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Abstract: Differential evolution (DE) and its diverse variants are prominently 
inflated by unfitting operators like mutation and crossover. Basically, DE is 
doesn’t commit to memorise the finest effects attained in early part of the 
preceding peers. In this paper, a new DE (named as mbDE) based on memory 
mechanism is offered for constrained optimisation problems (COPs).  
It contained new mutation and crossover (so-called as swarm mutation and 
swarm crossover) created by particle swarm optimisation (PSO) circumstance. 
The performances mbDE has been tested over 22 CEC’2006 and 18 (10 and  
30-dimensional) CEC’2010 COPs. The empirical results confirm the 
superiority of mbDE over many contemporary algorithms. 
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1 Introduction 

At the present time, constrained optimisation problems (COPs) are habitually seemed as 
real world problems. Solving such problems is a bigger task among investigators.  
From this time, a large number of evolutionary algorithms (EAs) are proposed in the 
literature (Slowik and Kwasnicka, 2020; Parouha and Das, 2016) to solve COPs.  
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Differential Evolution (designated as DE) proposed by Storn and Price (1997)  
is an competent and widespread ingredient in verdict of numerous EAs. It is a  
population-based intelligent stochastic and global search optimisation technique. Owing 
to its easiness and lots of benefits like easy carrying out, rationally faster, robust and 
comprehensive search capability (Das et al., 2009), DE has gained wide popularity over 
few decades. Also, it was used to solve various engineering problems for instance 
mechanical engineering design problem (Zhang et al., 2008), fuzzy clustering of image 
pixel (Das and Sil, 2010), economic load dispatch (Wang et al., 2010), to design 
quantisation table for JPEG baseline system (Kumar and Karpagam, 2015), etc. However, 
while solving multifaceted problems, DE gets stuck into local minima and causing with 
an untimely convergence (Das et al., 2009). Moreover, DE does not surety to extent at 
global optimal result in a limited stint interval. 

Hence, so as to advance the presentation of elementary DE, quantities of efforts are 
completed in the literature (Bilal et al., 2020; Opara and Arabas, 2019; Eltaei and 
Mahmood, 2018; Neri and Tirronen, 2010). Accordingly, operators (mutation and 
crossover) selection is greatly challenged in DE. As well incorrect operator’s selection of 
DE may lead to stagnation, untimely convergence and so on (Das and Suganthan, 2011). 
Over the time, to get rid of it researchers reforming DE through altered mutation schemes 
(Neri and Tirronen, 2010; Das and Suganthan, 2011; Gong and Cai, 2013; Das and 
Parouha, 2016; Dhanalakshmy et al., 2020). Likewise, researchers used mostly twofold 
crossover (binomial and exponential) in DE (Storn and Price, 1997). Nonetheless, it is 
detected that among these crossovers there is no substantial differences (Price and Storn, 
2008). Additionally, hybrids of DE produce quality outcomes instead of its different 
improved variants (Lenin et al., 2016; Das et al., 2017). Mostly DE hybridised with 
particle swarm optimisation (PSO) (Kennedy and Eberhart, 1995) due to contemporary 
properties. The recent past well-established hybrids of DE and PSO can be found in Das 
and Parouha (2015), and Parouha and Das (2016). They turned out to be milestones in 
solving COPs. 

Yet in the literature numerous alternatives and hybrids of DE have been suggested to 
solve COPs. But they are incompetent to deliver reasonable result, as a consequence of 
DE has no tool/operators to memorise the so-far best result (Wang et al., 2014), besides 
this in the search space it uses only the global facts. As a result, generally DE loses 
computing control and easily leads to premature convergence (Das et al., 2005). 

