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Abstract: For two impulsive generalised fractional order systems (IGFrOSs),
we consider their conditions of fractional derivative and fractional integral
by two new fractional order properties of piecewise function to find that the
equivalent integral equations (EIEs) of the IGFrOSs are a combination of
two integral equations (¢(¢) and ®;(¢)) with an arbitrary constant to reveal
the non-uniqueness of the IGFrOSs’ solution, and moreover, we give the
appropriate expressions of the EIEs to easily verify that the EIEs satisfy
the conditions of fractional derivative and fractional integral in the two
IGFrOSs. Finally, we apply two numerical models to illustrate the EIEs and
the non-uniqueness of solution of two IGFrOSs.
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1 Introduction

Fractional calculus was widely used in the modelling to characterise various materials
and processes with the hereditary properties in many fields of science and engineering
(see Bachraoui et al., 2022; Liu, 2023; Khalid et al., 2023; Yalcinkaya, 2023;
Oliva-Gonzalez et al., 2023; Selvam et al., 2023; Tayebi, 2024; Raja et al., 2024; etc.).
And recently, the subject of impulsive fractional order system (IFrOS) has been gaining
much attention and several hundreds articles are found by searching the topic of IFrOS
from the Web of Science. For the IFrOS, its equivalent integral equation (EIE) is an
important tool to discuss numerical solution (Zhou et al., 2020; Cao et al., 2020),
existence of solution (Gou and Li, 2020a, 2020b; Kucche et al., 2020; Heidarkhani
and Salari, 2020; You and Sun, 2020; Ravichandran et al., 2020; Min and Chen, 2020;
Agarwal et al., 2020), oscillation behaviour (Feng et al., 2020; Feng and Han, 2020),
periodic motion (Zhang and Xiong, 2020), solvability (Xu et al., 2020), asymptotic
behaviour of solution (Cheng et al., 2021), stability (Liu and Xu, 2021; Kucche et al.,
2020) and non-uniqueness of solution (Zhang, 2022; Zhang et al., 2023), etc.

However, in the mainstream research regarding the IFrOS with the Caputo fractional
derivative, the fractional derivative in the [FrOS was respectively considered from three
aspects (including the whole interval, each subinterval and the combination of the whole
interval and subintervals), which caused that there appeared three conflicting EIEs for
the same IFrOS (for more details see Agarwal et al., 2016; Wang et al., 2014; Feckan
et al., 2012, 2014; Wang et al., 2012; Liu, 2016, 2019; Wang et al., 2016; Zhang et al.,
2014).
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The above case of some controversial EIEs also appears in the study regarding the
impulsive non-Caputo type fractional order system. Therefore, we will re-explore the
EIE of two impulsive generalised fractional order systems (IGFrOSs):

tfngff)’Rw(t) = g(ta UJ(t)),t € (th T]/{tlat27 "',tB}a
KT} w(t) . j=1,2,..,B
=Q;(w(t;)), (1)
KT w(t)

= Wo,

) )

t—to+

and

EDYrw(t) = gt w(t)), t € (to, T)/{t1,ta, s tB},
KZ ™ u(e)|

t=t}

RO @)
— Pj(w(t),  j=1,2,..B,

tIgItlfb’”w(t

= Wo,

t—to+

where ngf’” (to,x >0 and b€ (0,1)) and tIgItlfb’” are respectively the left
Katugampola fractional derivative and fractional integral, +o00 > T =tpy1 > tp >
>t >t >0,9:[to,T]xR—=R,and P;,Q; :R—=R (j =1,2,...,B).

