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Abstract: A significant part of distribution companies’ final interest and cost is
related to delivering goods to customers. Due to constraints on service hours
and service distances, logistics companies usually build multiple depots to
serve a large number of dispersed customers. This is why multi-depot vehicle
routing problems (MDVRP) win more and more companies’ attention to thrift
their cost. In this research, first, we address a classic form of MDVRP and
ponder its solution. A tuning parameter is introduced to trade-off between
the final and computation costs. Then, considering issues like traffic congestion
variations, increasing or decreasing number of customers, and other
uncertainties, dynamic MDVRP is analysed. A receding horizon approach is
proposed, and its performance in three scenarios is investigated. Simulation
results show that the proposed algorithm is feasible and efficient to solve the
dynamic MDVRP.
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This paper is a revised and expanded version of a paper entitled ‘A new
approach to solve MDVRP in lower computation time’ presented at 2021 29th
Iranian Conference on Electrical Engineering (ICEE); ‘A novel two-phase
approach to solve multi-depot vehicle routing problem’ presented at 2021 25th
International Conference on System Theory, Control and Computing (ICSTCC)
and ‘Model predictive based approach to solve DVRP with traffic congestion’
presented at Control Conference Africa (CCA) 2021, Magaliesberg,
South Africa, 7-8 December 2021.

1 Introduction

Without any cast of doubt, vehicle routing problem (VRP) plays a crucial role in
logistics, transportation, and other pertinent fields. Regarding ultimate cost and interest,
besides concomitant efficacy has to do with environmental issues and increasing
greenhouse gases related to VRP, this problem has a considerable share in the quandaries
mentioned above (Reyes et al., 2017; Moghdani et al., 2020). Therefore, routing problem
has drowned most researchers’ and engineers’ attention in different fields. The VRP is an
optimisation problem involves with some customers distributed geographically and a
fleet of vehicles to service them. Solving this problem aims to serve all customers at a
minimum cost (Goel and Maini, 2017). This cost involves variety of issues based on the
problem, such as driving distance, shipping time, and fuel consumption (Zhang et al.,
2020; Gil et al., 2020). Considering the nature and application of the problem, VRP is
divided into several types with relevant constraints (Kumar and Panneerselvam, 2014;
Wang et al., 2020); among them capacitated vehicle routing problem (CVRP) that a fleet
of vehicles in a depot serves customers with capacity constraint containing vehicles’
capacity and customers’ need, vehicle routing problem with time window (VRPTW) in
which fleet of vehicles in a depot serve customers in a specific predetermined range of
time, and multi-depot vehicle routing problem (MDVRP) which is similar to CVRP with
the difference that due to the geographical extent of customers, several depots are used to
serve customers, are the most significant in the vanguard. In the most cases of VRP, the
cost between two nodes is considered fixed and permanent with time passing.

VRP and its variants can be considered as an extension to the travelling salesman
problem (TSP) (Contardo and Martinelli, 2014); therefore, with this in mind and
NP-hardness of TSP, it is concluded that VRP and its variants could be categorised as
NP-hard problem as well. This means that finding an optimal solution for VRP in
high-dimensional problems is not practical because of exponentially increasing
computational complexity. In this scene, although applying the exact methods such as
branch and bound, and branch and cut (Khoufi et al., 2019) is reasonable to solve small
VRP but considering the problem in real world circumstances including number of
customers, using these methods would not be thriftily and cost-effective. Hence, most
approaches used to solve VRP and its variants are either heuristic or meta-heuristic (Dixit
et al., 2019; Rabbani et al., 2017; Azad and Hasin, 2019). The most important heuristic
and meta-heuristic algorithms, inspired by biological or natural phenomena, include
genetic algorithm, particle swarm optimisation, ant colony, tabu search, and simulated
annealing. Although these methods do not offer guarantee of optimality, but high
application value as the good solutions could be generated within a reasonable time.
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However, the consuming time could be increased rapidly as the dimensional of problem
increases. Also, they have several tuning parameters that should be selected properly with
respect to the problem in hand (Rahimi Baghbadorani et al., 2021).

