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Abstract: The determination of the maximum number of limit cycles and
their possible positions in the plane is one of the most difficult problems in
the qualitative theory of planar differential systems. This problem is related
to the second part of the unsolved 16th Hilbert’s problem. Due to their
applications in modelling many natural phenomena, piecewise differential
systems have recently attracted big attention. The upper bound number of
limit cycles that a class of differential systems may exhibit is typically very
difficult to determine. In this work we extend the second part of the 16th
Hilbert’s problem to the planar discontinuous piecewise differential systems
separated by a straight line and formed by an arbitrary linear centre and
an arbitrary cubic uniform isochronous centre. We provide for this class of
piecewise differential systems an upper bound on its maximal number of limit
cycles, and we prove that such an upper bound is reached.

Keywords: cubic uniform isochronous centre; linear centre; limit cycle;
discontinuous piecewise differential system.

Reference to this paper should be made as follows: Baymout, L., Benterki, R.
and Llibre, J. (2024) ‘The limit cycles of a class of discontinuous piecewise
differential systems’, Int. J. Dynamical Systems and Differential Equations,
Vol. 13, No. 4, pp.339-368.

Biographical notes: Louiza Baymout has a Master’s in Dynamical Systems
(Mathematics) from the University of Mohamed El Bachir E Ibrahimi of
Bordj Bou Arréridj, Algeria, and she is a PhD student in Mathematics from
the same university. Her research interests are ordinary differential equations
and dynamical systems, qualitative theory of differential equations, periodic
orbits, and integrability. She has published two articles and three accepted
papers that will appear in the next few months. He enjoys working in
collaboration.

Copyright © 2024 Inderscience Enterprises Ltd.



340 L. Baymout et al.

Rebiha Benterki has a degree in Mathematics from the University of Setif
Algeria, and PhD in Mathematics from the University of Sétif. He is a
Professor of Applied Mathematics at the University of Bordj Bou Arréridj
since 2005. Her research interests are: ordinary differential equations and
dynamical systems, qualitative theory of differential equations, periodic orbits,
and integrability. She has published more than 30 articles. He enjoys working
in collaboration.

Jaume Llibre has a degree in Mathematics from the University of Barcelona,
and PhD in Mathematics from the Autonomous University of Barcelona
(UAB). He is a Professor of Applied Mathematics at the UAB since 1986. His
research interests are: continuous and discrete dynamical systems, qualitative
theory of differential equations, celestial mechanics, periodic orbits, and
integrability. He has published more than 800 articles and 17 books. He
enjoys working in collaboration, and teaching at the university. He has
contributed to form an important group of mathematicians working in
dynamical systems with center at the UAB.

1 Introduction and statement of the main results

Limit cycles are one of the main remarkable and important solutions of differential
equations. The notion of a limit cycle appeared first at the end of the 19th century
with Poincaré (1891). Later on Hilbert stated a list of 23 problems for the advancement
of mathematical science, and from then it started intensive research on these problems
throughout the 20th century. From the 23 problems only the so-called 16th Hilbert’s
problem and the Riemann conjecture remain open until now. The second part of the
16th Hilbert problem, which has two parts, asks for an upper bound on the number
of possible limit cycles, but only for planar polynomial differential systems of a given
degree. For a differential system a [limit cycle is an isolated periodic orbit in the set of
all periodic orbits of this differential system.

Recently the second part of the 16th Hilbert’s problem has become an interesting
topic of research for many scientists because of the main role of limit cycles in
understanding and explaining the dynamics of many natural phenomena, for example,
the Sel’kov model of glycolysis (Sel’kov, 1968), that showed the existence of a stable
limit cycle which represent the normal physiological behaviour in the human body,
also some nonlinear electrical circuits exhibit limit cycle oscillations, which inspired
the original Van der Pol model (van der Pol, 1920, 1926), or one of the Belousov
Zhavotinskii model (Belousov, 1959), etc.

Numerous domains of applied mathematics including electronics, mechanics,
neuroscience, economics, etc., commonly use the dynamics of piecewise differential
systems, see for instance Bernardo et al. (2008), Makarenkov and Lamb (2012) and
Simpson (2010), these systems become a very interesting topic. In 1920, Andronov
et al. published their first research on piecewise linear discontinuous differential systems
(Andronov et al., 1996). Many studies on piecewise linear differential systems come
from applications, for instance control theory and electric circuit design. We can
distinguish between two kinds of limit cycles for discontinuous piecewise differential
systems: sliding and crossing. A sliding limit cycle is a limit cycle that contains some



The limit cycles of a class of discontinuous piecewise differential 341

arc of the lines of discontinuity that separate the different differential systems that form
the piecewise differential system. The crossing limit cycle is the one that contains only
isolated points of the discontinuity lines. Here we focus only on the crossing limit cycles
(see Pi and Zhang, 2013) for a more precise definition.

In recent years many publications appeared where the authors provided examples
with at most three limit cycles concerning the simplest family of planar discontinuous
piecewise differential systems formed by two linear differential systems separated by
a straight line, see Euzébio and Llibre (2015), Freire et al. (2012, 2014, 2015), Llibre
et al. (2013, 2015), Llibre and Teixeira (2017) and Llibre and Zhang (2018). Until now
the solution of the extension of the second part of the 16th Hilbert’s problem for this
class of differential systems remains open.

Nowadays many papers consider piecewise differential systems where there is a
nonlinear differential system in some pieces. However keep the straight line as the
separation curve and study the maximum number of limit cycles of such piecewise
differential systems. In Esteban et al. (2021), the authors solved the extension of
the second part of the 16th Hilbert problem for discontinuous piecewise isochronous
polynomial centres of degrees one and two separated by a straight line. Next Benterki
and Llibre (2020) studied the same problem but for some classes of discontinuous
piecewise isochronous polynomial centres of degrees one and three. In Benabdallah
et al. (2023), the authors studied the second part of the 16th Hilbert problem for a class
of discontinuous piecewise differential systems separated by a straight line and formed
by linear and quadratic centres where they proved that the maximum number of limit
cycles of this class of systems is at most four. In Buzzi et al. (2022), the authors study
the maximum number of limit cycles of some classes of planar discontinuous piecewise
differential systems separated by a straight line and formed by combinations of linear
centres (consequently isochronous) and cubic isochronous centres with homogeneous
nonlinearities.