To show the connection between equations (2) and (1), we transform equation (1)
into

system (1)

EDPrw(t) = g(t,w(t)), t € (to, T)/{t1,t2, . B},
—b,k
KT/ w(t)

_—
t—tj

1-b,k
- fﬁft Fw(t) it
=t

== Q) G
- tIgII;L_bW%w(t)‘ ’ J = 1’ 27 "'7B7

t=t;

K~1-b,k
tOIt w(t

= wWy.

t—to+

We arrange the rest of this paper as follows. We present some definitions and
conclusions of the generalised fractional calculus and two fractional order properties of
piecewise function in Section 2. In Section 3, we will use the fractional order properties
of piecewise function to explore the EIE of equation (2) and combine the EIE of
equation (2) with the relation (3) to seek the EIE of equation (1). In Section 4, we use
two numerical examples to show two IGFrOSs’ EIEs and discuss the non-uniqueness of
solution for the two IGFrOSs.
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2 Preliminaries

For the basic definitions and conclusions of fractional calculus, we can refer to two
monographs (Kilbas et al., 2006; Baleanu et al., 2012), and we mainly recall several
definitions and properties of the Katugampola fractional derivative and integral in this
section.

Let +oo > T > tg > 0 and ¢ > 1, and two notations C|to, T| and L%(to,T") denote
respectively the continuous function space on [tp, 7] and the Lebesgue integrable
function spaces on (tg,7"). And let

Wl(ty,T) = {w: [to,T) = R: wllye < oo} (a €R),

1/q
here |||y = ess sup_ 9w (t)] and [[w]|yye = (ftf lt9w(t)[¢ %) (1<q< o).
t€|to,

Definition 2.1 (Katugampola, 2011): Let ¢ > 0, kK > 0 and w € Wi(to,T'). The integral

ortye-l w(r)dr

t
Kc,k _ ( K
wI " w(t) = /to ) P (t > to),

is the definition of the left Katugampola fractional integral of order c.

Definition 2.2 (Katugampola, 2014): Let b€ (0,1), £ >0 and w € Wi(to,T). The
derivative

Kb,k tlind K~~1-b,k
to Dy w(t) = dt (tOIt w(t))

_trd /t (L;rﬁ)*b w(r)dr
~odt J, T(A—b) ri-»

(t > t()),

is the definition of the left Katugampola fractional derivative of order b.

Remark 1: The generalised fractional operator with kK — 0+ and x = 1 are respectively
the Hadamard fractional operator and the Riemann-Liouville fractional operator.

Let 0 < b < 1 and define
Ch i [to, T
= {w: (to, T) = R, [t" — (t0)"]"w(t) € Clto, T1},
Ch,olto, T

b
_ {w;(to,ﬂ SR, (mtt) w(t) eC[to,T]}

0

with ol = [~ (o) Pw(e)|, and il , = [[0n &), and

Cffb,n[t()» T]
Kb,k
- {w € C1_pulto, T] and KD w € cl_b,ﬁ[to,T}}.

0
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Lemma 1: Let b€ (0,1) and x >0, and let g : [to,T] x R — R satisfy g(-,w(-)) €
Ci_pklto, T for any w(-) € Ci_p x[to, T
Let w(t) € Cf_bﬁ[to, T}, then w(t) satisfies
SO w(t) = g(t,w(t)), € (to, T), @
KT " w(t)

iff w(t) satisfies the following integral equation

o [t (towrl

t (tt—r"\b—1
+/( =) g(r,w(r))df’ Le (to,T]. 5)

to,t

05 BL (6)
its generalised fractional derivative and integral have two different expressions
respectively.

Lemma 2: Let b€ (0,1), k>0 and y;(¢) € C[t;, tix1] (i =0,1,..., B), then the left
Katugampola fractional derivative of equation (6) can be computed by

b,
th Ky(t)

t€[to,t1]

t'=~d /t (555) " yo(r)dr
at J,, T(1—b) ri=r "’

t € [to, t1],

KDp"y(t)

te(tj,tjt+1]
B tl—md /t (tN;r")_b y(’r)d?‘
Tdt . D(1—=b) ri=r’

_trd / (5)~" yo(r)dr
dt W L(1=0b) rl=r

t € (tj,tjt1]