In real world applications, most of the logistics and transportation problems are
essentially dynamic. Only parts of information are available which could be changed by
time as well. The reasons in forefront causing dynamism are changes in traffic congestion
during the day, car accidents and breakdowns, and increasing or decreasing number of
customers to name a few. These facts make the VRP challenging and introduce a new
type of VRP called dynamic vehicle routing problem (DVRP). At least one of the factors
changes in DVRP and the final cost is affected in accordance (Yu and Yang, 2019). Also,
only initial information about the cost and conditions is available. As time passing, these
conditions may change; therefore, the problem should be solved again to determine an apt
solution. Similar to VRP and its variants, DVRP is an NP-hard problem as well, and most
approaches used to solve it are either heuristic or meta-heuristic. It is worth mentioning
that in a DVRP the main issue is the running time, thus one needs a fast algorithm to
perform new computations whenever it is required. The most focus in this research is on
the approach to solve the static problem with reasonable cost and in single iteration
opposed to the heuristic methods needing to solve the MDVRP iteratively. This subject is
revealed in a real-time problem such as a dynamic MDVRP in which one needs fast
algorithms. It is worth mentioning that a few numbers of articles discussed this subject.
These works define dynamic MDVRP as an MDVRP in which only the number of
customers varies over the time. From this point of view, since our definition of dynamism
includes all uncertainties and prospective variations, according to the best knowledge of
authors, the present work is considered new where the subject is investigated in general.

In continuance, first, we analyse the classic MDVRP and present a two-stage
approach to solve the problem in less computation time and reasonable cost. Also, we
introduce a tuning parameter (@) to trade-off between the final cost and consuming time
in an MDVRP. Then we combine the proposed approaches for solving classic MDVRP
and receding horizon feature of the model predictive control to find solution for dynamic
MDVRP. In our proposed approach, vehicles serve customers based on their initial data
and known traffic model, then by updating the data in specific intervals a new clustering
of vehicles is performed if there are notable changes in the condition for a given
prediction horizon. Finally, the optimum solution in light of the prediction horizon is
computed and implemented.

The rest of the paper is organised as follows. Section 2 describes the classic MDVRP,
and Section 3 defines the methodology to solve this problem. The dynamic MDVRP and
proposed algorithm for solving it are presented in Section 4. Simulation results, including
the benchmark instances, are presented and discussed in Section 5, containing
effectiveness evaluation and comparisons with results from the other approaches. The
conclusions are given in Section 6.

2 Classic MDVRP

An MDVRP could be defined as graph G = (V, A), where V' = {1, 2, ..., n. + ng} and
A=1{(i,)):i,je V,i+#j} are the set of vertices and edges, respectively. The vertex set
is divided into two subsets V¢ = {1, 2, ..., n.} and V¥ = {n. + 1, n. + 2, ..., n. + ng}
representing the set of customers and depots. In each depot, there are maximum K
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vehicles with capacity Q. Also, each customer has a specific demand ¢(i € V). F = [f;],
i,j € V, fij =fi depicts the cost matrix explaining the cost between every two nodes in 4
(Salhi et al., 2014). An MDVRP aims to minimise the vehicles’ routes such that the
primary and ultimate depot of each vehicle is the same, all customers are served, each
customer met only once, and the customers’ demands which are served by a vehicle do
not exceed the vehicle capacity.

The following relations explain an MDVRP by gratifying the required constraints.

mingziszkbéf i (1)

Subject to

Zizjbgq_, <Q,VkeK, )
D0 b =L viere, 3)
DD bk =1YjeVe, )
DD bE=0.vieV, (5)
DL b= Z b, jevd, (6)
ZZ bk 21, Vie Ve, @)

Zb"<1VkeK Vie Ve, ®)
Z Z b +bE)<S L, j =V, )
Z,- Z bE, ke K,Vze Ve, Vie V. (10)

Cost function J is defined in equation (1) and presents the total cost that should be
minimised. b} is a binary variable describing vehicles’ routes which is 1 when the A

vehicle goes toward customer ; after serving customer i and 0 otherwise. Constraint (2)
hampers being more demand in a vehicle than its capacity. Constraints (3) and (4)
prohibit servicing each customer more than once, which means that each customer should
be met just once. Constraint (5) restrains loop shaping in each node. The number of
incoming and outgoing vehicles should be the same for each depot. Also, at least one
vehicle should be exited from each depot and these are represented by equations (6) and
(7). Constraints (8) and (9) shape the proper loop entail depot. Vehicles must start from
depots and this is guaranteed by equation (10).

Solution to the above optimisation problem does not guarantee an appropriate result
because it may cause in an improper loop, meaning that there could exist some loops
without depots. Considering si, s2, ..., s; as customers should be served by a vehicle, a
loop such as s; — 55 — -+ — s; — 51 which does not include a depot could not be
acceptable. To consider this issue, a new amendment is proposed in the next section.
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Also, due to the NP-hardness of the MDVRP, solving the problem considering
equations (1)—(10) could become impossible by increasing the number of customers,
vehicles, and depots. In other word, modelling the problem in a way that the model
prohibits the sub-tour with linear equation (due to the lack of solver to solve nonlinear
integer programming) is impossible; therefore, it is obligatory to explain substitute
methods prohibiting loop shaping (creating sub-tours). In the next section, we propose a
new approach to handle the issue by decomposing the problem into sub-problems with
less computational complexity.