Studying the maximum number of limit cycles for discontinuous piecewise
differential systems of the form

F(x,y) = (F[ (2,9), Fy (w.9))"
if (z,y) e~

Ft(x,y) = (F+J;y F+xy))
if (z,y) e ',

(&,9) = (1

is the main objective of this paper, where the straight line I' = {(z,y) : x = 0} is the
separation curve of the plane, that separates it on the two half-planes

I~ ={(ey): e <0}, TF={(ey):x>0),

and formed by a linear centre and a cubic uniform isochronous centre. On the straight
line of discontinuity the flow of the piecewise differential system is defined following
the rules of Filippov (1988).

In the next lemma we give the normal form of an arbitrary linear differential centre.
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Lemma 1: Any linear differential centre can be written as

462 + w?
i:dl_ﬂx_%v y=c+az+py, )
with a > 0, w > 0,
with its first integral
H(x,y) = 8a(erz — dvy) + 40z + fy)* + P’ 3)

For the proof of Lemma 1 see Llibre and Teixeira (2018).

Figure 1 (a) The unique limit cycle of the discontinuous piecewise differential system
(21)~(22) (b) The three limit cycles of the discontinuous piecewise differential
system (30)—(31) (see online version for colours)
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The next result is due to Collins (1997), who classified the cubic polynomial uniform
isochronous centres.

Lemma 2: A cubic polynomial differential system has a uniform isochronous centre
at the origin if and only if after an affine change of variables and a rescaling of the
independent variable it can be written as

i=-y+af(r,y), y=z+yf(z,y), “4)
where f(z,y) = a1x + a2y + aqxy, and satisfies ajas = 0 and a4 # 0.
For other proof of Lemma 2 see Section 2 of Artés et al. (2017).

The normal form of the first integrals of the uniform cubic polynomial isochronous
centres (4) is given in the following theorem:
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Theorem 3: The first integrals of system (4) are described in what follows:

Case 1: a3 + a3 = 0, the corresponding first integral of system (4) is

2 2
e +y
Hl(‘ray) = 1 _a4$2'

Case 2: a? + a3 # 0, the first integral of system (4)

e  Subcase 2.1: If 4ag —a? < 0 and as = 0 is

H{V (z,y)

. (a1 + 2a4y + S)l—s/al (132 + yz)S/m

N (—ay — 2a4y + S)S/a+1 ’

with S = \/a? — 4ay.

e Subcase 2.2: If 4dag + a3 >0 and a; =0 is

HY (2,y)

_ (CLQ + 2a4x + 5)1—5/a2 ($2 + yQ)S/az

(—ag — 2a4w + §)5/a2t1 ’

with S = \/a3 + 4day.

o  Subcase 2.3: If 4ay — a% >0 and as =0 is

S/a
H(g) (x y) _ 2+ y2 /a1
2 ary +agy? +1

« 6_2 arctan((a1+2a4y)/S) ,

with S = \/4as — a3.

o  Subcase 2.4: If 4ay + a% <0and a; =0 is

2 2 S/az
+y
B (2,y) = (—— L —
2 (‘r7y) a2$+a4x2_1

x 6_2 arctan((a2+2a4$)/s)'

o  Subcase 2.5: If 4ay — a% =0and ay =0 is
(x2 + y2) e(4/(a1y+2))
(a1y +2)?

HY (2,y) =

o  Subcase 2.6: 1f 4ay + a% =0and a; =0 1is

(.1'2 + y2) 8(4/(2—0,230))
(2 — agz)? '

H® (z,y) =

343

)

(6)

()

®)

)

(10)

(11)



344 L. Baymout et al.
Theorem 3 is proved in Section 2 of Artés et al. (2017).
Our main result is given in the following theorem:

Theorem 4: For a piecewise smooth differential system with two zones, separated by
the straight line = = 0, and formed by an arbitrary linear centre and an arbitrary cubic
uniform isochronous centre the maximum number of limit cycles is at most

1 One if a? + a3 = 0, and there are systems of this type with exactly one limit
cycle, see Figure 1(a).

2 Three if 4a4 — a% < 0and a; =0, or 4ay + a% > 0 and a; = 0; four if
4ay —a? >0 and as = 0, or 4a4 + a3 < 0 and a; = 0; two if 4a4 — a? = 0 and
as =0, or 4ayg + ag = 0 and a; = 0. There are systems of these types with
exactly three limit cycles shown in Figure 1(b), three limit cycles shown in
Figure 2(a), and two limit cycles shown in Figure 2(b),

Where a1, as and a4 are the parameters of the cubic differential system when
transformed into its normal form (4).

Figure 2 (a) The three limit cycles of the discontinuous piecewise differential system
(32)—(33) (b) The two limit cycles of the discontinuous piecewise differential
system (34)—(35) (see online version for colours)
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Theorem 4 is proved in Section 3.

2 The arbitrary cubic uniform isochronous centres

Now we give the expression of the cubic uniform isochronous centres (4) with
its corresponding first integrals after doing an arbitrary affine change of variables
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{z = anz + fry + 7,y = asx + Bay + 2}, with aef; — @182 # 0. In this way we
obtain the expression of all cubic uniform isochronous centres.
System (4) becomes

o
B ol — a1 B2
— Bomi(az + asy1) + B2)

+ 2% (aran (@21 — a1 B2)

+ azaz (a1 — a1 )

+ ag(aov1(a2f1 — 201 82)

+ a172(20281 — a1B2)

+y(a1f2 + azfi) (a2 — a1B2)))
+ z(az(a1fr(n + P1y)

+ (a2 + as(n1 + £1y)) (28172 — Ban

+ B1B2y) + B2) — a1 (B1(Bay

—72)(a1 + as(v2 + B2y))

+ 2a1 8271 + Balaz + 2a471)(y2 + B2y) — B1))

+y(B1B2(azy2 — a1m)

+ B172(a1 + asy2) — Bavi(az + asy)

+ 87+ B3) + 1(B1 — arfom1)

+ B173 (a2 + asm) + crazasa® (azfy — a1 fBa)

+ asP1Boy* (B2 — Bam)),

1

azf1 — a1

—z(af + aras(az(y2 + B2y) — ar(m

+ B1y)) + &F (v2 + Bay) (a1 + as(v2 + Bay))

+ o3 — a3 (1 + By)(az + as(n + B1y)))

+ y* (a1 81 (2B — a1 B2) + Ba(—aras B

+ a2 f — arasfBoyi + 200a48171)

+ asBrye(aefB — 201 32))