In this paper, a new DE (titled as mbDE) inspired by memorised mechanism of PSO 
has been proposed. It contained new mutation and crossover (so-called as swarm 
mutation and swarm crossover) formed by bestp  and bestg  term of PSO. The proposed 
mbDE employs memory process which permits each particles to improve own search 
competences utilising by the knowledge of more effectual particles. The memorised 
knowledge as aiming at better strength may converges near to noble solutions.  
The practical problems are mostly structured as COPs by reason of the presence of an 
enormous quantity of decision variables. Henceforth, the proposed mbDE has been tested 
over COPs (22 CEC’2006 and 18 CEC’2010 benchmark functions) instead of un-
constrained ones. As a result, proposed mbDE produces good results with better rate of 
convergence and exploration as expected on search space. 

The paper is structured as follows. Section 2 presents overview of the conventional 
DE. Section 3 takes account of some constraint handling techniques. Section 4 drawn the 
detailed of the proposed mbDE. Analysis of results with comparison is carried out in 
Section 5. Lastly, the conclusion of the paper is drawn in Section 6. 
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2 Conventional DE 

Differential evolution (DE), proposed by Storn and Price (1997) is a stochastic  
and population established worldwide optimisation technique. The framework of the 
conventional DE is set as follows. 

i Initialisation: at ‘tth’ generation population and for any d-dimensional optimisation 
problem np parents (target) vectors ( ) ( ) ( ) ( )( )1 2, , , ; 1, 2, , j d

i i i ix t x t x t x t i np= … = …  is 
randomly created in given limits. 

ii Mutation: a mutant vector ( ) ( ) ( ) ( )( )1 2 , , ,j d
i i i iv t v t v t v t= …  is produced as below. 

( ) ( ) ( ) ( )( )1 2 3
   j

i r r rv t x t M x t x t= + × −  (1) 

where 1 2 3  r r r i≠ ≠ ≠  and [ ]0,1 M ∈  is the mutation factor. 

iii Crossover: a new trial vector ( ) ( ) ( ) ( )( )1 2 , , ,j d
i i i iu t u t u t u t= …  is made as follows. 

( ) ( ) ( )
( ) ( )

;    if  0,1 
 

;    if  0,1 

j
i rj

i j
i r

v t rnd C
u t

x t rnd C
⎧ ≤⎪=⎨ >⎪⎩

 (2) 

where [ ]  0,1 rC ∈  is a crossover constant. 

iv Selection:  

( )
( ) ( )( ) ( )( )
( )

; if  
1

; otherwise                

j j j
i i ij

i j
i

u t f u t f x t
x t

x t

⎧ ≤⎪+ = ⎨
⎪⎩

 (3) 

3 Handling constraint 

Constraint treatment is a puzzling task in solving COPs. To handle constraints alteration 
technique is widespread approaches (Deb, 1995) where COPs transfers to un-constrained 
one adding by penalty term into objective function as follows: F  (penalty function) = f  
(objective function) + Ω  (penalty term) { R  (penalty parameter), g  (inequality 
constraint), h  (equality constraint)}. Moreover, bracket operator penalty ( 2 R gΩ = , 
wherever 0;  0 

 
;  0
if
if

α
α

α α
≥⎧= ⎨ <⎩

) among all exterior penalty is effectively used to solve COPs (Deb, 
1995). Therefore, this penalty is picked in present study for solving COPs, caused by its 
higher efficiency. 

4 Proposed scheme 

After literature survey, the succeeding opinions on DE and its alternatives are noted as. 

i Kernel operators (mutation and crossover) selection is greatly challenged in DE.  
As well incorrect operator’s selection of DE may cause to untimely convergence, 
stagnation and so on. 
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ii Choice of proper operators puts a weighty effect in quality solution of DE. 

iii Basically DE is does not commit to memorise the finest effects attained in early part 
of the preceding peers. 

Above notes and drawbacks and benefits of DE became the main inspiration to propose 
an effective algorithm. The following major key points are considered for new proposed 
algorithm. 

i Constitution of a novel approach to remembering the finest effects/results attained in 
early part of the preceding peers. 

ii Necessity to improve all two-difference established mutation scheme of DE. 

iii In place of purely repetition of mutated and target vectors a slight perturbation 
needed to crossover operator of DE. 