3 Methodology

Due to the existing complexity, solving an MDVRP directly exploiting the exact methods
is time consuming if not impossible. Instead, we propose a new approach by breaking the
problem into sub-problems with reduced dimension. At first, customers are assigned to
each depot based on the number of vehicles in a depot, capacity of vehicles, and demands
of customers. Then, if the complexity still exists, reduction is further performed at the
vehicle level, where customers of each depot are allocated to vehicles. Two approaches
could be used to assign customers to vehicles. Once breaking the problem into some
sub-problems and reducing their dimensions, a mixed-integer linear programming
(MILP) could be employed to solve each sub-problem. The final solution would be union
of solutions of sub-problems. Figure 1 illustrates the procedure.

Figure 1 Main steps of solving a classic MDVRP

Depot level clustering: Assign customers to
depots based on the number of vehicles
belonging to depot and their capacity

A

Vehicle level clustering: Assign customers to

vehicles in each depot based customers’ need
and vehicles’ capacity

v v

Use parameter alpha and non-linear
constraint to trade-off between cost,
solution time, and prevent loop shaping

Use linear constraint to
prevent loop shaping

3.1 Depot level clustering

Assume (x¢, y¢) and (x{, yf) represent coordinates of the /™ depot and the i customer,

respectively, wherej = 1,2, ...,ngand i =1, 2, ..., n.. Also, consider c; as a cost between
the ith customer and the j* depot, which can be the Euclidean distance, deriving time, fuel
consumption, or any other cost computed from the existing data. For more convenience,
here ¢; respects the Euclidean distance between the i" customer and the /™ depot. Thus, ¢;
is computed as follows:
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cij =\/(xf—xj’)z+(yf—y}i)z,i=1,...,nc,j=1,...,nd.

The following problem is solved to allocate customers to depots.

. nq Ne
min E ) E Cyzy, (11)
zij Jj=1 i=l

Subject to
d | — e
2 =hi=l2n, (12)
D iz SKQ, =12, mq. (13)

Figure 2 Structure of PO1
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Each depot possesses maximum K vehicles with capacity Q. ¢; represents the ith
customer’s need and z; is a binary variable determines whether the i customer belongs
to the /™ depot or not. This problem aims to assign customers to depots based on the
defined cost in equation (11). Each customer should allocate to one depot, which is
guaranteed by equations (12) and (13) satisfies the capacity constraint.

Figure 2 illustrates problem POl from Cordeau et al. (1997) dataset, which has
50 customers and 4 depots that own maximum 4 vehicles with capacity 80. The proposed
approach was implemented and broke this problem into four sub-problems (Figure 3).

3.2 Vehicle level clustering

After assigning customers to depots, if the computational complexity related to
sub-problems is still high, customers will be allocated to vehicles in each depot. This part
is more challenging in lieu of the former one because the clusters’ centroids are
unknown. Capacitated clustering (CC) is used to assign customers to vehicles. To do so,
two methods could be employed. According to the first method, each vehicle in a depot
seizes some customers breaking the problem into several TSPs. Then all newly defined
problems are solved using MILP. In the second approach, customers are assigned to some
vehicles, and the problem is turned to some CVRPs.

Referring to previous point, customers in each depot are clustered into relevant

groups based on the number of vehicles being in a depot. Suppose #/,7/,..., 7 and

q/.4},...,ql represent the customer assigned to the j® depot and their requests,

respectively. By using CC, customers in the j® depot will be allocated to N clusters
representing the adequate number of vehicles for serving customers. We exploit an
improved k-means algorithm (Geetha et al., 2009) to execute CC. Following steps
demonstrate an improved k-means algorithm.

e Compute adequate clusters (V): Considering vehicle capacity and customers
belonging to each depot, N is computed as follows:

w gl
N =zi=l%,i=1, 2, e, w (14)

e  Select initial centroids: The N initial centroids are selected based on the customers’
demands belonging to the j depot. By sorting customers decreasingly based on their

needs (for example, suppose 7] >--->r/ >/ are sorted based on customers’ needs

where r,, has the most demand and r; has the least one). ¥ customers with the most
demands are adopted as initial centroids. For no loss of generality, in the case when
customers have similar demands, the one with the lower index will be selected as
initial centroid avoiding duplication and helping one has a similar result in each time
when the algorithm is run.

e  Compute priority: After determining centroids, the cost between the /" customer and
N centroid is computed. This cost is represented by cost;,, where i and u indicate the
i customer and u™ cluster, respectively. The i customer’s priority is defined as P;
explaining the customer’s tendency to assign to the u' cluster.
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_costy,

q/

’izly...’wjuzl’...,N]

[

e Allocate customers to clusters: The it customer is assigned to cluster u based on its
priority, meaning that the i customer selects a cluster with the highest priority.
When the following condition is violated

Ny
D a4l <0, (15)

The customer will be assigned to the nearest cluster in terms of the priority. &, is the
number of customers in the u™ cluster and Q points to the vehicle’s capacity.

e Update centroids and check the criteria: When all customers of the j* depot are
assigned to NV clusters, the new centroids’ coordinates is computed as follows:

Nu X}t Nu yft )
=Y Ty =) A =12, N
l—lNu l—lNu

The third to fifth steps run iteratively till x, and y, stay unchanged.
Algorithm 1 illustrates the steps needed for allocating customers to vehicles. Figure 4
displays results of performing Algorithm 1 for the first depot branched off from PO1.