— ary(Biyz(ar + asyz) + a1Bem

+ 2P272(az + as1) + f1)

+ oy (28171 (a1 + asy2)

+ Bayi(az + agy1) + azBiyz — Ba)

— a173(ag + asm) + azya (1 (a2 + aam) — 1)

+ araa42” (—a1y2 + em

— a1 Boy + aaBry) + asB1Bay (B — a1 Ba)),

x (y2(a1B1m

(12)

Y= (m(ar0ey1 — a1) — aroy1y2

its corresponding first integrals are given as follows:
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Case 1: a? + a3 = 0, the corresponding first integral (5) becomes

Hl('ray)

_ (nt oz + Biy)? + (2 + o + Bay)? (13)
1 —ag(y1 + a1z + Sry)? '

Case 2: a2 + a2 # 0, the first integral (6) now writes

HY (2, y)

_ (S+aj)
= (—a1 — 2a4(y2 + oz + PBoy) + S)” ©

(a1 —5)

(14)

(a1 + 2a4(y2 + a2z + Pay) + S)

S/a
(r1 + a1z + Bry)? + (12 + 2z + Boy)?) e

where S = \/a? — 4ay, if 4a4 — a? < 0 and ay = 0.
The first integral (7) becomes

)

HP (2,y)
= (—ag2 — 2a4(y1 + a1z + B1y) + S)” =2
ol (15)
(a2 + 2a4(v1 + arx + Bry) + 5) =2

S/az
(1 + a1z + Bry)? + (2 + anz + Bay)?) ™

)

where S = \/4a4 + a?, if 4a4 + a3 > 0 and a; = 0.
The first integral (8) now writes

HY (2,y)
_ 672 arctan(R1 (z,y))

(16)

S/a
< (71 + qx + B1y)2 + (Y2 + oz + Bay)? ) fon
1(72 + oz + Boy) + as(v2 + oz + Boy)? + 1 ’

1
—(a1 + 2a4(y2 + a2z + PB2y)) and S = \/4day — a3, if 4dag —a? >0

with Ry(x,y) = 5

and as = 0.
The first integral (9) becomes

HYY (2, y)

_ e72 arctan(R2(z,y)) (17)

S/a
( (M + a1z 4 B1y)* + (72 + asz + foy)? ) ez
o(y1 + a1z + B1y) + aa(y1 + e + Biy)? — ’

1
with Ro(z,y) = E(ag +2a4(y1 + aqz + B1y)) and S = \/—a3 — day, if 4as + a3 <
0 and a; = 0.
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The first integral (10) becomes

2 2
HQ(S) (xa y) = (,71 + a1t + /Bly) + (72 + a2t + /822‘/) eRS(I,y)7

18
(a1 (72 + ow + Bay) +2)2 (1%)
4
where Rs(x,y) = ,if 4a4 — a? = 0 and ay = 0.
() a1 (72 + azx + fay) + 2 o ?
The first integral (11) becomes
2 2
79 (2, y) = (v +oaz+ B1y)” + (12 + awz + Bay) eRa() (19)

(2 —az(y + oz + fry))?
4

,ifdas + a2 =0and a; = 0.
2 —as(y1 +auz + fiy) e !

where Ry(z,y) =

3 Proof of Theorem 4

Here we are going to show the upper bound number of limit cycles for the discontinuous
piecewise differential systems with an arbitrary linear and cubic uniform isochronous
centres separated by x = 0.

In the right half-plane I't we consider the linear differential centre (2) in
the first integral is H(z,y) of the form (3). In the left half-plane T'~ we
consider system (12), with its first integrals Hj(-k)(x,y) with k=1,...,6 and
j=1,2, where H\" (z,y) = Hi(z,y) if j = 1.

The next system of equations must be verified if the discontinuous piecewise

differential systems (2)—(12) have a limit cycle that intersects the line x = 0 in the two
points (0,y) and (0,Y), with y #Y

E, = H(O?y) - H(an)
=(y-Y) (8ad1 —4B%y — yw? — 4B%Y — wQY)
=0,
By = HP(0,y) - H{"(0,Y) = " (y,Y) = 0.
8ad
ﬁ —y and by replacing it in Ey =0 we get
an equation F'(y) = 0 with the variable y, that changes depending on the first integrals
Hj(-k)(x,y) of system (12).

(20)

By solving Eq =0, we get Y =

Proof of statement 1 of Theorem 4: We start the proof of this statement for the
discontinuous piecewise differential system separated by x =0 and formed by the
arbitrary linear differential centre (2) and the arbitrary cubic uniform isochronous

differential centre (12) satisfying a? + a2 = 0, where Hl(k) (z,y) = Hy(z,y) and
F(y) = (48° + w?) (Bay2(aari — 1)
+aafiBarey® — Bim(aays + asfiy® +1))
—dad(B3(1 - asi)
+ B7(aav2(v2 + 262y) + 1)
— 24481 83mY).
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The quadratic equation F(y) =0 has at most two real solutions. Consequently,
system (20) can have at most two real solutions (y1,F'(y1)) and (yo, F(y2)).
Since (y1,F(y1)) = (F'(y2),y2) these solutions provide the same limit cycle for
the discontinuous piecewise differential system (2)—(12). Consequently, the planar
discontinuous piecewise differential system (2)—(12) can have at most one limit cycle
under the condition a? + a3 = 0.

To complete the proof of this statement we present a discontinuous piecewise
differential system that has only one limit cycle and satisfies a? + a3 = 0. We take the
linear differential centre in the half-plane I'".

13y 1

3
P=— 4 = )= —2 — 21
T T+ 3 +10’ Y x+y+10, (21)

with the first integral
H(z,y) = 802 — 8z(10y + 3) + y(65y + 8).