4.1 Usage of memory 

The perfect conception of ‘usage of memory’ is lent from bestp  and bestg  device of PSO. 
Since PSO stimulated on or after social and competitive behaviour of clustered birds  
well-known as swarm, hence proposed operators termed as swarm mutation and swarm 
crossover. Moreover, suggested DE named as mbDE due to usage of memory mechanism. 
Pictorial demonstration of the idea of ‘usage of memory’ is clearly differentiates in  
Figure 1. 

Figure 1 Usage of memory in mbDE vs. DE 

 

4.2 Swarm mutation 

A mutant vector ( ) ( ) ( ) ( )( )1 2  , , ,j d
i i i iv t v t v t v t= …  in current generation ‘ t ’ is produced by 

swarm mutation using target vector ( ) ( ) ( ) ( )( )1 2 , , ,j d
i i i ix t x t x t x t= …  and best position 

vector ( ) ( ) ( ) ( )( )1 2 , , ,j d
i i i ip t p t p t p t= …  as follows.  

( ) ( ) ( )
( )( )
( )( ) ( )( ) ( )

( )( )
( )( ) ( )( )

cognitive component social component

 0,1  ( 0,1 (
best best
ij j best j best j

i i i i iworst worst
i i

f p t f g t
v t x t rnd p t x t rnd g t x t

f x t f x t
= + × − + × −  

 (4) 
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where ( )best
ip t  and ( )bestg t : personal (individual) and global (overall) best position of 

the vector ( )j
ip t  respectively, ( )( ) worst

if x t : worst (poorest) function value of vector 
( )j

ix t . At any time, ( ) 0worst
if x = , it could be changed through a large positive constant 

‘ µ ’and ( )0,1rnd : random number between (0, 1). Similar in PSO, the cognitive and 
social inheritance permits the particles to advance the search competences utilising by the 
knowledge of more effectual particles. 

4.3 Swarm crossover 

A new trial vector ( ) ( ) ( ) ( )( )1 2 , , ,j d
i i i iu t u t u t u t= … , is generated by swarm crossover as. 

( )
( ) ( ) ( ) ( )( ) ( )
( ) ( ) ( ) ( )( ) ( )

0,1 ; if  0,1 
 

0,1 ;   if  0,1 

j best best
i i rj

i j best best
i i r

v t rnd g t p t rnd C
u t

x t rnd g t p t rnd C

⎧ + × − ≤⎪=⎨
+ × − >⎪⎩

 (5) 

This adoption may to enhance convergence rate and local search ability of DE as usage of 
memorised concept. 

4.4 Elitism 

In mbDE, both proposed operator (swarm mutation and crossover) are marinating 
sufficient diversity. Therefore, selection operator is exchanged by elitism in mbDE cycle 
which works as below and retains better results. 

i Merged initial and final population getting after equation (5). 

ii Arranged (i.e., in ascending) order according to their function value. 

iii Select better halves discard the rest. 

4.5 Steps of projected mbDE algorithm 

Stages of proposed mbDE are presented as: 

1 All vectors ( ) ( ) ( ) ( )( )1 2 , , ,j d
i i i ix t x t x t x t= …  produces randomly in the given search 

range 

2 Calculate ( )j
ix t  

3 Set t = 0 

4 Build ( ) ( )j j
i ip t x t= , ( ) ( ) best j

i ip t p t=  and update ( ) ( ) j best
i ip t p t=  using 

( )
( ) ( )( ) ( )( )
( )

 ; if  1

1 ; otherwise

j j j
i i ij

i j
i

x t f x t f p t
p t

p t

⎧ ≤ −⎪= ⎨
−⎪⎩

 

5 Find ( )bestg t  

6 Apply swarm operators (mutation and crossover) 

7 Apply elitism 

8 Stop if the end criterion is seen, else set t = t + 1 and go to Step-4. 
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Moreover, flowchart of mbDE is given in Figure 2. 