0

0
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+/t2 (t”;r“)fb yl(r)dr
. T(L_b) rin

t (t"=r"\-b
+...+/( =) yJ(r)dr] (j=1,2,...B);
tj

L(1—-5) rl==
and
b,k
tIth y(t)
ngb"{yo(t) t € [to, t1],
= " £ )P r)dr
S L Cre R e (0, T,
0, t € [to, t1],
+ ngL yl() , te(tth]a
1-r ty (L2 B r)dr
t d f 2 ( e b) y;(ljﬁ L E (£, T,

t € [to, s,
o F .
{ K pbryp(t),t € (tp,T).

Lemma 3: Let ¢>0, x>0 and y;(t) € C[ti,tiy1] G =0,1,...,
Katugampola fractional integral of equation (6) can be computed by

K¢,k
I ’tE[to,tl]
t (t”—r'i )cfl
— yo(r)dr
= = ) te t07t15
f, v e el
K cn
tolt’ |t( J+1]

) y(r)dr
_/to () rl=r’ L€ (b tym]

o [n (& ;T ) yo(r)dr t2 (%)C_l y1(r
- / M) ri= +/t1 I'(o)

t (t"=r"\e—1
+...+/ ()7 yj(rydr (j=1,2,..,B);
t

. I rl=r
and
A t € [to,t
fgIc’” (t) _ { . (tygg ))c_ s € [to, ;]7
o T it E (T,
0, t € [to, t1],
A BT (), t € (t1,ta],
t th—rfye—1 rdr
t12 %y;g—)m 7t € (t27T]7

0, t € [to,tn],
ot {KI”‘ s(t),t € (tg,T).

(7

®)

B), then the left

)

(10)
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3 The EIEs of equations (2) and (1)

To simplify some formulas, let gdr = g(r, w(r))dr

K _ k701
o= g =]
P gdr
+/t0 DR
and
wo + i #5% [r — (1))
0 = e [

t(t'cfr"")bfl gdr
—_—r i=1,2,...,B.
+‘/t F(b) ’I"l_r”’ .7 )<y bl

J

And we define some function spaces:

él—b,n[tmT]
- {w C(to, T) = Rt [t% — (6)"]" P w(t) € C[ts, tisa,

i=0,1,.., B} (k%0),
élfb,o[tmﬂ
f 71t
= {w : (tmT} —R: |:1n t‘:| w(t) S C[ti,ti+1],
i=0,1,.., B},
5{)7@/{ [t07 T]
_ {w € Ci_pulto, T), KD w e 51_5,,5[150,11]} ,
Ig([t07T]7R)
= {w € 5f_b,ﬁ[t0,T] and fgl’tl*b’”w(t)
S Cl ([to,tl] U U]»le(tj,tj+1]) R
. d by d bk
lim {dt{iztl b w(t)] = %fgltl b, w(t)

t—>t;

< o0

t=t;

and lim [dKll_b’”w(t)} < oo, here j =1,2, ...,B} .

t—tf Ldt fot

3.1 Three limit properties of equation (1) and (2)

375

(11)

(12)

Some basic limit properties of equations (1) and (2) are the necessary conditions that

an integral equation become the integral solution of equations (1) and (2).
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lim {system (2)}
P;(w(t; ))—0 here i€{1,2,...,B}