In the half-plane I'~ we consider the cubic uniform isochronous centre

1
=g (4527 — 84z — 1036) + 24(3z + 4)y*
— 62(33z + 56)y + 904y + 208),
( )y y ) (22)

1
v = %(15:52(3;/ +4) — 22(3y(33y + 68) + 746)

+ 4y(6y(3y + 1) + 115) — 992),
with the first integral

Hy (2, y) = 1322 + 22(8 — Ty) + 2y(5y + 4) + 16
WY = T 5y 2y + 14) (52 — 2(y + 3))

The unique real solution of system (20) is (y1,y2) = (—1.32287..,1.1998..) which
produces the unique limit cycle for the discontinuous piecewise differential system
(21)—(22), see Figure 1(a). Then statement 1 holds. O

Proof of statement 2 of Theorem 4: Here, we demonstrate the statement for the
discontinuous piecewise differential systems separated by x = 0 and formed by the
arbitrary linear differential centre (2) and the arbitrary cubic uniform isochronous
differential centres (12) satisfying a? + a2 # 0, and we distinguish the following
subcases:

Subcase 2.1: 1f 4ay — a? <0 and ay = 0, then k = 1 and j = 2 in system (20), then

Hél)(x,y) the first integral of system (12) is given by (14). In this case finding the
solution of the equation F'(y) = 0 is equivalent to solving the f1(y) = ¢1(y) equation
such that

k0+k1 y+k2 y2 >T
— d
f19) <G0+G1 y+ ko y? .

my4+ma y\’ [(n1 +me y\?
q1(y) = ,

m3 —ma Y nz —msa Yy
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where
by = F 49+ L (4 + 4
+ 4;2&%(51% + Bay2),
ki = =2(B171 + Baye) — 4;3% (ﬂlz +ﬂ§) ’
ke = B + B3,

Go =91 +73, G1=2(B1m + Ba2),

S =/a? — 4ay, 7“=E
ai

my =S —ay — 2a472, mg = —2a4fs,
m3:S—a1—2a4yg—M PZ—M
482 + w? ’ ap
ny = —S — a1 — 2a472,
n3:—S—a1—2a4'yz—16L452dl
482 +w?’
_al—S
=

The maximum number of the real solutions of system (20) is equivalent to the maximum
number of the intersection points of the graphics of the function f;(y) with the ones of

91(y).
We denote by ¢ (y) the first derivative of the function ¢ (y), given by

(my +ma y)PL(ng +mg y)?!

(m3 —mg y)PT(ng — my y)at!

91(y) = Pi(y),

where

Py(y) = maningp(my + m3) + mimamaq(ny + n3)
+ (m3(g(ms — m1)(n1 + n3)
—p(m1 +m3)(n1 —n3)))y
+ (=m5(p(m1 +m3) + g(m +n3))) y*.

In all the graphics of the functions f;(y) and g;(y), with ¢ = 1,2, 3, the dashed lines
represent the vertical asymptote straight lines, and the horizontal straight line is the
y-axis.

Since p # 0 # ¢, for p,q > 0, and from the geometric study, the function g¢;(y)
has two distinct vertical asymptote straight lines y; = s and yo = E. Its variation

ma m2
depends on the sign of its first derivative, the nature of the parameters p and ¢, the roots

of the quadratic polynomial P;(y) with their possible positions concerning y; and yo,
—my

-n
and for the two roots r; = and ry = —L of 91 (y).
ma

ma
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So if we suppose that p > ¢ > 0 and y; < y2, the possible positions of the two real
roots r; and 72 concerning the vertical asymptote y; and y» can be as follows.
1 7 <71y <y1 <yg with its symmetric y; < yo < 11 < T2
2 71 <y <re < yg with its symmetric y; < 71 < y2 < T2
3 m<y<y2<r
4 yp<ry<rey<ys.
Similarly we find the same possible positions if y2 < y;.

Now we will analyse the possible positions of the real roots for the quadratic
polynomial P;(y) with respect to y1, y2, 71 and ro. We denote by

A = my(p(m1 +m3)(nm — n3)
+q(m1 —mg)(n1 +n3))*
+ 4m3(map(my + ms)
+ maq(n1 + n3))(maninzp(mi + ms)
+ mimamsq(ni + n3)),
the discriminant of P;(y), and by using the expressions of y;, y2, 1 and r5 we can
write A in the form
A =m5(r1 — y1)(r2 — y2) (P*(r1 — 1) (r2 — y2)
+2pq(r1(re — 2y1 + y2) + 7201
+¢*(r1 — y1)(r2 — y2) — 2ray2 + y1y2)).

If the polynomial P;(y) has a pair of distinct real roots 5 and ry4, i.e., A > 0, their
expressions are given by

p(r1 —y1)(r2 +y2) + q(r1 +y1)(ra — ya) + /A/mj
2(p(r1 —y1) + q(r2 — y2))

plri—y1)(ra +y2) +q(r +y1)(r2 — y2) — VA/m§
2(p(r1 —y1) +q(r2 — y2)) '

rs =

b

T4 =

If we suppose that r; < 7o < y; < yo it results that r3 < ry4 because p(r; —y1) +
q(r2 — y2) < 0. By fixing the position of r3 between 71 and ro with r; < r3 < ro, then
we obtain the position of 4.

The first inequality r; < 73 is equivalent to

(r1 — y1)(=y2(p + q) + 2pr1 — pra + qra)

23
—y/A/m§ > 0. 29

The second inequality 3 < ry is equivalent to

— (r2 —y2)(p(r1 — y1) — q(r1 — 2r2 + 1))

24
+1/A/m§ >0, @9
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by summing the two inequalities (23) and (24) we get (r1 — r2)(p(r1 — y1) + q(re —
y2)) > 0, which is satisfied for all 71 < ro < y; < y2. So to find the position of r4, we
assume that r3 < r4 < rg, it is clear that the first inequality r3 < r4 holds.

For r4 < 7y we get

— (re —y2)(p(r1 —y1) —q(r1 — 2r2 + 1))
(25)
—\/A/m§ > 0.

A necessary condition so that this last inequality holds is p(r; —y1) — q(r1 — 2r2 +
y1) >0, 1e., p(r1 —y1) > q(r1 — 2ra +y1) = q(r1 — y1) + 2q(y1 — r2). We know that
p>q>0and r —y; <0, then p(r1 —y1) < g(r1 —y1) < 0. Since 2g(y; —r2) >0

then p(r1 —y1) < q(r1 —y1) < q(r1 — 1) +2q(y1 — r2) = q(r1 — 2r2 + y1), which is
a contradiction. Then the position 1 < r3 < ry < 12 < Y1 < Yo is not possible.
Now we assume that 72 < 74 < y, the inequality 72 < 74 is equivalent to

(r2 — y2)(p(r1 — 1) — q(r1 — 2r2 + y1))

26
+1/A/m§ >0, 20

and r4 < y; is equivalent to

(r1 —y1)(p(ra2 — 2y1 + y2) + q(r2 — y2))
(27)
—y/A/m§ > 0.

So (26)+(27) implies (y1 — r2)(p(r1 — y1) + q(r2 — y2)) > 0 which is a contradiction,
because y; — 12 >0, 11 —y1 <0 and ry — yo < 0. Then the position 71 < r3 < ro <
ry < y1 < yo is not possible.

