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1 Introduction

Codes over finite rings have been studied since the early 1970s. Hammons et al. (1994)
showed that some certain good nonlinear binary codes can be constructed from cyclic codes
over Z4 via the Gray map. Recently, many coding scholars have done a lot of works on codes
over finite rings. Delsarte and Levenshtein (1998) defined additive codes as the subgroups
of the underlying commutative group. In the year 2009, Borges et al. (2009) proposed the
concept of ZoZ4-additive codes. The generator matrices and the duality of ZsZ4-additive
codes are also studied (Borges et al., 2009). Afterward, the additive code has been applied
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in the engineering field, which has aroused the interest of encoding scholars, and some good
results have emerged (Abualrub et al., 2014b; Aydogdu et al., 2015; Aydogdu and Siap, 20).
Z27.4-additive cyclic codes are first studied by Abualrub et al. (2014a). Borges et al. have
studied the structural properties of dual codes of Z,Z4-additive cyclic codes (Borges et al.,
2016). As an interesting generalisation, Srinivasulu and Maheshanand (2016) studied the
additive cyclic codes and their dual codes over ZoZso[u].

In the year 1995, Shor has found the first quantum error-correcting code (Shor, 1995).
Later, a method to construct quantum error-correcting codes from classical error-correcting
codes was introduced by Calderbank et al. (1998). Recently, the construction of quantum
error-correcting codes by using classical error-correcting codes over the finite field IF, has
developed rapidly. In the year 2009, Qian has given a method to construct quantum error-
correcting codes by using cyclic codes over the finite chain ring Fy + ulFy with u? =0
(Qian et al., 2009).

The paper is organised as follows. In Section 2, we give some preliminaries. In Section 3,
we introduce some definitions and give some structural properties of additive cyclic codes
over Z,Z,[u]. Moreover, we determine the minimal generating sets of additive cyclic codes
over ZyZy|u]. In Section 4, we determine the relationship of generators between the additive
cyclic code and its dual code. In Section 5, we give a necessary and sufficient condition
for the additive cyclic code that contains its dual code over Z,Zs[u]. Finally, some binary
quantum codes are obtained from additive cyclic codes over ZoZs[u].

2 Preliminaries

Let Z, be the ring of integers modulo p. Let Z,[u] = Z, + uZ, = {a +ub | a,b €
Zy}, where u? = 0. Z,[u] is a commutative ring, and Z,, is a proper subring of Z,[u].
Let Z,Zyu) = Zyp X Zplu] = {(v]v")|v € Z, and V' € Zp[u]}. Z,Z,[u] is a commutative
group with respect to componentwise addition. We denote the space of n-tuples over these
rings as Zy and Z;[u]™. If that any non-empty subset C of Z; is a vector space then we
say that it is a linear code. A code over Z,[u] is a non-empty subset ¢ of Z,[u]" and a
submodule of Z,[u]" is called a linear code over Z,,[u].

For a vector v € Zj X Zp[u)P, we write v = (v|v') where v = (vg, ..., V4-1) € Ly
and v = (v, ..., v ) € Zy[u]’.

Definition 1: A non-empty subset ¢ of Z;; x Zj, [u]? is called a Z,Z,[u]-additive code if
¢ is an additive subgroup of Zy x Z,, [u]?.

Let ¢ be a ZyZy[u]-additive code. Since € is an additive subgroup of Z& x Z,[u]”, it
is also isomorphic to a commutative structure like Z&o x Z2*1 x Zk2 . Therefore, € is of
type pFot2kitkz a5 a group, it has |€| = pFot2k1+F2 codewords. Considering all these
parameters, we will say that & is of type («, 8; ko, k1, k2)-

Let X (respectively Y) be the set of Z, (respectively Z,[u]) coordinate positions.
Then | X| = « and |Y| = f3. Unless otherwise stated, the set X corresponds to the first «
coordinates and Y corresponds to the last 3 coordinates. Call €x (respectively 6y) the
punctured code of € by deleting the coordinates outside X (respectively Y). A Z,Z,[u]-
additive code % is said to be separable if € = €x x Gy
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We define a Grey map as @ : Zg x Zp[u)? — Zg‘*zﬂ such that ®(u) = (ulu’) =
(u, ¢(u')), where ¢ is the usual Grey map defined by

& Lplu) —>Z12)
a+ub— (bya+b).

Definition 2: Let v = (v[v') € Z3 x Zy[u]®, where v = (vo, ..., v4-1) € Z& and v/ =
(vg, -+ V3_1) € Zp[u]®. Then the Lee weight of v is defined as

wr(v) = wi (2(v)),
where wy denotes the Hamming weight.
Definition 3: Letv,w € Z; x Z, [u]®. Then the Lee distance of v and w is defined as

dr(v,w) = wr(v — w).