b,k
EDy w(t) = g(t, w(t)), t i (to, T] and
t#t;
(j €{1,..., B}/{i}),
K~1-b,k
tOIt w(t) -—
= —b,k . 13
_ tlngl w(t) L (13)
J
= Pj(w(tj_)), jeA{1,2,...,B}/{i},
KT ()
t—to+
= Wo;
li t 2
t;—t; for Vj€{1,2,..l.I,IB%} and [€{1,2,...,B} {Sys em ( )}
KDy w(t) = gt w(t), t € (to, T) and t # 1,
1—b,k
tIgIt w(t)‘t—ﬁ
-
KT )|
-l K (14)
j:
tIgItl*b’”w(t
t—to+
= Wo;
lim {system (1)}
Qj(w(tj_))*wo*fttg T%T'N —0 for Vj=1,2,...,B
KDY w(t) = gt w(t)), t € (to, T)/{t1,ta, s tB},
1-b,x
{gzt w(t)‘h#
=t
= =wo+ [ 4L, j=1,2 .8,
KII—b,R ¢
to™t ( t—to+
= Wo,
b—1
wo th — (to)n
S w(t) = —=
)= gy | ]
t (t"cf’l‘[’C )b*l d
K gar
—r_- 2 te (ty,T]. 15
+~/to F(b) rl—r’ E(07 ] ( )

Remark 2: From equations (13) and (14), it shows that the impulsive effects in
equation (2) have the linear additivity.

3.2 The particular solution of equations (1) and (2)

Because ¢(t) satisfies ngf’”w(t) = g(t,w(t)) on (tg, T], we use equations (8) and (10)
to construct the particular solutions of equations (2) and (1):
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(), t € (to, t1],

0’ 5]
w(t) =4 + Z { Pj(w(t])) [tm_(tj)ﬁ}bq be (b T] (16)
¢(t)7t € (tB,TL Jj=1 I'(b) K ) gL,

and

o(t),t € (to, t1],

w(t) = ¢
¢(t)7t S (thT]v
0, t € (to, 1],
+ Wt ))—wo — [F1 _gdr o x1b—1
Q1(w(ty)) F(bO) tg pl—k |:t ’itl) :| te (tl,T],
0, te (to,th
B _
Qj(w(t;))=Qj—1(w(t;_y))— jf] 42
+> : F(b)J 1 a7
S K k1b0—1
J=2 [ﬂ} 7 t e (t;,T).

Remark 3: Equations (16) and (17) are only the particular solution of equations (2)

and (1) respectively, because they do not include ftj T))br‘{‘ﬁ (G=12,...B)
that can be used to construct another piecewise function satisfying the conditions
in equation (1) [or equation (2)] [about the constructing details, we can refer to
equation (23)].

3.3 The EIEs of equations (2) and (1)

We will first consider the EIE of equation (2) by applying equation (8), equation (10)
and the particular solution (16) in this subsection.

Theorem 4: Let n be an arbitrary constant, and let g: (t9,7] x R — R satisfy
g(', w()) S leb’,{[to,T} for any ’IU() S leb’ﬁ[t(),T].
Let w(t) € I4([to, T],R), then w(t) satisfies (2) iff w(t) satisfies

wo [t =(to)" (=) gdr

() { HO*} + fto OB
te (to,tl],

w " —(to)" f —r" b Lgdr

(72) [ HO :| + fto I"(b) r%*”

L P (w(t] —t)~ 107!
+¥ (F(bl)){ (t)}

. v amqb—1
wit) = +772P( (& )){ o+£t€bT1 - {t ~(t) } (18)
i=1
t (t = )b b ogdr w " —(to)" bt
+ /3, 7)5%—“2) NHO -
_f (t ik )b 1 gdr [ﬁ]h Lot [(ti)%]fb o(s)ds
b T L) Jto T8 sTF
t (= ;' )b U lrtrd pte (5 P g(s)ds | dr
) dr Jto TT(I=D) s | TR 0

te(tjti], j=1,2,..,B.
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Remark 4: For easy verification that equation (18) satisfies the conditions of the
fractional derivative and integral in equation (2), we give another expression of
equation (18):

(b(t)v te (to,tl],

x(t) =14
o(t), t € (tp, T,
0, te (t(htj],
+ Pi(w(t;)) [¢5—(t;)" b-1
]2{ F(b)J |: K :| 7t6(tj7T]7
0,
te (to,tj],

0Py (w(t; ) {2(t) - 6(2)
b ()

= - ftj T(b)

+Z gty (=257 w(s)ds | dr (19)
J=1 drJtg T T(1=b) ST | rITw
EoT oty (L2200 )as
) to T(1=b)  sr (°
IfE(tﬁT}.