Now we assume that y; < r4 < yo, the inequality y; < 74 is equivalent to

(r1 —y1)(p(r2 — 2y1 +y2) +q(r2 — y2))

28
—\/A/m§ <0, 29

and r4 < ys equivalent to

—(ro —y2)(p(r1 —y1) + q(r1 +y1 — 212)) 2
+1/A/m§ < 0. @9

So (28)~29) gives (y1 — y2)(p(y1 — 1) +q(y2 —72)) < 0. Since y1 —y2 <0, y1 —
r1 > 0 and yo — ro > 0, this inequality holds. Similarly we provide all the positions of
the real roots of Pj(y) concerning the vertical asymptote y; and y2 and to r; and ro
that are given in what follows:

1 r <rg<re <y <ryg<yg with its symmetric y; < r3 <ys <1y <714 < T2
2 oy <rz3<ry<ry <y <rg with its symmetric 1 < yp < 1o <13z <714 < Yo

3 1 <T3<rs<y; <rTo <yo with its symmetric y1 <11 < yo <713 <714 < 7T
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4 r3<r <y <ry4<ys <re with its symmetric 7} <y <13 < Yo < 12 < Ty
5 Yy <1rp <rg<re<yy<ry with its symmetric r3 < y; <1y <rg <12 < Yo
6 r3<rT4<yr <ri <y <ro with its symmetric 1 < y; < 1ro < yo <713 < T4
If Pi(y) has a pair of complex roots, we have only the position 1 < y1 < ro < yo

together with its symmetric y; < 71 < y2 < 2.

Figure 3 The graphics of the function ¢1(y) if p and ¢ are even, or if p even and

with k1, k2 € N (see online version for colours)

i kl
1= ok +1

®

(g) )

If P (y) has a double real root ry, the possible positions of this double root with respect
to y1, Y2, 71 and ro are

1 7r <rg <y <ry<ys together with its symmetric y; < 11 < yo < 19 < T2

2 T <y <ro<rog <Yz together with its symmetric Y1 < 1o <11 <Yz <ra.

Remark 5: In these proofs we only give the graphics of the functions, when the first
derivative’s sign of all the functions started when y — —oco with a positive sign and
also with a negative sign when y — —oo. The cases that we omit to consider explicitly
will be called the symmetric cases of the ones that we considered.

Figures 3, 4 and 5 the possible graphics for the function g¢;(y). Indeed, if p and ¢

are even integers or if p is an even integer and ¢ =

21y 214
and ¢ =
2y + 1 2y + 1
Figure 3. If P;(y) has a pair of distinct real roots r3 and 74 which can take the position
(1) where the graphic of ¢;(y) is given in Figure 3(a), or either the position (2), or
(3), or (4), or (5) or (6), where graphics of g;(y) are given either in Figure 3(b), or
Figure 3(c), or Figure 3(d), or Figure 3(e) or Figure 3(f), respectively. If P;(y) has a

212ju1 with I1,02 €N, or if p =

with I1,02,1},1, € N, we give all the graphics of ¢1(y) in
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pair of complex roots, the graphic of g;(y) is illustrated in Figure 3(g). If P;(y) has
a double real root taking either the position (1) or (2), then the graphics of g1 (y) are
given by Figure 3(h) or Figure 3(i).

2l +1

205+ 1

with Iy,15,11,15 € N, we give all the graphics of

If p and ¢ are odd integers, or if p is an odd integer and ¢ = with Iy, [y € N,

2l +1 d 20 +1
o+ 1 T o
g1(y) in Figure 4. If P;(y) has a pair of distinct real roots r3 and ry either in the
position (1), or (2), or (3), or (4), or (5) or (6), then the graphics of g;(y) are given
either in Figures 4(a) and 4(b), or Figures 4(c) and 4(d), or Figures 4(e) and 4(f), or
Figures 4(g) and 4(h), or Figures 4(i) and 4(j), or Figures 4(k) and 4(1), respectively. If
Py (y) has a pair of complex roots, then the graphics of g (y) are shown in Figures 4(m)
and 4(n). If P;(y) has a double real root rq either in the position (1) or (2), then the
graphics of g;(y) are given either in Figures 4(0) and 4(p), or Figures 4(q) and 4(r),
respectively.

In a similar way we obtain that if p is an odd integer and ¢ is an even integer, or

or if p=

2L +1 2l . P . .
P=3 1 and g = ST with [y,12,01,15 € N, or if p is an even integer and
2 2
2 +1

with [,l3 € N, or if p is an odd integer and ¢ =

214 .
= th l;,lo €N
17, 11 oy +1 i e
we give all the graphics of g1 (y) in Figure 5.

. . o l .
If p is an odd integer and g is either irrational or ¢ = j with [,l3 € N and [5 # 0,
2

the function g;(y) is well defined on Dy, = [r2,y2) and the sign of ¢ (y) depends on
the sign of the polynomial P (y), therefore the graphics of gi(y) are the parts drawn
on D, when both p and ¢ are odd integers.

If p is an even integer and ¢ is either irrational or ¢ = i with [1,lo € Nand l2 # 0,
2

the function g, (y) is well defined on Dy, = [ra, y2) and the sign of g7 (y) is determined
by the sign of P;(y) and on the sign of the product (ny + naoys2)(n1 + n3ys2), therefore
the graphics of g1(y) are the parts drawn on D, in which one of the integers p and ¢
is odd and the other is even.

!

If p is either irrational or p = L and q is either irrational or ¢ = — with

20, 21,
/
l1,15,17,1, € N and Il # 0 # I}, or if p is either irrational or p = b and ¢ = 2h + 1
21y 205+ 1
with 14, 19,17,15 € N and I # 0, the function g;(y) is well defined on Dy, = [r1,31) N
[r2,y2) and the sign of g} (y) is determined on sign of P;(y), therefore the graphics of
g1(y) are the parts drawn on Dy, when both p and ¢ are odd integers.

!
1

If p is either irrational or p = LS and ¢ = with l1,12,11,15 € Nand I3 # 0,
25 20, + 1

the function g1 (y) is well defined on Dy, = [r1,y1) N [r2,y2) and the sign of gj(y) is
determined by the sign of P;(y) and (n; + me y)(ns — ma y), therefore the graphics
of g1(y) are the parts drawn on Dy, in which one of the integers p and ¢ is odd and
the other is even.