An inner product for two elements v, w € Z; X Z »[u]? is defined as Aydogdu et al. (2015)

a—1 1
veow=u(d i, viw;) + Zf o jw] € Zplu).
Let % be a Z,Z,[u]-additive code. The additive dual code of €, denoted by ¢, is then
defined in a standard way as €+ = {w € Z2 x Zp[u]’ | v-w =0, forallv € €}. If ¢

is separable then €+ = (¢x)* x (¢y)*.

Proposition 1: Let € be a Z,Zy[u)-additive code of type (c, B; ko, k1, k2). Then

(i) [€] = prop™phs, || = poRop?Frhimha) phe
(i) [@x] = ploter, o |(@x) ] = T,
(111) |<5y| _ 2k1 kz+lco,z7 |(ng)L| — pQ(ﬁ_kl_k2_k0>2)pk2+k0,2,

where ky = kio,l + k(),g and k1 = k‘171 + kl,g.
Proof: The proof is similar to that of Proposition 4.8 appeared in Srinivasulu and
Maheshanand (2016). O
3 Z,Zp[u]-additive cyclic codes
Let v = (v[v') € Z& X Zp[u]” and let i be an integer. Then we denote by

v® = (U(i)|vl(i)) = (V04 Vitis - - - Va— 143 V045 Vigis - - - ’“29—14”')
the ith cyclic shift of v, where the subscripts are read modulo « and 3, respectively.

Definition 4: Let ¢’ C Z7 x Zp[u]® be a Z,Z,[u]-additive code. The code % is called a
Z,Z,[u]-additive cyclic code if for any codeword v € € we have v(!) € &.
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Let Ry g = Zplx]/(2* — 1) x Zy[u][z]/(z? — 1), where 3 > 0 and ged(B,p) = 1. We
consider the mapping ¢ : Z,[u] — Z, defined by 6(a + ub) = a. Clearly, ¢ is well defined
and is a ring homomorphism. Let A(z) = co + c1@ + - - - + ¢t € Zp[u][z], define the
operation  : Zy[ul[z] X R, — e s (@) * (p(2)]a(x)) = (5(M@))p(@)A@)a(x))
where 6(A\(z)) = d(co) + d(c1)x + -+ - + 6(ct)x'. From Srinivasulu and Maheshanand
(2016), we know that Z,,Z,, [u]-additive cyclic codes are identified as Z,[u][x]-submodules
of Ra’g.

Theorem 1 (Abualrub et al., 2014a): Let € be a Z,Zy[u]-additive cyclic code of type
(a, B; ko, k1, ko). Then it is of the form

¢ = ((b(2)|0), ((2)|f (x)h(z) + uf(2))),

where f(z)h(z)g(z) = 2” — 1in Zy[u][z], b(x),l(z) € Zy[z]/(x™ — 1) with b(z)|(x* —
z’—

1), deg(l(z)) < deg(b(z)) and b(x)|ﬁl(x) (mod p).

Note that if ¢ is a Z,Z,[u]-additive cyclic code with € = ((b(x)[0), (I(x)|f(z)h(z) +
uf(x))), then the canonical projections ¥’x and €y are a cyclic code over Z, and a cyclic
code over Zy[u] generated by ged(b(x),l(x)) and f(z)h(x) 4+ uf(z), respectively (see
MacMilliams and Sloane (1975) and Wan (1997)). Moreover, if € = €x X €y, thenl(z) =
0.

Since b(x)| ‘”fﬁ(;)l I(z) (mod p), we have the following result.

Corollary 1: Let € be a Z,Z,[u]-additive cyclic code of type (v, B; ko, k1, ko) with € =
((0(2)]0), (l(z)[ f (z)h(x) + uf(x))). Then,
z# -1
b(ﬂﬂ)\mng(b(I)J(ﬂﬂ)) (mod p),
b(x)|h(z)ged(b(x), I(x)g(x)) (mod p).

In the following, a polynomial f(x) € Z,[x] or Z,[u][z] will be denoted simply by f and
the parameter S will be an integer satisfied ged (3, p) = 1.

Theorem 2: Let € = ((b]0), (I|fh + uf)) be a Z,Zy[u]-additive cyclic code of type
(o, B; ko, k1, ko), where fhg = 2 — 1. Let

a—deg(b)—1

si= i+ 0oy,

i=0

deg(g)—1

So=|J {a"*Ufh+uf)},

=0

deg(h)—1

Ss= |J {a'*(glufg)}.