Proof: We first prove the necessity. Consider equation (2) with an impulse: For Vj €
{1,2,...,, B},

KDy w(t) = g(t,w(t)), t€ (to,T] and t # t;,
0|
— BT w()] (20)
)
= Pj(w(t;)),
KT} =0 w(t = wy.
tot wl t—to+ o
By equation (13) and Lemma 1, the solution of equation (20) satisfies
b—1
. wo tn — (tO)N:|
lim wit)}=o(t) = — | ————
im0} =00 = s |7
t(t"’fr"")bfl gdr
—8__- <= te(t, T 21
+‘/to F(b) ’I"l_r”’ 6(07 ]7 ( )
and
wo t"i — (to)K b-1
w(t) = ¢(t) = () -
t (tmfrﬁ )b—l ng
—L5 - =t (ty,t; 22
+/to F(b) ’I"l_K7 (07 J]7 ( )
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with fgItl “PRw(t) - = wo + fttg Tgﬁrm. And then, we use Lemmas 1-3 to construct

an approximate EIE of equation (20):

¢(t)7 . ‘ te (t07tj]7
ST w®)| oy b—1
- 0 t=tF 5 (t;)"
w(t) = O { ’(i ) }
th—rf \b—1
+J) S A te (t,T),
0, t (to,t ]
" (f";r”)b 1
ftj )
Tl—md t (T —sk ) b ¢(5)d5 dr (23)
- Jio T T(1=b)  sor | rioRo
e e T e T
R V() to T simno € (5T

Equation (23) meets the conditions of the fractional derivative, the impulsive condition
and the initial value in equation (20) to be only the approximate EIE of equation (20)
because equation (23) dissatisfies equation (21).

Substituting KI1 b“w(t)’ L =wot ftJ ﬁdTn + Pj(w(t
t=t

~_ Jo(t),t € (Lo, t4],
“’(t)_{o, te(tj,T],

0, t € (to,t;],
9 Piw()) [t5—(t )

;) into (23), we have

)" b—1
@) [ 3 } e (t5,T],
0, t € (to, t;]
t (tK/77 b—1
o;(t) - F(b)
+ |: 1- "df TNK ¢(s)ds dr (24)
dr T'(1— b sl—r rl—r
K ()" () —sk "y
[7‘] tj (17" ¢(s)d
NG toj T(1-b) e t € (8, T).

Let e(t) = w(t) — w(t) for t € (to,T] denote the error between w(t) and the EIE of
equation (20).
By equations (21) and (24), we get

lim  e(t) = lim  {w(?)}
Pj(w(t; ))—0 Pj(w(tj_))ﬁo
~ lim {@(t)
Py (w(t; ) =0
0, te (to,fj],

()" p—1
Olt) — (1) + g —

( ) —sh b
ty =0 syds
= i T e (25)
¢ (P“—T )b 1

+ e

riord (ty ()" g(s)ds | _d
dr to T'(1-b) sl—r rlf*“ € <tJ7T]
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From equation (25), we suppose

e(t) = f(Pj(w(t;)))  lim — e(t),

Pj(w(t;))—0
here fis an undetermined function
0, t € (to,t;],
F(P;(w(t5 ) {P;(t) — o(t)

K

(t —r )b 1
_j;s YOS

) (e g 5 ¢(S)d8} dr

dr to F(lfb) sl—r rl—x (26)
[1 —(t "

F b) ft()

[(t )iis ] s)ds
W(@Qn } te(t;,T].