Figure 2 Flowchart of mbDE algorithm 

 

5 Result and discussion 

So as to assess the performance of mbDE, 22 CEC’2006 and 18 CEC’2010 test suit are 
solved. These problems are devising different taste and listed in Table 1 and 2. The more 
detail along with their characteristics of CEC’2006 and CEC’2010 can be found in Liang 
et al. (2006) and Mallipeddi and Suganthan (2010). 

The mbDE is implemented in Intel (R) Core (TM) i5-2350 M CPU @ 2.30GHz 
2.30GHz, RAM: 4.00 GB, Operating System: Window 10, C-free Standard 4.0. After 
many experiments fine tuning value of ‘ 0.9rC = ’ and ‘ 1000R = ’ is acclaimed to use in 
mbDE. The overall best values in each table are highlighted with boldface italic letters and 
UA represents results un-availability of the corresponding algorithms. 

5.1 Numerical analysis 

The produced result of mbDE are equated with (i) SAMO-DE (Elsayed et al., 2011), 
SAMO-GA (Elsayed et al., 2011), DECV (Mezura-Montes et al., 2010), A-DDE 
(Mezura-Montes and Palomeque-Ortiz, 2009) and APF-GA (Tessema and Yen, 2009) in 
case of 22 CEC’2006 COPs and (ii) BGRA (Hsieh, 2014), SAMO-DE (Elsayed et al., 
2011), SAMO-GA (Elsayed et al., 2011) and IEMA (Singh et al., 2010) in case of 18 
CEC’2010 COPs. The simulations are reported on independent 25 run, 51.40 10× , 52 10×  
and 56 10×  FEs (maximum no. of function evaluations) for CEC’2006, 10D CEC’2010 
and 30D CEC’2010 are fixed as stopping criteria and 100np =  taken in both cases. 
These parameters are either considered equal (in case of run and population size) or 
minimum (in case of stop criteria) of the above listed algorithms, for fair comparison. 
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Table 1 CEC’2006 test suit 
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Table 1 CEC’2006 test suit (continued) 
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Table 2 CEC’2010 test suit 
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Table 3 Comparative results on CEC’2006 COPs 
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Table 3 Comparative results on CEC’2006 COPs (continued) 
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Table 3 Comparative results on CEC’2006 COPs (continued) 
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Table 4 Comparative results on CEC’2010 COPs 
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Table 4 Comparative results on CEC’2010 COPs (continued) 
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Table 4 Comparative results on CEC’2010 COPs (continued) 
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Table 4 Comparative results on CEC’2010 COPs (continued) 
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Table 4 Comparative results on CEC’2010 COPs (continued) 
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The comparative experimental results, i.e., best, mean, standard deviation (std.) of the 
objective function values are presented in Tables 3 and 4 for 22 CEC’2006 and  
18 CEC’2010 respectively. From Tables 3 and 4, mbDE displays competitive or likewise 
results w.r.t. considered algorithms. Moreover, all algorithms are individually ranked  
(as ‘1’for the best and ‘2’ for subsequent performer and so on) on best, mean and std. 
result values. It will provide in small bracket against each result in Tables 3 and 4. Also, 
average rank of algorithms are listed as follows: (i) on CEC’2006 COPs: mbDE (1.24), 
SAMO-GA (2.69), SAMO-DE (2.01), DECV (2.74), APF-GA (1.84) and A-DDE (2.03); 
(ii) on 10-dimensional CEC’2010 COPs: mbDE (1.11), BGRA (2.17), SAMO-GA (2.25), 
SAMO-DE (1.50) and IEMA (2.87); (iii) on 30-dimensional CEC’2010 COPs: mbDE 
(1.05), BGRA (3.51), SAMO-GA (3.42), SAMO-DE (2.29) and IEMA (4.22). From 
ranking it can be declares that the enactment of mbDE is greater than others. Eventually, 
mbDE produced less std. (it may 0.00E+00) for most of the both cases which designates 
its stability. On the whole, mbDE is produces either superior or similar results with its 
competitors. 