Algorithm 1 TImproved k-means algorithm for the /™ depot

Input: Coordinate (x/, y/), demands ¢/, customer ’
Output: NV clusters
Procedure:
Calculate M based on customers’ demands and vehicle capacity
Select first NV centroids based on arranging customers’ demands
while flag =0
for each customer 7/
while 7/ is not assigned
Calculate cost between each MV centroids and sort it decreasingly
Assign nearest centroid of 7/ as s
Group all unassigned customers as G with s as their nearest centroid
Calculate the priority value for 7/ € G
Assign 7/ € G to their nearest centroid based on priority and capacity constraint
if 7/ is not assigned
choose the next nearest centroid
end if
end while
end for
Updating new centroids

if centroids are not changed
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flag=1
end if

end while

Figure 4 Allocating customers to vehicles in the first depot of P01
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3.3 First method of prohibiting improper loop shaping

After assigning customers to vehicles, MDVRP can be assumed as several TSPs. Thus,
by solving sub-problems, the original MDVRP is solved. As mentioned in Section 2,
preventing improper loops in the solution of an MDVRP requires nonlinear constraints to
be considered in the problem definition. However, breaking MDVRP to several TSPs can
be helpful to apply linear constraints to stop shaping improper loops in each sub-problem.
The following relations (Jiang et al., 2007) could be utilised to solve TSPs without
shaping incorrect loops.

0<y; <(N/-1)b;, Vi, je Vi, i# j, (16)
.i.yfj:Nj_lavjeVDiJVieVCj: (17)
J#i

Do Vi D Ve =L eV, (18)

where MV is the number of customers in the j sub-problem, /7 is the number of nodes in
the j™ sub-problem which entail ¥ and V! representing depot and customer nodes

respectively, and y; is a continuous variable which represents the commodity flow in i
edge. Constraints (16)—(18) are arc constraints and guarantee single loop in the solution
to each sub-problem. To prove the claim let assume that the solution in one sub-problem
contains more than one distinct loop. Now consider loop Lo — Li — -+ — Ly — Lo
which does not contain a depot. From equations (16) and (18) it follows that
ij_le _y(L/L/H)mod(bH) =1 for all j = 1, Tty b, therefore Yion =YL +b, which
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contradicts equation (18) where y;,;, — v, =1. Thus, no loop can exist without depot.

Since each depot involves exactly one loop, thus at most one loop is generated.
Using equations (3), (4), and (16)—(18), each sub-problem is solved, and the final
solution is obtained.

3.4 Second method of prohibiting improper loop shaping

First, customers should be assigned to depots. Several approaches can be used to perform
this clustering such as the approach described in Rahimi Baghbadorani et al. (2021) or
the one presented in Section 3.1. Figures 3 and 5 show their results respectively. Then,
like the previous subsection, customers are assigned to vehicles in each depot with the
difference that the sub-problems will not be solved for a single-vehicle. The number of
clusters in each depot is determined based on tuning parameter ¢ appointing the specific
number of vehicles in each cluster to serve customers regarding the customers’ demands
and vehicle’s capacity. To more enlighten, suppose #’,7/,--, 7l and ¢i,qi, -, qi
demonstrate customers and their demands in the j® depot, respectively. N is computed
according to equation (14). Unlike the previous subsection, where this parameter
indicates the number of clusters in each depot, in this subsection, N represents the
number of vehicles should be used by each depot. Thus, the number of clusters can be
changed from 1 to M. This implies that more than one vehicle could serve customers in
some clusters. For example, assume a depot exploits three vehicles to gratify customers’
demands. Then, customers could be clustered in three groups where a single vehicle
serves them in each group, or they could be flocked into two groups where one group is
served by two vehicles and another one is served by one, or finally, they could be
grouped in one bunch that are serviced by three vehicles. This clustering is crystallised by
o, which is tuned between 0 and 1 with interval (M — 1)7!. For & = 0, there will be only
one cluster with M vehicles and for &= 1 there are NV clusters with single vehicle for each
of them.