By plugging equations (24) and (26) into w(t) = w(t) + e(t), the EIE of equation (20)
is

B(t), t € (to, 1],
w(t) = {o:(t),t € (1, 7],

0, t € (to, 1],
+ 9 Pjw(t;)) [er—(t,)=]0 L
F(b)] |:t }(f]) i| ,t c (tJ7T]7

0, t € (to,t],
(1= f(Pj(w(t;)))] {®5(t) — o(t)
t (t";r“)b—l
t; I'(b)
rl=r sy =b his)ds r
| e SR "iﬁ)‘i}r?x @7)
[t 7(t ) ]b—l

L' (b)
(t)"=s"

tj [f] b b(s)ds
Sl i — } t e (t;,T].

Because equation (20) is a special case of equation (2), equation (27) is a special case
of the EIE of equation (2). And moreover, the impulsive effects in equation (2) have the
linear additivity by equations (13) and (14). Thus, by combining equation (27) and the
linear additivity of impulsive effects with equation (16), we give the EIE of equation (2):

B(1),t € (to, 1],
z(t) =4
o(t),t € (t5,T],

{ te (to,tj],

Pi(w(t])) Tev—(¢,)~ 1071
RO} [ ™ } t € (t,T],

D)

j=1
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0, t € (to,t;],
[1 = f(Pi(w(t;))] [@5(t) — ¢(t)
" (t";r" )b—l
5 | .7t (b)
1-k s)ds r
+Z [ df (1= b) (i(l,)ﬁ } 7"{17*” (28)
Jj=1 (0" e
o
ty [ 2170 g(s)ds
i S e ] : t e (t;,T].

Because equation (28) must meet equation (14), we have

(1= f(Pi(w(t;)] + [L = F(P(w(t;)))]
=1~ f(Pi(w(t;)) + Pj(w(t;)))
for VP;(w(t;)), Pj(w(t])) € R, (29)

then 1 — f(P;(w(t;))) = nP;(w(t;)) where 1 is an arbitrary real, and equation (28) is
equation (19).

‘Sufficiency’. We use two equations (8) and (10) to compute the fractional integral
and derivative for a part of equation (19):

0, te (t07tj],
+ (tN;r*‘ )b—l
®; (t) — t; F(b)
r'=rd A * ¢(s)ds | _dr
b,k T —r
th dr f T(1— b) sl—r rl—r
[t'i )" ]b 1
_(b(t) (b)
(t)"—s"
ty [L——1"" ¢(s)ds
to T(1=b)  si-r> te (t;,T],
O7 te (to,tj],

1-rq
gt wlt)
[l seds

— to  T(1=b) si—%
iy ]
(tjvT]v
_ 0, te (t07tj],
B {g(tw(t)) - ngf’HW’f)at € (tj7T]7
(by using Lemma 1)
=0, here j =1,2,..., B, (30)

and
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O, te (to,tj],
¢ (et
(I)j(t) —Ji F(b)
rlrd s () TP g(s)ds
f(Il_b’H |: dr to (1 b) sl—=
0
" -1
7,4{1:1 - ¢(t) - : T“(b) ]
(tj)F—s" .y
t; [E——1"" ¢(s)ds
fto T(1=b)  si—% > € (¢, T,
0, t e (to,tj],
dr t
wO + J;U 79 - -ft
gty (S >b¢<>ds] dr
= dr to F(l b) sl=x | rl=r
f L=ty g (s)ds
t; 1 b) sl—r
(t; ) b
t; [————1" ¢(s)ds
7fto 1"(1 b) sT=r € (tjvT]a
O7 te (to,tj],

¢ d ¢ (t"i—s'i —b
g T — K5
wo + fto P to  T(1=b)

= {wo (S”*(to)” ) bt
T'(b) K

)bl

)
ft gdr
to rl—=r
= t —sh ) b(s —rh )b 1

_fto [ff T(1— b)F(b) sflsw]

gdr

=0, here j =1,2,...,B.