5.2 Graphical and statistical analysis 

Here through box plot, average FEs for all procedures under consideration for CEC’2006 
and CEC’2010 are compared in Figure 3(a)–(c) respectively. From these figures it is very 
clear that mbDE uses less FEs as equated algorithms, which delivers a good strength  
to mbDE. 

Figure 3 (a) Average number of FEs of mbDE with others for CEC’2006 COPs. (b) Average 
number of FEs of mbDE with others for 10-dimensional CEC’2010 COPs. (c) Average 
number of FEs of mbDE with others for 30-dimensional CEC’2010 COPs 
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Figure 3 (a) Average number of FEs of mbDE with others for CEC’2006 COPs. (b) Average 
number of FEs of mbDE with others for 10-dimensional CEC’2010 COPs. (c) Average 
number of FEs of mbDE with others for 30-dimensional CEC’2010 COPs (continued) 

 
(b) 

 
(c) 

Table 5 Statistical assessment summary of mbDE along others 

Comparison Criteria Better Equal Worse WSR test t-test 
For CEC’2006 COPs 

Best  7 11 4 ≈ a 
Mean  12 8 2 ≈ a 

mbDE Vs. SAMO-DE 

Std.  11 11 0 ≈ a 
Best  9 10 3 ≈ a 

Mean  15 6 1 ≈ a 

mbDE Vs. SAMO-GA 

Std.  14 8 0 + a+ 
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Table 5 Statistical assessment summary of mbDE along others (continued) 

Comparison Criteria Better Equal Worse WSR test t-test 
For CEC’2006 COPs 

Best  8 10 4 ≈ a 
Mean  14 6 2 ≈ a 

mbDE Vs. DECV  

Std.  19 3 0 + a+ 
Best  8 9 5 ≈ a 

Mean  10 7 5 ≈ a 

mbDE Vs. A-DDE  

Std.  18 2 2 + a+ 
Best  10 8 4 ≈ a 

Mean  11 7 4 ≈ a 

mbDE Vs. APF-GA  

Std.  7 11 4 ≈ a 

For CEC’2010 10-dimensional COPs 
Best  11 5 2 ≈ a 

Mean  14 3 1 ≈ a 

mbDE Vs BGRA 

Std.  15 3 0 + a+ 
Best  5 13 0 ≈ a 

Mean  16 2 0 ≈ a 

mbDE Vs. SAMO-DE  

Std.  18 0 0 + a+ 
Best  13 5 0 ≈ a 

Mean  18 0 0 + a+ 

mbDE Vs. SAMO-GA  

Std.  18 0 0 + a+ 
Best  15 3 0 ≈ a 

Mean  17 1 0 ≈ a 

mbDE Vs. IEMA  

Std.  18 0 0 + a+ 
For CEC’2010 30-dimensional COPs 

Best  16 1 1 ≈ a 
Mean  18 0 0 + a+ 

mbDE Vs BGRA 

Std.  18 0 0 + a+ 
Best  15 3 0 ≈ a 

Mean  17 1 0 ≈ a 

mbDE Vs. SAMO-DE  

Std.  18 0 0 + a+ 
Best  15 2 1 ≈ a 

Mean  17 0 1 ≈ a 

mbDE Vs. SAMO-GA  

Std.  18 0 0 + a+ 
Best  14 0 0 + a+ 

Mean  14 0 0 + a+ 

mbDE Vs. IEMA  

Std.  14 0 0 + a+ 
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Furthermore, supremacy of mbDE is confirmed statistically over other algorithms through 

i one-tailed t-test (with 98 degree of freedom (df) at a 5% significance level) 

ii Wilcoxon Signed Rank (WSR) test (5% significance level) 

