinae graph with control parameter-2 on the X-axis and CDF for 
defect ‘D20’ on the Y-axis and lines of different colours for control parameter-1. 
A line graph drawn with the levels of control parameter-2 on the X-axis and the CDF 
for defect ‘D20’on the Y-axis. Each line in the graph is for a particule level of control 
parameter-1. The points on each line indicates the cummulative probability of 
capturing the particule defect when control parameters are operated in that specific 
level combination. 

7 Conclusions 

A business problem of defect detection while setting up an assembly line in stages is 
explored in this study. A stage in the setup of assembly lines refers to the incremental 
increase in capacity to produce products as compared to the previous stage. For this 
study, only manufacturing defects in a product which may be detected by the customer 
are considered. The current practice to identify such manufacturing defects is conducted 
by producing a certain number of products to be tested under specified conditions. The 
number of products to be produced and production conditions together constitute the 
control parameters for the test. At present, the operating levels for the control parameters 
are fixed based on management recommendations. Therefore, the primary focus of this 
study is to propose an analytical approach to recommend operating levels for the control 
parameters, such that defects are detected with a desired level of satisfaction. 

Accordingly, the problem is addressed through the prism of identifying the solution 
space where past data on defects and control parameters can be utilised to determine the 
probability of capturing a specific defect at a particular operating level combination for 
the control parameters. The past data on possible defects specifies the occurrence or  
non-occurrence of different defects when the control parameters are operated at their 
maximum possible levels. From this, all sub-solution spaces (different combination of 
possible control parameter levels) are identified. For each identified sub-solution space, 
the probability of capturing each defect at that solution space is determined. This 
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determination of probability for each defect is conducted by generating bootstrapped 
sampling distributions for the given level combination of control parameters. The mean 
of the bootstrapped sampling distribution is the probability (PMF) for capturing the 
defect for a specific sub-solution space. The PMFs for a defect can be utilised to 
determine the CDF for the same defect when the level of a particular control parameter is 
changed and the levels of all other control parameters are held constant. 

Once all defects PMFs across all sub-solution spaces have been determined, the 
question of what should be the sub-solution space is to be operated is addressed. Since 
there are a large number of possible combinations, a binary optimisation model is 
developed. The optimisation model takes the CDFs as input, along with the requirement 
of desired confidence for capturing each defect. The output of the model is a single  
sub-solution space which specifies the levels at which each of the control parameters 
need to operate in order to capture all defects at their desired confidence. The 
recommendation is made with the objective of minimising the test cost, which is the 
summation of costs associated with operating the control parameters at the specified level 
combination. The optimisation model is constrained by specifying the minimum 
probability that is expected for capturing each of the defects and that only possible 
combination of control parameter levels is permissible. 

The proposed analytical approach is empirically demonstrated with data simulated 
through an experimental design. The demonstration establishes the usability, accuracy 
and economic effectiveness of the proposed approach. In addition, insights for the 
management is also presented. 

The study, though comprehensive in assisting defect detection while setting up an 
assembly line in stages, has several future research prospects. Three most intuitive and 
interesting research directions are discussed here. The first is the possibility to relax the 
assumption that different defects are independent of each other. In most real-life 
scenarios, presence of one defect may cause or lead to another. This leads to a possibility 
of co-relation between defects. The second is that the study focuses on a stage in isolation 
as compared to other stages. This implies that a stage and the defects that occur in that 
stage are independent of the other stages. However, it may be possible to update the 
probability of occurrences of defects in future stages based on the occurrence of defects 
in the current stage. Thus, Bayesian based approaches may be explored to determine 
conditional probabilities for defects based on previous stages in different sub-solution 
spaces. It is noted that a Bayesian based approach may also be developed to address the 
first future scope, by identifying the conditional probability of capturing a defect given 
the occurrence of another defect. Such an approach may lead to better judgements and 
increased benefits. Finally, the CDFs and PMFs for the different defects may tapper off at 
different combination of sub-solution spaces. This implies that it may be efficient to 
determine operation level combinations of sub-solution spaces, wherein the spaces can be 
dynamically reduced based on the capture of different defects. For this, the optimisation 
model of the current work can be modified such that different combinations of  
sub-solution spaces for different defects are suggested. This approach can lead to 
increased economic benefits. Additionally, two limitations to the current study are: 

1 the exclusive focus on assembly lines which are setup in stages 

2 the requirement of past data from similar assembly line setups to identify possible 
defects, possible control parameters and the levels for the control parameters. 
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Therefore, future research may explore possibilities to address the setup of any assembly 
line without the dependence for data from similar assembly lines. 
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