=0

Then Sy U Sz U Ss forms a minimal generating set for € as a Z,[u]-module.
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Proof: The proof is similar to that of Theorem 3.10 appeared in Srinivasulu and
Maheshanand (2016). O

Theorem 3: Let € = ((b]0), (I|fh +uf)) be a Z,Zy[u]-additive cyclic code of type
(o, B; ko, k1, ko), where fhg = 2 — 1. Then

ko = o — deg(ged(b, lg)),
k1 = deg(g),

ko = deg(fh) — deg(f) — deg(b) + deg(gcd(b,lg)).

Proof: The proof is similar to that of Theorem 4.9 appeared in Srinivasulu and
Maheshanand (2016). O

Theorem 4: Let ¢ = ((b]0), (I|fh + uf)) be a Z,Z,[u]-additive cyclic code of type
(Oé,ﬂ; ko, kl, ]{2), where fhg = Iﬁ - 1, k() = k071 + k072 and kl == kl,l + klyg. Then
ki1 = deg(ged(b,lg)) — deg(ged(b, 1)).

Proof: The proof is similar to that of Theorem 4.10 appeared in Srinivasulu and
Maheshanand (2016). O

4 Duality of Z,7,[u]-additive cyclic codes
Lemma 1: [f% is any Z,Z,[u]-additive cyclic code, then €~ is also cyclic.

Proof: The proof is similar to that of Proposition 4.4 in Srinivasulu and Maheshanand
(2016). O

Denote
¢+ = ((0]0), (I[fh + uf)),

where fhg = 27 — 1lin Z,[u][z], b,] € Zp[z]/(z™ — 1) with b](z® — 1), deg(l) < deg(b)
and E|Lflf (mod p).
We denote p*(z) the reciprocal polynomial of a polynomial p(z), ie., p*(x) =

deg(p(m))p(x_l)‘ 4
In the following, we denote the polynomial ZZ':Ol ' by O, ().
Proposition 2: Let n,m € N. Then,

" —1= (2" — 1)0,,(z").

Proof: Obvious that y™ — 1 = (y — 1)6,,(y). Let y = ™. Then the result is obtained
immediately. g
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In the following, let m = lem[a, ).

Definition 5: Let v(z) = (v(x)|v'(z)), w(z) = (w(z)|w'(z)) € Ra,g. We define the
map

o:Rap X Rapg— Lplullz]/(z™ — 1)
such that

o(v(w), w(z)) =uv(x)fz (z*)a" 1~ AE D ()
+ 0/ (2)0 (27 )2 14 @)y (1) mod (2™ — 1).

m
B

From now on, we denote o(v(z),w(z)) by v(x)o w(x). Note that v(z)ow(x) €
Zplul[z]/(x™ = 1).

Proposition 3: Let v,w € Z; X Z, [u]® be with associated polynomials v(x) =
(v(x)|v'(z)) and w(z) = (w(z)|w'(x)). Then, v is orthogonal to w and all its shifts if and
only if

v(z) ow(z) =0.

Proof: The proof is similar to that of Lemma 4.6 appeared in Srinivasulu and Maheshanand
(2016). 0

)w'(x)) € Ra,p such that v(z)o
v(z)w*(z) =0 (mod (z* — 1)) over Z,. If
0 (mod (2 — 1)) over Z,[u].

Proof: Letv'(x) = 0orw'(z) = 0. Then

0=v(z)ow(z)

= uv(z)fm (ma)xm_l_deg(“’(m))w*(x) + 0 mod (2™ —1).
Therefore,
uv(z)fm (z®)zm 1= dee@@)y* () = up! (z) (2™ — 1),
for some y/(x) € Zp[u)[z]. This is equivalent to

V(@) (x%)2" 1 AR (@) = i/ () (2™ — 1) € Zp[a].
From Proposition 2, 2 — 1 = (z* — 1)f= (). So,

v(z)r"w* (x) = p()(z® - 1),

v(z)w*(z) =0 (mod (z* — 1)).

A similar argument can be used to prove the other case. g
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Lemma 3 (Srinivasulu and Maheshanand, 2016): If ¢ is a Z,Zy[u]-additive code of type
(o, B; ko, k1, k2), then €~ is an additive code of type (v, B; o« — ko, 8 — k1 — kg, ka).