Figure 5 Allocating customers to depots in PO1 using Rahimi Baghbadorani et al. (2021) method
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In the previous example, the depot possesses three vehicles then, & could assume 0, 0.5,
or 1, that implies one cluster with three vehicles, two clusters using one and two vehicles,
and three clusters with one vehicle. The clustering method here is similar to the previous
subsection, except that the capacity condition would be as

4l < k(0. (19)

where k,() determines the number of vehicle in cluster u. Figure 6 shows the clustering
of customers in the first depot of PO1 considering o= 1.

Figure 6 Allocating customers to vehicles in the first depot of PO1 with o= 1
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After identifying the clusters, equations (1)—(10) are used to solve the problem for each
cluster based on the number of vehicles. But, solving equations (1)—(10) does not
guarantee to have no improper loops. However, imposing the following condition could
reduce the probability of shaping the improper loops and speed up the problem solution.

ki C e
b +Z,—Zh=l,h¢kbv’? <1,Vkek, Vi, jeV (20

This constraint has been used to prevent vehicles from interfering in each other’s tasks. It
means that the good cannot be shipped from customer i to customer i + 1 by vehicle v;,
but shipped from customer i + 1 to the next customer by vehicle v;.

Also, Lemma 1 helps in case of an unacceptable loop in the way that the problem is
solved iteratively with an additional constraint leading to remove similar improper loops
in each iteration.

Lemma 1: Let vertices of G be labelled as v, v», -, v, and adjacency matrix G be 4
where row/column i of 4 corresponds to v;. Let L = D — 4, where D is a diagonal matrix
with (D);; = deg(v;). This matrix is called Laplacian matrix of G. G is acyclic if and only
if trace(L) = 2rank(L).

Proof: G is acyclic if and only if it is a forest, i.e., G has ¢ components and exactly n — ¢
= rank(L) edges (|E(G)|). On the other hand, according to the handshaking lemma, |[E(G)|
= 0.5trace(L). Thus, the lemma is proved.
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Using equations (1)—(10), (20) and Lemma 1, leads to a decent solution.

3.5 Solving MILP

By breaking the original problem into small ones, a set of MILPs is defined. The
following steps are used to solve MILPs.

e  LP pre-processing: This part helps us to reduce the problem size. In other words, this
part prohibits repetitive variables from causing sparsity in the constraint matrix and
eases finding a feasible solution.

e  LP running: Problem is solved without considering binary or integer variables in this
section. This gives us a relaxed solution.

e Integer programming pre-processing and cut generation: The main goal in this part is
to eliminate some improper solution acquired in the previous step, fix some integer
solution, tighten LP relaxation, and add some constraints to make the solution close
to the integer ones (Atamtiirk et al., 2000; Cornuéjols, 2008).

e Branch and Bound: A systematic approach is used in this part to find the final
solution. The branch-and-bound method constructs a sequence of sub-problems
that attempt to converge to a solution of the MILP (Theurich et al., 2021). The
sub-problems give a sequence of upper and lower bounds on the main problem. The
first upper bound is any feasible solution, and the first lower bound is the solution to
the relaxed problem. The performance depends on the branching section (choosing
which variable to split) and bounding section (choosing which node to explore). We
use strong branching and pseudo-cost branching strategies (Achterberg et al., 2005)
and the best projection for bounding (Morrison et al., 2016).

Figure 7 Vehicles’ routes in P01, (a) vehicle routes in PO1 using Section 3.3 method (b) vehicle
routes in PO1 using Section 3.4 method
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Figure 7 and Table 1 show the vehicles’ routes by solving MILP in POl considering
approaches introduced in Sections 3.3 and 3.4 («x equals 1 in all depots). As it is seen, in
both methods each vehicle has a proper loop beginning from depots and ending up in the
same depot. The final price of each method is reported in Table 2.

Table 1 Vehicles’ routes in PO1

Section 3.3 method Section 3.4 method
Depot1 Vehiclel 51 4 18 25 51 51 19 40 41 13 51
Vehicle2 51 13 41 40 19 51 51 18 25 51

Vehicle3 51 17 37 15 45 44 42 51 51 42 44 45 15 37 51

Depot2 Vehicle1 52 46 12 47 52 52 6 24 14 %2
Vehicle2 52 6 48 26 8 27 52 52 8 26 7 43 23 52
Vehicle3 52 1 32 11 52 527 48 1 32 46 52
Vehicle 4 52 14 24 43 7 23 52 I

Depot3 Vehiclel 53 16 50 34 30 53 53 9 50 16 21 34 53
Vehicle2 53 9 38 5 49 53 53 10 33 39 30 53
Vehicle3 53 10 33 39 53 53 49 5 11 38 53

Depot4 Vehiclel 54 21 29 2 20 54 54 29 20 36 35 54

Vehicle2 54 22 31 28 3 36 35 54 54 3 28 31 22 2 54

4 Dynamic MDVRP

Considering uncertainties such as traffic congestion, car accidents and breakdowns, and
other unpredicted circumstances that could happen during the operation, using a classic
VRP solution can irritate the final cost and gives an irrational solution due to perpetual
variation in the cost between nodes (Kucharska, 2019). Therefore, regarding this issue,
the dynamic MDVRP is studied, and a fair solution based on receding horizon is
presented. Noteworthy, in dynamic model, it is assumed that a deterministic model of
traffic varying by time is known. Thus, the innovation of the dynamic approach is using
the receding horizon and optimising the vehicles’ routes based on the deterministic model
of the traffic, control horizon, and prediction horizon.