For the case p,q < 0 or pg < 0, we found the same graphics by the same way.

Now for the function fi(y) we denote by A; and A, the discriminant of the
quadratic polynomials Gy + G y + ko y? and ko + k1 y + k2 42, respectively. We have

A=Ay =AMy = —4(Boy1 — f172)2 < 0.
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Figure 4 The graphics of the function g1 (y) if p and ¢ are odd (see online version
for colours)

) 0 (k) M

(@ ®

If A =0, the function f;(y) becomes

[ G1+ 2k ?J)QT
hiy) = <k1+2k2 v)

and its first derivative has the form

n G + 2k Yy 2r—1
fi(y) = WG T2k ;H,
(k1 +2k2 y)

with ) = 4rks (k1 — G1). Then to draw all the graphics of the function f;(y) with A =
0 we have to study the sign of its derivative which depends on 7 and the nature of the
parameter 2r.

. . G .
For 7 > 0 it is clear that f](y) vanish at z; = —j that can have only one possible
2
position with respect to the vertical asymptote straight line zo = —j. Thus in this
2
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case we only draw the graphics of the function f;(y) when z; < 29, and we omit the
case when 29 < z; as in the graphics of g (y).

1
200 +1

Figure 5 The graphics of the function g1 (y) if p odd and g even, or p odd and ¢ =

with 1,12 € N (see online version for colours)

If r is a natural number or r =

l
L with Iy, 15 € N, the sign of f](y) depends on
2 + 1

the sign of the product n(G1 + 2kz y)(k1 + 2k2 y). So the only possible graphic of this
function is shown in Figure 6(a).
Fr— 2l +1
Al +2
Here the graphics of this function are shown in Figure 6(b) if n < 0 and in Figure 6(c)
if n > 0.

with Iy,15 € N, the sign of f](y) is relates only on the parameter 7.

21 1
Z; with 71, 1> € N and ky # 0, the function f1(y)
2
is well defined on Dy, = [z1, 22), and the sign of f{(y) is related only on the nature of
7. Thus the graphics of f;(y) are the parts drawn on Dy, in Figure 6(b) if n < 0 and
in Figure 6(c) if n > 0.
Similarly when r < 0, we obtain the identical graphics as r > 0.

If either r is irrational or r» =
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If A < 0 the function fi(y) has two extremums. Thus Figures 6(d) and 6(e) are the
only possible graphics for the function f;(y).

Figure 6 The graphics of the function f1(y) (see online version for colours)

Figure 7 The seven intersection points between the graphics of fi(y) presented in a
continuous line and g1 (y) presented in a dashed line (see online version for colours)

=3
S-----8-

Py e e T T T

4

S
N

Npem T

= Y- S -
= 1S
o
-
Z L —

(b)

Note: The vertical lines represent the asymptote’s straight lines.

For the function ¢;(y) when both integers p and ¢ are even, we notice that the
derivative’s sign only changes at most seven times, but in the other cases it changes at
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most five times, which guarantees that the even case is the one that gives the maximum
number of the intersection points of the function f;(y) with g1(y), so to provide this
maximum it is sufficient to obtain the upper bound number of the intersection points of
fi(y) with g1(y) when p and ¢ are even integers. Then we are only interested in the
graphics of the function g1 (y) drawn in Figure 3. Since y = 1 is the common horizontal
asymptote straight line for these two functions, it ensures that no intersection points exist
between these graphics at infinity. Then the graphics of f1(y) and g;1(y) can intersect in
at most seven points. Consequently system (20) can have at most seven real solutions.
It is simple to demonstrate that if (y,Y") is a solution of system (20), then the symmetry
(Y, y) is also a solution of that system. Therefore the maximum number of limit cycles
of the discontinuous piecewise differential system (2)—~(12) for 4a4 — a? < 0 and az = 0
is at most three.

Figure 8 The graphics of the function f2(y) (see online version for colours)

() (b) (c) (d)
| |
| | J K/ ‘
_ L N L= \ L ~
jfﬂ‘(\ | N |
| | | |
(e) ® (3] (h)

By considering {mla ma, M3, N, N3, P, q akO; kla k27 GOv Gla T‘} — {03, 1;
0.01, 2, 2, 2, 2, 0.333333.., 1, 0.75, 0.75, —1.5,3} we build an example in which the
graphics of fi(y) and g;(y) interesect in seven points, see Figure 7.

Subcase 2.2: If 4ay + a2 >0 and a; = 0, then k=2 and j = 2 in system (20), and

HQ(Q) (z,y) given by (15) represent the first integral of system (12). Thus the solutions
of F'(y) = 0 are identical to the solutions of fi(y) = g1(y) given in subcase 2.1, with

my =S —az — 2a471, M2 = —2a401,
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m S 9 160[&461(11
3 2 471 457 + w2
n1 = —5—az+2a4m,
].605(14ﬂ1d1
=8 —ay— 24y — ——21L
ns3 a2 a47v1 452 t 2 )
S+ as as — S
p=— y 4= ;
ag ag

S
r=—, S=/d3+ 4ay,
a2

Therefore the maximum number of the intersection points between the graphics of f1(y)
and g1 (y) is at most five. Then as in the previous subcase the maximum number of limit
cycles of the discontinuous piecewise differential system (2)—(12) with 4ay + a3 > 0

and a1 = 0 is at most three.

To prove that our results are reached we will give an example of three limit cycles
for the class formed by a linear centre and a cubic uniform isochronous centre with

4as + a3 > 0 and a; = 0.
In the region I'" we consider the linear differential centre

41y 9
p=r— 24— g=2z—y+1
T=T 32+10a y=2x—y+1,

with the first integral

8 41 2
H(z,y) = = (102 + 9)y + 162(2 + 1) + Ty'

In the region I'™ we consider the cubic isochronous centre

i = (y(0.0880169.. — 0.0000688837..3/)
— 1.99445..) 4 0.0000375..23
+ 2%(0.000336918..y + 0.00960476..)
+ (—0.0179787..y — 17.9585..)y
+ 12.6236..,
7 = y(y(0.00207603.. — 0.0000688837..)
+ 1.94435..) + 2%(0.0000375..y — 0.00108607..)
+ 2((0.000336918..y — 0.00994057..)y
+0.27169..) + 13.1497..,

with the first integral

0.00015625.. (

22 + 2(14.6152..y + 98.7172..)
+4(67.4919..y — 94.8194..) + 14255.7..