Proposition 4: Let ¢ = ((b|0), (I|fh + uf)) be a Z,Zylu]-additive cyclic code of type
(o, By ko, k1, ko), where fhg = x? — 1, and with dual code €+ = ((b]0), (I|fh + uf)),
where fgh = xP — 1. Then

deg(b) = o — deg(ged(b, 1)),

deg(fh) = B — deg(f) — deg(b) + deg(ged(b, Ig)),
deg(f) = B — deg(fh) + deg(ged(b, 1)) — deg(ged(b, lg))-

Proof:  From Proposition 1, Theorems 3, 4 and Lemma 3, it is easy to prove the results. [

Proposition 5: Let ¢ = ((b|0), (I|fh + uf)) be a Z,Zylu]-additive cyclic code of type
(a, By ko, k1, k), where fhg = 2P — 1, and with dual code €+ = ((b]0), (I|fh + w[)),
where fgh = x® — 1. Then,

_ 1 — z@
b= e Z,[a].

(ged(,1)*
Proof: Since (b|0) € €+ and (b]0), (| fh + uf) € €, then, from Proposition 3,
(b/0) o (510) = 0,
(Ufh +uf) o (b]0) = 0.
Hence, by Lemma 2,
bb =0 (mod (z* — 1))
and
6" =0 (mod (z* — 1))

over Z,. Obviously, we obtain that ged(b, )b =0 (mod (z® — 1)), which implies
that there exists p € Zp[z] such that ged(b, )b = p(z™ —1). Furthermore, since
ged(b,1)|(z* — 1) and b |(® — 1), from Proposition 4, deg(b) = a — deg(ged(b, 1)). So,
we have that . = 1. Therefore

—x% .’I,'a—l
= L - ez .
(ed (b)) < 2o
Then
b= T ezl

(ged(b,1))*
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Proposition 6: Let ¢ = ((b|0), (I|fh + uf)) be a Z,Zylu]-additive cyclic code of type
(a, By ko, k1, k), where fhg = 2P — 1, and with dual code €+ = ((b]0), (I|fh + w[)),
where fgh = 2 — 1. Then,

(z —1)ged(b, lg)*
f*b*

Th= € Z,[ulla].

Proof: Since ged(h, g) = 1, so we have pi fh + pafg = f, for some pq,ps € Zy[u][z].
Since (b | 0), (0 | ufh),(lg | ufg) € €, so

b

(0 ged(b, lg)

(up1fh+up2fg)) = (0] uf) €.

_ b
ged(b, lg)
And since (I|fh + uf) € €, hence, from Proposition 3,

b

(Ufh+uf)o O atig) a0.1g)

uf)=0

Then, by Lemma 2,

o o b*uf* B 5
This is equivalent to
o b*f* - 8 B
T (e g ) = =) W

for some p € Zy[u][z].
If (1) holds over Z,,[u], then it is equivalent to

M —L ) = @f — 1) € Z,u][a].
70 (seigeye ) =1 = 1) € fulls
We known that fh|z” — 1, from Corollary 1, we can get (%) |(z —1). By
Proposition 4, deg(fh) = B — deg(f) — deg(b) + deg(ged(b, lg)), thus

b*f*

m) = deg(2” —1).

B = deg(fh
So, we obtain that p = 1 € Z,[u], and hence,

(x'@ — 1)ged(b,lg)*
f*b*

Th= € Zfulla).
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Proposition 7:  Let ¢ = ((b|0), (I|fh + uf)) be a Z,Zyu]-additive cyclic code of type
(a, By ko, k1, k), where fhg = 2P — 1, and with dual code €+ = ((b]0), (I|fh + w[)),
where fgh = 2 — 1. Then,

- (2% —1)ged(b, 1) i
I = g igy € Dl

Proof: In Zj[x], one can factorise the polynomials b, I, lg in the following way
I = ged(b,1)p,
lg = ged(b, lg)pm1,
b = ged(b,lg)T2,

where ged(71,72) = 1. Therefore, there exist ¢1,t3 € Z,[x] such that t171 + to72 = 1.
Then,

ged(b, lg)p(ti1 + tame) = ged(b, lg)p

and
_ ged(b,lg)
flg - pbab == i)
Thus,
ged(b, lg) B B -
“ged(0,1) (U fh+uf) —t1x (lglufg) — pta % (b]0) =
ged(b,lg) _

Since ged(h,g) = 1, then there exist pr, pz € Zyp[u[z] such that upy fh 4+ upz fg = uf.
So, (upt + P29) * (I|fh + uf) = (Palg|uf) € €*. Then, from Proposition 3,

ged(b, lg)

(p2lgluf) o (0| wcd(b.1) (fh+uf) —tiufg) = 0.

By Lemma 2 and, arranging properly, we obtain that

uf (W) F =0 (mod (2% — 1)).

This is equivalent to

+ (gcd(b, lg)*

* 7k B _

for some p € Zy[u][z].
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If (2) holds over Zy[u], then it is equivalent to

f(iﬂﬁﬁf)f”=ﬂ@ﬂ—wezwmn

It is known that f|(z” — 1). From Corollary 1, we have that (ggfdbbl%)* ) Frrr| (28 —1).