Implementing a dynamic MDVRP initiates from the classical counterpart solution,
i.e.,, based on the existing traffic data, the classical MDVRP is solved and applied to
vehicles as an initial solution. Then, after an adequate time, situation is examined for any
updates. If there are no notable changes, vehicles continue to serve the customers
according to the existing solution; otherwise, the problem is solved again and new
solution conveyed to the vehicles.

To make the problem more practical, a handful of routes with different distances are
considered between the nodes where the number is determined by the designer. For more
enlighten, Figure 8 depicts E routes between the i and j customers. Also, traffic profiles
(7) between the nodes are assumed to have normal distribution (Sabar et al., 2019) with

means and variances ascertained by the designer (also, they can be selected based on
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previous data). Figure 9 illustrates a sample 7 between the i and /™ nodes along the mt
route.

Figure 8 Available routes between the i and the j% customers
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Having traffic profile and Euclidean distance between all nodes along different routes,
the cost amidst every two nodes is calculated as follows:

(s )

2
e 26"

1
m p— m m m p— m

S @) =d T () and T, (1) = a]] +—a,;"x/ﬂ

where f",d", and T, depict the cost, Euclidean distance, and traffic profile between

the /™ and /™ nodes along the m™ route respectively. 7, entails a}' and (4, 0;') that

represent the traffic profile adjustment and normal distribution variables. Thus, 7.

could be changed when car crash occurs to face real situation. Figure 10 shows 7.
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changes by a car crash at # = 65 and is distorted for a while and then came back to its
normal form. The more the accident intensity is, the more distorted 7, will be.

Complexity of the problem decreases using CC in two stages along with assigning the
customers to vehicles. Then MILP are solved to determine the optimal routes. By
specifying the routes, vehicles begin servicing the customers. To implement a dynamic
MDVRP, status are monitored each 7 sample and the problem is solved again as a
notable changes occurs. For solving the problem again, new CCs are performed with
vehicles coordinate as new centroids and it continues until vehicles recognise their
customers.

Figure 10 7" changes by a car crash
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Assume my;, n, and k are the minimum cost between the i customer and the j* vehicle,
customers who are not serviced yet, and the total vehicles serving customers. Solution to
the following problem determines customers of each vehicle.

mind"' 3 iz @1

zj

Subject to
ZI;IIZUZI,izl,Z,"',n, (22)
Zl_:lqizij SQ;J:L 29"':k: (23)

where z;; is a binary variable unreels whether the it customers belong to the j® vehicle.
After identifying customers of each vehicle, it should be assessed how many customers in
each cluster should be served. Control horizon (4.) is used to determine which customers
should be served by a vehicle. /. is chosen by the user and helps to decline computational
complexity. Solution to the following problem elects customers which should be served
by each vehicle.
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i = Sl = .
n;}nJ—zib,-f[ =12, m;, (24)
hviT —tol < Z b/ £/ < hovi ()T +tol, (25)
where n1, na, -+, ni depicts the number of customers in each cluster, f;/ is a cost between

the i customers belong to the j vehicle, 5/ is a binary variable enlightens the ith

customers belong to the jt vehicle should be served or not, v/(¢) is a mean speed of the j®
vehicle at moment ¢, and fol is a constant to relax constraint (25). After specifying
customers who should be served, using equations (1)—(6), the minimum cost between
vehicles and customers will be determined and vehicles serve the customers based on the
new solution. This process continues either changes happen in the system or a vehicle
serves its last customer.

The crucial point related to solving the problem is assessing the situation and
deciding whether solving should be repeated or the existing solution would be adequate.
The cost function shows the cost between all nodes considering traffic congestion
momentarily; thus, a cost tensor can be assumed showing the cost matrix at different
moments (Figure 11). Decision could be taken according to the tensor matrices by
calculating the norm difference between two successive cost matrices at 7+ — 1 and 7'+
jforj=1, -, h, and calling their mean values as meanl. The calculations are iterated
for another horizon %»(h,2 > hy1) and mean2 is computed. The condition for updating the
routes is emerged as meanl > mean2; otherwise, the vehicles will continue to their
previous paths.