iii ECD (empirical cumulative distribution) test 

iv performance analysis test 

The details of theses test can be found in (Qin et al., 2009; Sharma et al., 2012; Das and 
Parouha, 2015). The results of t-test and WSR test on CEC’2006 and CEC’2010  
(10D and 30D) are testified in Table 5 last column. Table 5 witnessed that mdDE has 
either ‘a’ or ‘a+’ sign (in case of t-test) and better or performs equally (in case WSR test) 
in most of consequence. ECD (SP/SPbest vs. empirical distribution) and performance 
analysis (pi-charts) test results on CEC’2006, 10-dimensional CEC’2010 and  
30-dimensional CEC’2010 are reported in Figures 4(a)–(c) and 5(a)–(c) respectively.  
All these test figures favours high performance of mbDE over rest algorithms. 

Figure 4 (a) ECD performance on CEC’2006 COPs. (b) ECD performance on 10-dimensional 
CEC’2010 COPs. (c) ECD performance on 30-dimensional CEC’2010 COPs  
(see online version for colours) 

 
(a) 

 
(b) 
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Figure 4 (a) ECD performance on CEC’2006 COPs. (b) ECD performance on 10-dimensional 
CEC’2010 COPs. (c) ECD performance on 30-dimensional CEC’2010 COPs  
(see online version for colours) (continued) 

 
(c) 

Figure 5 (a) Performance on 22 CEC’2006 COPs. (b) Performance on 10-D CEC’2010 COPs. 
(c) Performance on 30-D CEC’2010 COPs (see online version for colours) 

  
 (a) (b) 

 
(c) 
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5.3 Complexity analysis 

According to the guidelines of CEC test suite the algorithm complexity has been 
investigated on 10 and 30-dimensional CEC’2010 COPs. Firstly, 0T  time (in seconds) 
executed through subsequent program. 

 
After this computing (i) 1T  time for C16 (which include two separable equality as well as 
1 separable and 1 non-separable inequality constraints) on 200,000 FEs and (ii) 2 T  time 
(evaluated five times) for algorithms to completely execute 200,000 FEs for C16 function 
and store its mean value denoted as 2̂T . Thereafter calculated 2 1 0

ˆ( )/T T T−  for each 
algorithm and reported in Table 6. Also, complexity chart of mbDE with others are 
presented in Figure 6 on 10 and 30-dimensional CEC’2010 COPs. It can be been 
observed from Table 6 and Figure 6 the time complexity of proposed mbDE is 
significantly less traditional DE and PSO as well as other comparative algorithms. 

Table 6 Complexity results of different algorithms 

Algorithm 10-dimension 30-dimension 

0T  0.3213 0.3213 

1T  0.5975 0.7854 
PSO 156.23 160.25 
DE 140.23 145.23 
mbDE  106.94 110.58 
BGRA 160.52 170.25 
SAMO-GA 101.94 107.07 
SAMO-DE 167.01 190.25 
IEMA 120.53 135.23 

Figure 6 Algorithm complexity on 10 and 30-dimensional CEC’2010 COPs (see online version 
for colours) 
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6 Conclusion and future works 

In this paper, a new a new DE (namely mbDE) based on memory mechanism is proposed 
for COPs. It memorises the finest effects attained in early part of the preceding peers 
through newly employed mutation and crossover (so-called as swarm mutation and 
swarm crossover) operators. Because the usages of the bestp  and bestg  concept of PSO 
circumstance. The performances mbDE has been tested over 22 CEC’2006 and 18 
CEC’2010 (10 and 30-dimensional) COPs. 

The experimental results, statistical and complexity analysis determines that mbDE 
carries the ultimate results and exceeds many contemporary processes in terms of 
convergence rate and solution excellence. The usages of the memory mechanism shape 
the proposed mbDE to become more effective and robust. 

In future research, the proposed mbDE can be useful for solving complex  
un-constrained benchmark as well as real life problems. Instead of this it may applied for 
combinatorial optimisation problems with investigation of refined operators. 
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