)

By equations (30) and (31), equation (19) satisfies f(Db’“w( t) =

= dr <
+ft0 F(b)ﬁ”:| sldj'“ te (tJ7T]7

te (to,tj],

4=, te(t;,T),

€2))

g(t,w(t)) for t €

UB (%, ti41] [that is, equation (19) satisfies the fractional derivative] and

WIw(t) =

wo + [ ALt € (to, 1],

Wo +ftt0 %;t € (tB7T]7

B 0, t e (t(),tj],
+> {P»(w(tj_)),t € (t;,T].

(32)

By equation (32), we deduce that equation (19) satisfies the impulsive conditions
and initial value in (2). And it is easily verified that equation (19) also satisfies

equations (13) and (14). The proof is completed.

O

Theorem 5: Let n be an arbitrary constant, and let g: (t9,7] Xx R — R satisfy
g(-,w(:)) € Cip klto, T| for any w(-) € Ci_p x[to, T
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Let w(t) € I4([to, T, R), then w(t) satisfies (1) iff w(t) satisfies
_ _ o gdr
w(t) =w(t) +n|Qu(w(ty)) —wo— | 5=
to
0, te (to,tl},
[f/”*(-h)"']b—l
Bu(t) - o(t) ~ gy
t1 [‘(tl)ﬁisn]ib P(s)ds
X q Jto TR TS
t (et
7ft1 r'(b)
1 P + K_s b ds -
drdf = F(l b)) (bs(l)'“ :| %7t€ (tlvT]v
B tj
gdr
+772 lQJ< ( i) — Qj—a(w (J 1))_/ 7’1“]
j=2 ti—1
0, t e (to,th
[t 7(t) ]b 1
(I)j (t) *N‘ls(tm) - F(b)
t; [“)7’5]7 $)ds
% S (D g(lzn (33)
+ (t —r )b 1
Uty r(b)
pl=r TN . s)ds r
df Fhl b ¢s(1)*‘ %7t€(tjaT]a

where w(t) is the particular solution (17).

Proof: ‘Necessity’. By (3) and the particular solution (17) and Theorem 4, the solution
of equation (1) satisfies

w(t) =w(t)
B
— —b,k
3 [ Qi) - K2 ) |
j=1 S
0, t € (to, 5],
[t 7(t) ]b 1
(I)J (t) ¢(t) - 1‘({,)
(t)F=s"
t [7] ¢(s)ds
% to F’gli 5(17,6 (34)
+ (t —r )b 1
_ftj L'(b)
pl=r t. ("‘N;sﬁ)*b s)ds
e tg “T(I=D) ¢S(197)~S At e (ty,T),

with {gzg—”v“w(t)’t:t+ = Q;(w(t})) ( = 1,2,..., B).

By using equation (31), the fractional integral of equation (34) is

—b, b,k
Bz 7" w(t) = £} w(t)
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wo + [ 42t € (to, 1],

wo + [ 42t € (tp, T,

{0, t € (to, 1],
Ql(w( —wo — :01 48t e (4, T),
le (tOvth
+—j£: CQJ = Qj1(w(tj,)) (35)
k=2 ft rgldTm te (L, 1)
By equation (35) and the conditions fgItl_b’"’w(t) L= Qj(w(tj_)) (j=12,..,B),
t=t]
we have
t1
Kl—b,k gdr
I ’ t ‘ = -,
R, =wor [ AT
1-b,k
tigzt w(t) —— ijl(w(tj—l))
t; ‘
i gdr
—|—/ g j=2,...,B. (36)
tj—1

Then we plug equation (36) into equation (34) to obtain that the EIE of equation (1) is
equation (33).

‘Sufficiency’. By using equations (30) and (31), we easily verify that equation (33)
satisfies the conditions of fractional derivative and integral, impulsive conditions
and initial value in equation (1). And we easily verify that equation (33) satisfies
equation (15). The proof is completed. O

4 Applications

For two IGFrOSs, two numerical models are given to show their EIEs and the
non-uniqueness of solution of two IGFrOSs in this section.