Figure 11 Cost matrix in each sample time

T+1

T+2

T+3

Remark 1: Results presented in this work is based on mean values. However, the standard
deviations of norms could be used as well. Also, we have used norm 2 of tensor matrices,
which can be replaced by other norms such as norm 1 or Frobenius norm.
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5 Simulation result

In this section, approaches described in Sections 3.3, 3.4, and 4 are evaluated. We ran
our experiments on a PC with a Core i7-7700HQ, 2.80 GHz, 4GB RAM, and
MATLAB 2019. Section 5.1 presents test results using methods described in Sections 3.3
and 3.4 and Section 5.2 provides results of dynamic MDVRP method introduced in
Section 4.

5.1 Test results using methods in Sections 3.3 and 3.4

The performance of the methods explained in Sections 3.3 and 3.4 for solving a classical
MDVREP is assessed in this part. In this regard, we use Cordeau et al. (1997) dataset to
evaluate our methods, including a broad spectrum of problem variables. In this paper, we
use 11 instances of Cordeau dataset entailing medium to large size scale (n = 50 to
360 customers, d = 2 to 9 depots, and K = 2 to 6 vehicles). The efficacy of the proposed
methods is compared with GVNS (Bezerra et al., 2018) and Sadati et al. (2020) methods
where a meta-heuristic approach is used to solve MDVRP. Note that the optimum cost in
GVNS and Sadati et al. (2020) are achieved after several runs; however, the final cost
acquired by methods in Sections 3.3 and 3.4 is obtained after only one-time execution.
For instance, the optimal cost in GVNS is accomplished after 30 runs.

The GVNS algorithm was coded in C++ and tested on a computer with Intel Core
13-2370M, 2.40 GHz, and 4GB RAM. Sadati’s method has been implemented on Dell
Precision T7810 model PC equipped with Intel Xeon E5-2690 v4 2.60 GHz processor
and 32 GB RAM running 64-bit Windows 7 Professional, and it was coded in C# of
Microsoft Visual Studio 2017 and employed IBM CPLEX version 12.7.1 as the
commercial MILP solver called inside C#. A comparison between the systems used to
solve the proposed approaches has been made in http://www.cpubenchmark.net, which
shows the CPU speed of the system used in this article is approximately equal to the CPU
speed of the system used in Bezerra et al. (2018) and is lower than the CPU speed of
Sadati et al. (2020). Also, a comparison between the program’s execution time by C++
and MATLAB shows that the speed of C++ is about ten times faster than MATLAB
(Aruoba and Fernandez Villaverde, 2015). Since C++ and C# have the same background,
C#’s speed will be higher than MATLAB as well.

Table 2 presents solutions found by the proposed algorithms with their computational
time and best-known solution (BKS), which has been found so far. Although, the
proposed methods in Sections 3.3 and 3.4 (& = 1) result in more cost than GVNS and
Sadati et al. (2020); they reduce computation time dramatically. Thus, these approaches
could be implemented in real-time affairs such as dynamic MDVRP. Also, in Ramos
et al. (2020), a comparison has been made between two-commodity flow formulation and
three other methods, showing that these methods need much time to solve Courdeau’s
instances compared to approaches presented in Sections 3.3 and 3.4; even in some cases,
they were not able to solve the problem. Also, Stodola (2018) used a meta-heuristic
method in to solve MDVRP. This method needs longer solution time and provides a
worse gap than GVNS and Sadati et al. (2020) methods indicated in Table 2. While the
‘GVNS’ method was able to solve the first ten examples, it was unable to solve other
examples starting from example P23. Example P23 was selected in this study to show
that the proposed approaches could solve other examples as well and in reasonable time.
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Comparing performance of the proposed algorithms with GVNS and Sadati et al.

(2020)

Table 2
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As it is mentioned in Section 3.4, « is used to tune the complexity of sub-problems.
Lower o means that customers of a depot are divided into fewer groups. Hence, the total
cost would be lesser than the case that the customers are divided into more groups.
Table 3 indicates the execution time and the final cost, which could be a guide for the
user to select ¢ according to the problem in hand.