By Proposition 4, deg(f) = 8 — deg(fh) + deg(ged(b, 1)) — deg(ged(b,lg)). Thus

o (ged(blg) L
B = deg(f (gcd(b,l)*) ) = deg(x'ﬁ —1).

Hence, we obtain that x4 = 1, and hence,

- (xﬁ — 1D)ged(b, 1)*
L= ged(b, lg)*

€ Z,fulla].
O

Proposition 8: Let ¢ = ((b|0), (I|fh + uf)) be a Z,Zyu]-additive cyclic code of type
(a, B; ko, kl,k‘g) where fhg = P — 1, and with dual code €+ = ((b]0), (I| fh + uf)),

where fgh = 2 — 1. Let p = dib ik Then
I= ’ *_ (A1 +X2)
b
where
8¢d(b,19)" i deg(f)+des(l) ( yr)-1 b*
—_o "\ Jd/ .M € e d v
' ged(b, 1)* v (p7)~" mo ged(b,lg)*
b* b*
Ny = T medeg(Fh)dea() ()1 mnod [ — )
2 ged(b, lg)*m (p™)™" mo ged(b, 1)

Proof: Since (b]0) € € and (I|fh + uf) € €+, then from Proposition 3, (I|fh + uf) o
(b|0) = 0. By Lemma 2, [b* = 0 (mod(z® — 1)) and, for some \ € Z,[z], we have that

1= 12:1 . Next, we will calculate \.

Sinceggcfd((b};ll’s) x(l|fh+uf) €% and (I|fh +uf) € €+, then from Proposition

ST N r cd(b,l cd(b,l cd(b,l cd(b,l
3, (I|fh +uf) o (ggcd((bg B £ 4 u s f) = 0. Let t = deg (gguf(bj;) and
note that (fh + uf)* = f*h* + uxde) f* By Definition 5, we obtain that
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11
77 7y (8ed(b,lg) ; ged(b, lg) ged(b, lg)
0=(|fh l h o I ) =
e (S e it
7 —deg(t)—1-18¢d(b, 1g)"
10m (%)™ deg(l)—1 + 8C ) *
ulf (%) ged(b, 1)
- - —1-¢8ed(b, lg)”
10 m (28 pm—deg(fh)—1 + 8€d\0, ok 3
T g (=) acd (b, )" ! @
-7 - —1-48cd(b,lg)"
o m BY,.m—deg(f)—1 + 8C s *
+ufhfy (@) scd(b 1)
FOm BY,.m—de (fh)flfthd(bv lg)* * 7 % m
+ufbz(a”)x g w1 F*h* mod (x 1).
By Proposition 2, we know that fm (z%) = ”5;:11 and 0%(9:5) = 3;7;:11. And [ =
2"=1)\. Applying Propositions 6 and 7, we know that fh = (xﬁ_ljﬁicb(i(b’lg)* and f =
m%. In addend (3), we can replace all the above. Moreover, by Corollary 1,
b* *
Wm . Therefore
27 L7 8ed(b,lg) ; ged(b, lg) ged(b, lg)
0=(|fh l h = f) =
AT+ o (S eat ™ )
z™ —1 m—deg(l)—1—t ng(b7 lg)* *
U wcd(b, ) | @
(@™ — 1)ged(b,19)" —deg(f)—1—:8cd(b, lg)"
m € o\ I) d m _ 1 .
+u b x acd(b,1)" mod (x )
Clearly, the addend (4) is equal to
u(l‘m — 1)bgfd(b’ lg)* ()\xm—deg(l)—l—tp*
* (5)
m—deg(f)—1—t¢ ng(b7 lg) =0 d m_ 1
+z 7gcd(b,l)* ) =0 (mod (x ).
This is equivalent to
™ — 1)ged(b, lg)*
(l’ )(ic ( ) g) (/\:L,mfdeg(l)flftp*
m—deg(f)—1—t ng(b7 lg)* =0 d(z™—1
+x 7gcd(b,l)* )=0 (mod (z )
over Zy. Therefore,
dog(l)—1— —deg(f)—1—¢ 8ed(b, lg)”
Az™ deg(l)—1—t = m—deg(f)—1 + 8C ) =0 d(z™—1 6
(A\x P+ wcd(b.1)" ) (mod (z ) (6)

or

o B 1, gcd(b,lg)* b*
A —deg(—1—1 m—deg(f)—1-t8¢AY; t9) = d|{——F7—21).7
(A Pt ged(b, 1)* ) =0 (mo ged(b, lg)* -
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Since (W) |(z™ — 1), then (6) implies (7). Since ged(p, el (s lq)) = 1, therefore

p* is invertible modulo (W)' So,
8ed (b, 19)" 1n—deg(f)+deg(l) ( ry—1 b
_ 8P\ d(—2
ged(5.1)7 " () mod { b ig)

cd(b,lg)* ~m—de . o
Let \; = % deg(f)+deg(D) (p*)=1 mod (

)\2 =0 (mod (m))