;

H (2,y) =

(0.00075..2¢ — 0.00015..y + 0.300095..)3
(—0.00075..z + 0.00015..y + 0.0999052..)%,

|

(30)

€2))
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Figure 9 The two possible graphics of the function g2(y) (see online version for colours)

(a) (b)

Figure 10 The nine points intersection between the graphics of fo(y) presented in a
continuous line and g2(y) presented in a dashed line (see online version
for colours)
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Note: The vertical lines represent the asymptote’s straight lines.

Figure 11 The graphics of the function gs(y) (see online version for colours)

(@) (b) (©)

(d) (e) ®

For the discontinuous piecewise differential system (30)—(31), system (20) has the three
solutions (y1,y2) = (—0.426236.., 1.83111..), (y3,y4) = (—0.173113.., 1.57799..) and
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(y5,y6) = (0.193249.., 1.21163..) which provide the three limit cycles intersecting the
separation straight line = = 0 in the six points (0,y;) with j =1,...,6, see Figure 1(b).

Subcase 2.3: If 4ay — a% > 0 and as = 0, then k = 3 and j = 2 in system (20), and the

first integral H2(3)(m, y) of (12) is given by (16). The solutions of the equation F(y) = 0
are identically equivalent to the ones of the equation f2(y) = g2(y) such that

ko + ki y+ ko o2 )T
= d
f2() <G0+G1 y+Gay?) M

_ eQ(arctan(ml—l-mg y)—arctan(mg—msz y))
- )

92(y)
where
o 0Pt 73)2
(487 + w?)
+ 88%(w?(72(a1 + asy2) + 1)
+ 4afBody (ay + 2a47y2)) + ar1yaw? + 8aay Bodiw?
+ ay (yow® + 80452611)2 +w?),

160éﬂ2d1
k1= W(Cﬁﬁﬁh + a16272 + 20417172
— asfa} + asf23) + 201 fimive — a1 i

+ a1827; + 24417175 — 20427772

(168*(v2(a1 + asy2) + 1)

128aa,33d3
W(ﬁl% + B272) + 28171 + 28272,
8aBad

ko = ﬁ(aﬁf + a1 32 — 4ay 1 Pom

+ 2a472(B1 — Ba2)(B1 + B2)) + a1 5772
— 20151271 — a1B5Y2 + asBine — dasfBiPayive
2 a2

Fasdf —2ahad + O (5 4 )

+ 67 + 53,

Go = Y2(ar + asyz) +1

(452 +w2)2

+6402d3 (87 + B3)
+ 16ady (487 + w?) (B171 + B22)),

G1 = =21 (r2(a1 + asye) + 1)

+ Ba(ar(m = 72)(n +72) + 272(asri — 1))
6402 By d?
(‘15;14??021)2@% + 83)(a1 + 2a472)
160d
~ g5y o Onlar + asm) +1)

— B1Bami (a1 + 2as7y2) + B5(1 — asr3)),

((48% + w*)’ (77 +3)
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16aB2d
17 1 or @B+ 8D)

+ a4(25172 — B1B2m1 + B372))

+ a1B72 — 2a1 41 B2m

— alﬂgw + a4ﬁ%7§ — 4a4B1 827172

640’asPad?
7(4,82 ) (51 +52)

S /
+ﬁ%+ﬂ§7 r:;lv S = 40/4_0'%7

160&&452d1
4532 4 w? )
_ 2a4f2 e — A F 2a472
s BT s

Gy =—

+ asfB37i — 2048373 +

1
myp = E (al + 2a4’72

The first derivative of the function f>(y) is

(ko +k y+ ko yz)ril

faly) = -
() (Go+Gry+ Gy y2)™

Py(y),

where

Pg(y) = T(Gokl — leo) —+ 7’(2G0k2 — 2G2k’0)y
+ ’I“(le‘g — Ggl{?l)y2

Now to draw all possible graphics of the function f2(y), we denote by A, A; and A,
the discriminants of the quadratic polynomials Go + G1 y + Ga y2, ko + k1 y + ko 2
and Py(y), respectively.

If A, Ay > 0 the function f2(y) becomes a particular case of g1 (y), i.e, p=g=r.
Then the graphics of fy(y) are equivalently the same graphics as the ones of g;(y)
when both p, ¢ are odd or even which provide the graphics shown in Figures 3 and 4.

If A; A; <0 the function f>(y) have the same graphics as the function f;(y). Then
the graphics of fy(y) are illustrated in Figure 6.

For r > 0 and according to the sign of the derivative f}(y) which is related to the
nature of the parameter r and on the sign of discriminates A, A; and Ao, we study all
the possible graphics of the function f2(y) in what follows.

If either r is an even integer or r = o 1_’_1 with k; and ko in N, the possible
2

graphics of the function f5(y) are shown in Figures 8(a) and 8(b) if A <0, A; =0
and Ay > 0; or in Figure 8(c) if A < 0 and Ay, Ay > 0; or in Figures 8(d) and 8(e) if
A, As>0and A; < 0; or in Figures 8(f) and 8(g) if A =0, A; <0 and Ay > 0.
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If the integer 7 is odd, the possible graphics of the function f>(y) are illustrated
in Figures 8(a) and 8(b) if A <0, A; =0 and A > 0; or in Figures 8(h) and 8(i) if
A <0 and A;,Ay > 0; or in Figures 8(j) and 8(k) if A;As >0 and A; < 0; or in
Figures 8(1) and 8(m) if A =0, A; <0 and Ay > 0.

k
Ifr = i with kq, ko in N and k; # 0 # ko, the function fo(y) is well defined on
2
Df2 when (ko+k1 y—|—]€2 y2)(GO+G1 y+G2 y2) > 0and Go + G4 y—|—G2 y2 750,
then the graphics of f>(y) are the parts drawn on Dy, when r is an odd integer.

Similarly if » < 0 we obtain the identical graphics as r > 0.
According to the sign of the derivative g5 (y) given by

(m1 +ma y)? + (m3 —ma y)* + 2 )
my +ma y)? + 1) ((m3 —ma y)? +1)

62 ( arctan(mq+meo y)—arctan(mg—ma y))

shl0) = 2ma (

)

which depends only on the parameter mo, we get the two different possible graphics:
Figure 9(a) of if mo > 0, and Figure 9(b) if my < 0.