Table 3 Efficacy of changing «rin P01

afordepot 1  ofordepot2 o fordepot3 o for depot 4 Cost T (sec)
1 1 1 1 634.55 17.7

1 1 1 0 623 59.57
0.66 0.5 0.5 1 632.83 35.65
0.33 0.5 0.5 1 631.03 40.87
0.33 0.5 0.5 0 620.56 66.5

0.33 0.5 0 0 603.74 146.91

5.2 Dynamic MDVRP test results

The performance of the proposed method in paralysing dynamic MDVRP is indicated by
solving an example. We use POl to perform our approach. Figure 2 illustrates the
structure of PO1. Regarding Section 3.3, problem POl is decomposed into small
sub-problems in two-stage, and by solving each sub-problem, servicing is commenced
based on the results [Figure 7(a)]. Traffic situations are checked every 7= 10 sample
times and whenever meanl (%, = 5) > mean2 (/,, = 10), the problem is solved again with
the new conditions. To solve the problem, we consider #. = 2. The service’s time is
considered 100 sample times, and the range for parameters o, u, and m are, [80, 120],
[80, 120], and [1, 3], respectively, and « is considered 1. The receding horizon
parameters are selected as follows:

service time STS service time

, so we select 7= 10.
20 10

o 1,T > Tervice time, then 4y, is considered 10.
e 0.14,<h.<0.2h,, accordingly 4. is selected 2.

Figure 12 shows the situation where the solution has been updated during the service time
and vehicles serve some specific customers which can be different from the previous
ones. It is seen that a vehicle is able to serve customers who were not in its primary
cluster [compare Figure 12 and Figure 7(a)] showing the cooperation among the vehicles.
The numbers in squares, illustrating vehicles, represent the route’s number between two
customers. Also, to emulate actual conditions, we add a normal random noise with
amplitude 0.03 to the cost matrix in each sample time. Moreover, we considered some car
accidents and breakdowns between some nodes at different time intervals and different
routes randomly. A car crash effect on the traffic profile can be seen in Figure 10.
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Figure 12 Updating routed during servicing in PO1
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Table 4

Final cost comparison among three scenarios
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Final cost in the first scenario
(using Euclidean distance to
determine vehicle’s routes)

Final cost in the second
scenario (using Euclidean
distance + existing data to
determine vehicle’s routes)

Final cost in the third
scenario (using receding
horizon approach to
determine vehicle’s routes)

5,184.3

4,657

3,950

Table 5
in dynamic MDVRP

Comparing performance of the proposed algorithms with the first and second scenario

Final cost in the

Final cost in the

Final cost in the third

gap (J3/Ji %)

Inst first scenario (J1)  second scenario (Jz2) scenario (J3) T3/ Tl
p02 4,478.1 4,103.3 3,265.7 27.1 20.4
p03 5,861.6 5,201.6 4,431.9 24.4 14.8
p04 8,115.2 7,320.7 5,910.1 27.2 19.3
p05 7,115.2 6,308.8 5,239.9 26.4 16.9
p06 7,761.4 6,981.3 5,701.6 26.5 18.3
p07 8,002.2 7,150.3 5,798.2 27.5 18.9
pl2 9,138.9 8,302.6 6,380.7 30.2 23.1
pl5 20,154.3 17,106.4 11,390.8 435 33.4
pl8 34,782.6 26,127.2 16,781.5 51.8 35.8
p23 52,691.2 38,457.1 24,810.4 53.0 355

To evaluate the proposed approach’s performance, we compare the final cost in three
scenarios (Kim et al., 2016). In the first scenario, the solution is achieved considering just
a static situation (the cost between nodes is computed only based on the Euclidean
distance); however, it is applied to the problem being in a dynamic situation. The second
scenario is similar to the first one with the difference that in the second scenario, the cost
between nodes is considered similar to previous days’ (or months’) cost achieved in a
dynamic manner (in the first and second scenario vehicles start servicing based on the
primary cost matrix, and cost matrix will not be updated during the service time), and in
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the third scenario, the proposed approach is applied in a dynamic mode. The results of
three scenarios for problem P01 are shown in Table 4. The problem has been solved five
times for each scenario (due to randomness nature), and the average has been reported in
Table 4. It is incontrovertibly axiomatic that the proposed approach reduces the final cost
by about 23.8% compared to the classic scenario. These scenarios also are applied to
several examples of the Cordeau dataset, and each of them is solved five times. The result
is reported in Table 5 having gap represents improvement percentage of the proposed
method compared to the first and second scenarios demonstrating the similar results in all
of them.

6 Conclusions

Although dynamic MDVRP could represent wide variety of scenarios in real world
applications, a few researchers have focused on studying this variant of problems in the
recent years. In this paper we have addressed a dynamic MDVRP involved with traffic
congestion. The proposed algorithm breaks the problem into small sub-problems and
applies a receding horizon approach dropping computational complexity impressively.
Besides dynamic MDVRP, classic MDVRP was tackled by two rational approaches
decreasing execution time dramatically. To illustrate the efficacy of proposed approaches
the comparison of static and dynamic problems are conducted. Simulation results show
that the receding horizon approach is efficient in solving dynamic MDVRP. The future
works of interest contain analyse a dynamic MDVRP considering the possibility of
customers’ mobility during time service, applying other methods for extracting traffic
model (such as Markov chain, machine learning method, and regression), and computing
the complexity order of proposed approach and its feasibility.
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