Since (1| fh + uf) € € and (I[ fh + uf) € €. then, by Proposition 3 and Definition 5,
=(I[fh+uf) o (Ul fh +uf) =
’Uja% (;pa)xm*deg(l)fll*
+ ﬁg% (xﬂ)xm*deg(fh)flf*h*

m) Then A = )\1 + )\2 with

®)
+ uﬁe% (xﬁ)xm—deg(f)—lf*
+ ufe%(xﬁ)xm_deg(fh)_lf*h* mod (z™ —1).
By Proposition 2, we know that = (2*) = £2=F and O (2F) = . Then [ =
Izjlx\. Applying Propositions 6 and 7, we know that fh = % and f =

% In addend (8), we can replace all the above. Moreover, by Corollary 1,

WW‘ Therefore, we get that

=(Ufh+uf)o ([fh+uf) =
b*
+’U,( B 1)§Cd(b lg) e deg(f)—1 (9)
(2™ — 1)ged (b, 1)*
ged(b, 1g)*

Clearly, the addend (9) is equal to

x
u

-1
()\1 +)\2)xm—deg(l)—1l*

+u

ammdeefM=1 mod (2™ —1).

uxmb— 1()\1 + Ag)gm—des (D=1 px
+u( - 1)bg*Cd(b ,1g)” pm—deg(f)~1
Since \; = % m—deg(f)+deg() (p*)=1 mod (m),so
uwmb—l)\ pm—deg() 17
n L2 = Deed(b,19)" n_deg(r)-1 — (mod (™ — 1)).

b*
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Thus,
™ -1

b*

” )\me—deg(l)—ll*

+u

™ —1)ged(b,1)* . _ge 1 m

Substituting m = p*, we obtain that

(™ — 1)ged(b,1)*
u
b*
Lo
ged(b,lg)*

(>\2xm—deg(l)—1p*

xm_deg(fh)_l) =0 (mod (z™ —1)).
Arguing similar to the calculation of A in equation (5), we obtain that
Ao = — b* xmfdcg(fh)%»dcg(l) (,0*)71 mod b )
ged(b, lg)* ged(b, 1)
O

Theorem 5: Let ¢ = ((b]0), (I|fh +uf)) be a ZyZLy[ul-additive cyclic code of type
(@, Bs ko, k1, k), where fhg = 2 — 1, and with dual code €+ = {(b|0), (I[fh + uf)),

where fgh = 2P — 1. Let p = m. Then

1)b= JW € Zplzl;
2) Th = E—LggtCin ¢ 7, fullal;
—+  (@P—1)ged(bD)*
3) T = Grpiage € Zolullal
4)
— 047]_
l = L(Al + )\2),
b*
where
ged(b,1g)* nq _ b*
Ay = —2 0 "I) m—deg(f)+deg(l)(x)—1 a (>
FT gedb) () mod L a1y )
lf’< b*
Ao = ——— pm—deg(fh)+deg(l) ( j*)—1 a (%
’ ng(ng)*x (p7)™" mo ged(b, 1)

Example 1: Letp=3,a=4,8=4,b(x) =23 +222 +2+2,l(z) =22+ 1, f(z) =
x4+ 1,h(z) =2 +2,g9(x) = 22 + 1. According to the results above, we have that
€ = ((b]0), (I|fh+uf)) is a ZsZs|u]-additive cyclic code of type (4,4;2,2,0). By
Theorem 2, S; U .Sy US3 forms a minimal generating set for 4" as an Zs[u]|-module,
where S7 = {(0/0)},S2 = {(|fh 4+ uf),x*x({|fh+uf)}, S3 = {(lg|lufg)}. Then, the
generator matrix of € is

2121 0 0 00
10102+w w 10
0101 0 24wuul
2020 wu U U

G:
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Applying the formulas of Theorem 5, we have that b = 222 + 1 and fh = 222 4+ 2, f
222 + 2,1 = x + 1. Therefore, €+ = ((b|0), (I|fh + uf)), is of type (4,4;2,2,0). By
Theorem 2, S; U S5 U .S3 forms a minimal generating set for %1 as an Zs [u]-module,
where S; = {(b|0),x % (b]0)}, S2 = {(I|fh +uf),z* (I|fh+uf)}, S5 = (). Then, the
generator matrix of €+ is