Example: Consider two IGFrOSs:

1 K
{(th’ z(t) =t, k> 0,t € (1,5] and t # 3,
KT,

- 51;%@)\ —1

(37

t=3—

and
, k>0,t € (1,5] and ¢ # 3,
=1, (38)
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By Theorems 4-5, the EIEs of equations (37) and (38) are respectively given by

o(t), t € (1,3],
z(t) {¢(t),t € (3,5,
0, te(1,3],
i { r(lg) [5525] 2 te (3,5,
0, _ te(1,3],

e
M)~ s

L“*‘"d 3 (Z=) "3 g(s)ds | _dr

+n dr 1 (3 sl=r | rl=r (39)
oy [
o) - —tm)
3 (35255173 4(s)ds
S S e, te (3,5,

and

DT L "
0, te (1,3,
K 1
¢ (et -3
f3 F(l)
Porg (3 (2 *Sj)*%wls)ds
3n+1 1 dr 1 1"(5) sl—r
Jr77,<u,7_’_1 b (40)
—®(t) + ¢(1)
e
T
3 [2520]7 2 g(s)ds
f1 '(3) sl—r te (3’5]7

where 7 is an arbitrary constant,

o(t) = F(l) [tﬁ;l} o /j (tﬁm;;;“ ds, 41

1
2

and

3t 4 [t —3r] 72
K

20 = e

t (tN;SN)—%SH
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Figure 1 Three solution trajectories of equation (37) with x = 0.1 (see online version
for colours)
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Figure 2 Three solution trajectories of equation (37) with x = 0.5 (see online version
for colours)
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and
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1 and g(t,w(t)) =t into equations (30) and (31) respectively, we have
0, te (1,3,
K//' )
Iy o

ol

[N

plord (3 (50) "2 g(s)ds | dr
dr 1 ( ) sl—r rl—r
g _gr -1
~(t) ~ g
3 37513 s)ds
I %iﬁh : te (3,5,

(43)
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0, € (1,3],
o 1
o(t) ~ Jy ¢ r<—>) 2
el
1 Lorg 03 (B2E0) "2 g(s)ds _dr_
{{If’ﬁ dr 1 (%) sl=r | pl=r
. 1
_¢(t) f*( 1 :
30—t s)ds
= F(%% 2 T, te(3,5],

=0.

387

(44)

Thus, by equations (43) and (44), we easily verify that equations (39) and (40) satisfy

all conditions in equations (37) and (38) respectively.

Figure 3 Three solution trajectories of equation (37) with x = 0.9 (see online version

for colours)
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Figure 5 Three solution trajectories of equation (38) with x = 0.1 (see online version
for colours)
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Figure 6 Three solution trajectories of equation (38) with x
for colours)
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To show the non-uniqueness of solution of equations (37) and (38), we use the numerical
simulation to draw the solution trajectories of four cases (x = 0.1, 0.5, 0.9 and 1.5) of
equations (37) and (38) in Figures 1-8 respectively, which three curves of solution in
each figure represent equations (39) and (40) with the corresponding x and n =0, 1, —1,
respectively. And the numerical simulation is based on the Euler’s method of numerical
approximation of definite integral with the step size [ = 0.005.

5 Conclusions

The EIEs of equations (1) and (2) are two integral equations with an arbitrary constant,
which reveal the non-uniqueness of solution of equations (1) and (2). And moreover,



The appropriate expression and non-uniqueness of solution 389
equations (1) and (2) have the relation
system (1) = system (2) with P;(w(t;))
= Q;(w(t;)) = KT, """ w(t)

j=1,2,...,B.

t::t;

Figure 7 Three solution trajectories of equation (38) with x = 0.9 (see online version
for colours)
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Figure 8 Three solution trajectories of equation (38) with x = 1.5 (see online version
for colours)
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