1020 O 0 0 0
I — 0102 O 0 0 0

11002+2v 0 2+2u O

0110 0 2+2vu 0O 2+42u

5 Quantum codes from Z,Z,[u]-additive cyclic codes

Proposition 9: Let € be a code of length a + (3 over ZoZo|u). If € is self-orthogonal, so
is ®(%).

v — / / / _ ! /
Proof: Let v = (v0,V1,...,Va—1V0 V15, V5_1), W = (Wo, W1, ..., Wa—1|wh, Wi,
/ / = . : / = . . ] — DY —
W5 ) € C, where v} = a; + ubj, w; = c; +udj,j =0, -3 — 1. Then

a—1 B—1
— !/ !/
w~w—u(§ vw;) + E viw;
i=0 §=0

a—1 B—1
= u()_ viwi) + Y _laje; +ulazd; + byc;)].
i=0 j=0

If € is self-orthogonal, then Z?:_ol v;w; + Zf:_ol (ajdj +bjc;) = 0and Z?:_ol aje; = 0.
Thus, in Zo, we have ‘ ‘

a—1 B—1
O(v) - d(w) = > viw; + Y _(bd; + a;d; + ajc; + bic; + bid;) = 0.
i=0 j=0
Therefore, (%) is self-orthogonal. O

Note that if € is a Z2Zs[u]-additive cyclic code with € = ((b(x)|0), (I(z)|f(x)h(x) +
uf(z))), then the canonical projections €x and €y are a cyclic code over Zy and a cyclic
code over Zz[u] generated by ged(b(x),(x)) and f(z)h(z) + uf(x), respectively. If € is
separable, then ¥ = €¥x X Gy and [(x) = 0.

Lemma 3 (Calderbank et al., 1998): Let €x = (b(x)) is a binary linear cyclic code of
length o over Zs. Then €x contains its dual code if and only if

2% —1=0 (mod b(x)b*(x)).
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Lemma 4 (Qian et al., 2009): Let ¢y = (f(z)h(z) + uf(x)) be a cyclic code of length
B over Zs[u], where f(x)h(z)g(x) = x° — 1. Then €y contains its dual code if and only
if

2’ =1=0 (mod (uf(x)g(2))(f(x)g(x))"),
2 —1=0 (mod (f(z)h(z))u(f(x)h(z))"),
2’ —1=0 (mod (f(z)h(x))(f(x)g(z))"),

2? = 1=0 (mod (uf(z)g(x))u(f(2)h(z))")

Theorem 6: Let @ = €x X Gy be a separable cyclic code of length o« + 5 over ZoZs[u).
Then €+ C € if and only if (€x)* C €x and (¢y)* C Cy.

Proof If €+ C €, let v = (v|v)) €€ =€x x €y, where v € Ex, v € 6y. Let
w = (wjw') € €+ = (€x)* x (y)* suchthatv - w = u(vw) + v'w’ = 0. Then vw =
0,v'w’ = 0, it implies that w € (€x )", w’ € (Yy)*. Since w = (w|w') € €, where w €
Cx, w' € @y, it follows that (ng)J‘ C €x and (%Y)J‘ C %y.

Conversely, if (¢x)" C €x and (¢y)* C Gy. Let v = (v|v)) € € = Cx X Cy.»
where v € €x, v/ € Gy. Let w = (w|w') € €+ = (€x)* x (¢y)* such that v - w =
u(vw) 4+ v'w’ = 0. Then vw = 0, v'w’ = 0, which implies thatw € (€x )+, w’ € (¢y)*.
So, w € €x, w' € €y.Hence, w = (w|w') € €, s0, €+ CF. O

Corollary 2: Let % = €x X Gy be aseparable cyclic code of length o + 3 over ZoZo|u),
where €x = (b(z)) and €y = (f(x)h(z) +uf(x)). Then €+ C € if and only if the
following two conditions are satisfied

(1) 2*—1=0 (mod b(z)b*(x)).

(i) 27 -1=0 (mod  (uf(z)g(2))(f(z)g(x))),  af —1=
0 (mod (f(z)h(z))u(f(x)h(z))*), 27 —1=0 (mod (f(z)h(z))(f(x)g(x))*) and
af —1=0 (mod (uf(x)g(z))u(f(z)h(z))*).

Theorem 7 (Calderbank et al., 1998): Let C and C' be binary [n,k,d] and [n, k1, d;]
codes, respectively. If C+ C C', then an [[n, k + k1 — n, min{d, d; }]] quantum code can
be constructed. Especially, if C+ C C, then there exists an [[n, 2k — n, d]] quantum code.

Using Proposition 9, Corollary 2, and Theorem 7, we can construct quantum codes as
follows.

Theorem 8: Let ¢ = ((b(x)[0), (0|f(2)h(x) +uf(z))) be a [a+ B,2F04k12k2 ;]
separable additive cyclic code of length o + [ over ZsZs[u], where dy, is the minimum Lee
distance of € and f(x)h(z)g(x) = 2% — 1. If €+ C €, then there exists a quantum code
with parameters [[a + 23, 2ko + 4k1 + 2ko — a — 23, d]].

Example 2: Let a=14,="1. ' —1=(+1)% @3+ 2+ 1)%(2® + 2%+
1)? in Zsx] and 2" —1=(z+ 1)@ +2+1)(2®+22+1) in Zsu][z]. Let
bz)=ax+1,f(z)=z+1Lh(x) =23 +22+1,9(x) =23+ 2+ 1, and € =
((b()]0), (O] f(z)h(x) + uf(z))). Then, € is a [21,2134323 2] additive cyclic code.
Observe that it satisfies the two conditions in Corollary 2. Thus, we have &€+ C €. Then,
there exists a quantum code with parameters [[28, 16, 2]].
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Example 3: Let a =31,8=23. 23! — 1= (z + 1)(2® + 2% + 1)(2® + 2% + 1)(2° +
P+ D@+t a2 e+ D@+t 2t o+ D(@® 2t F2® Fa2?
1)inZs[z]and2? — 1= (z + D) (2 + 2% + 27 + 2% + 2% + 2 + 1) (2! + 219 + 25 +
2+ a2t + 22 +1) in Zo[ul[x]. Let b(z) =20 + a8 +ab +2® +2* +2+1, f(2) =
v+ Lh(@) =2t + 20+t b+t + 22 + L g(w) =2t + 2% + 27 + 2% +2° +
x4+ 1,and € = {(b(2)|0), (0| f(z)h(x) + uf(x))). Then, € is a [54, 221411211 5] additive
cyclic code. Observe that it satisfies the two conditions in Corollary 2. Thus, we have
%+ C €. Then, there exists a quantum code with parameters [[77, 31, 5]].

Exampled4: Let a=93,4=23. 29 —1=(z+1)(2®> + 2+ 1)(2® + 22 + 1)(2® +
P+ + 22+ + D@+t + 22 e+ D@+t + 23+ + 1)(2° +
2+ + 22+ D)@+ +at + 22+ D@0+ 2+ 2+ D) (20 + 2% +
4+ + D@0+ 2 2"+ 22+ D@0+ 2 2T 22+ D (204 2% +
P+t +a+1) in Zofx] and 22 — 1= (z+1)(2 +2° + 27 + 20 +2° +
4+ 1) (M + 210+ 20 + 25 + 2t + 22+ 1) in Zofu][z]. Let b(x) =2 + 21 +
e+’ + 2%+ 23+ 22+ + 1, f(x) =a+ Lh(z) =2t + 210 + 28 + 25 + 2% +
>+ 1g(x)=at+ 29+ 2"+ 2%+ 2%+ 2+ 1, and € = ((b(2)]0), (0| f(z)h(x) +
uf(x))). Then, € is a [116, 27841211 5] additive cyclic code. Observe that it satisfies the
two conditions in Corollary 2. Thus, we have 4+ C %’. Then, there exists a quantum code
with parameters [[139, 83, 5]].

Some more quantum codes with larger length obtained from additive cyclic codes over the
ring ZyZs[u] are listed in Table 1.

Table 1 Quantum codes [[N, K, D]]

a B [ + B, 2F04F19k2 ;] [[N,K,D]]

91 21 [112,27041525 4] [[133,89,4]]
93 23 [116,2784 1211 5] [[139, 83, 5]]
105 21 [126,27941525 4] [[147, 103, 4]]
117 15 [132,293482° 6] [[147, 81, 6]]
126 7 [133,2'134323 4] [[140, 104, 4])
126 21 [147,211341595 4] [[168, 128, 4]]
127 23 (150,234 21 5 [[173,119,5]]
133 15 [148, 21124825 ¢] [[163, 103, 6])
154 7 [161,2'384323 4] [[168,126,4]]
154 21 [175,213841525 4] [[196, 150, 4]]

6 Conclusion

In this paper, we consider the additive cyclic codes over Z,, Z,, [u]. We determine the generator
polynomials of this family of codes, and give their minimal generating sets. Further, we
also discuss the relationship of generators between the Z,,Z,, [u]-additive cyclic code and its
dual. Examples are given to show that some quantum codes can be constructed. We believe
that some more good quantum codes can be obtained from this class of codes, and it will
be an interesting and challenge work in future.
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