In this case the upper bound number of the intersection points between f>(y) and
92(y) is reached when r is an even integer, A > 0 and A; > 0, and the graphics of
fa(y) are the ones drawn in Figure 3 because in this case the function f2(y) has the
form of the function g1 (y) and we proved in the previous subcases the reason in order
that » must be an even integer. According to the graphics of the function g2(y) shown
in Figure 9 and due to the fact there are no intersecting points at infinity, it results
that these graphics can intersect at most in nine points. Consequently the maximum
number of limit cycles of the discontinuous piecewise differential system (2)—(12) for
dayg — a% > 0 and as = 0 is at most four.

By taking {k(), ]{31, kQ, GQ, G1, G2, r, S1, S2, 83} — {03, 1.15, 0.5, 015, 70.65,
0.4, 2,1, 1, =30} we build an example in which the graphics of the two functions f2(y)
and g»(y) intersect in nine points. These points are shown in Figure 12.

Subcase 2.4: If 4a4 + a% <0and a; =0, s0 k=4 and 7 = 2 in system (20), and the

first integral of system (12) is H2(4)(m,y) given by (17). Then to solve F(y) =0 it is
equivalent to solve f2(y) = g2(y) given in subcase 2.3, with

(? +3)

(452 1 w?)?2
+88%(w*(n(az + aam) = 1)
+4aBidy (ag + 2a471)) + w*(azy — 1)
+ 8aazfrdiw? + as(nw® + 8aBidi)?),

ki = ig?%(ﬂl%(az + agy1) + Bayz(az + 2a471)
— a1B13) + a2B17; — a2f1vs + 2a2B2m172
— 2041175 + 2048277 72

128a2a,3%d?
+ Wiﬁl);(ﬂl% + Bay2) — 28171 — 26272,

ko = (168* (11 (ag + asy1) — 1)
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e = 1t (B + )
— 2a4(B771 + 2818272 — B3m1)) — a2Bim
— 2a281B272 + a2B3m
— 2048777 + asfBiNs — 4asfromnine
2 272
eI 61+ 55) - B - %,
G1 = B175 (az + 2a4m1) — 2B272(71 (a2 + asy) — 1)
24 72
i
16ad;
432 4 w?
— B3y1(ag + asy1) + B (asyi + 1) + B3)
+ B171(2 = azm1),
Ga = — 1o (aa(5? + B3)
+ as(Biy1 — B1Bay2 + 26511))
— a2ty — 2a2B1 8oy + a2 B3m

— 2048177 + asBivs — dasBiBonie + as B3Nt

+ asB3; +

(B1B2v2(az + 2a4m)

6402asp3d3
m(ﬁf +83) — Bt — B3,
I + 2a4m1 — 2a4f31
1 S 9 2 S )
1 160&0,451(11
my = glae +20m + S5 ),

S
r=—, S=1/—da%—4as.
)

Consequently the maximum number of limit cycles of the discontinuous piecewise
differential system (2)—~(12) for 4a4 — a3 < 0 and a; = 0 is at most four.

The maximum number of limit cycles in subcases 2.3 and 2.4 is at most four, but
we can only build an example having three limit cycles for the class formed by a linear
centre and a cubic uniform isochronous centre with 4a4 — a? > 0 and ap = 0.

In the region 't we consider the linear differential centre

. 4x 88ly 9 . 4y
B T o AT | 32
T=F T80 T YT T (32

with the first integral

4y 2 9 251>
H@uﬁ=4<mp-§>-+m(x—y>+ J
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In the region I'~ we consider the cubic isochronous centre

& = 2%(1.33839.. —0.126705..%)
+ z(y(5.14213.. — 0.155116..y) — 8.99951..)
—0.025..2° + y(4.56894..y — 16.6475..)
+11.9886..,

y = 2%(—0.025..y — 0.270459..)
+ 2((—0.126705..y — 0.76873..)y + 0.93212..)
+ y((—0.155116..y — 0.268073..)y + 0.502979..)
+4.79534..,

(33)

with the first integral

5222 + 2(218.821..y — 696.045..)
+(231.874..y — 1428.38..) + 2524.64..

)62 arctan(0.124-0.3y—0.7)
22 + z(6.y — 14.) + y(9y — 42) + 149 ’

HYY (2,y) =

For the discontinuous piecewise differential system (32)—(33), system (20) has the
three solutions (y1,y2) = (—0.842999..,2.47751..), (y3,y4) = (—0.654549.., 2.28905..)
and (ys,ys) = (—0.43812.., 2.07263..) which provide the three limit cycles intersecting
the separation straight line x =0 in the six points (0,y;) with j=1,...,6, see
Figure 2(a).

Subcase 2.5: If 4a4 —a? =0 and ay =0, then k =5 and j = 2 in system (20), and

H2(5) (z,y) given by (18) is the first integral of the cubic uniform isochronous centre
(12). Now to solve F'(y) = 0 it is sufficient to solve f3(y) = g3(y) with

k0+k1 y+k2 y2

= d
f3(y) Got+Cr y+ ka2 an
2 1 1
g3(y) = (W) e(ml + mo y) (m3 — My y)’
m3 —Mm2 Yy

and

1 1
my = —Z(aﬂz +2), my= —Z(a152)7

1 S8aay Ba2d
ms=—7 <a172+4,821_€2w21+2),

and ko, k1, ko, Go, Gy are the same with subcase 2.1.

It is clear that the function f3(y) is a particular case of fi(y) where » =1 and
A = —4(B2v1 — P172)?, then the corresponding graphics of f3(y) are Figure 6(a) if
A =0, and Figures 6(d) and 6(e) if A < 0.

For the function g3(y), the first derivative of this function is

1 1

Ps(y) o (M1 +ma y) ~(m3 —ma y)
(m3 —mg y)4

93(y) =

’
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where

P3(y) = mo (2mims — m? + 2mym3 — m3)
— 2m§(m1 —mz)(mi+mz+1)y

—2m3(my +ms + 1) v

Since mqy # 0, the variation of g3(y) depends on the ones of the quadratic polynomial
P;(y). In Figure 11 we show all the possible graphics of g3(y), where Figures 11(a)
and 11(b) correspond to the case in which the polynomial Ps(y) has two distinct real
roots, Figures 11(c) and 11(d) when P3(y) has one double real root for Ps(y) and (e)
and (f) if P3(y) has two complex roots for Ps(y).

From the graphics of the function g3(y) shown in Figure 11, and due to the variation
of this function it is obvious that we get the maximum number of the intersection points
by intersecting Figures 11(a) and 11(b) with the graphics of the function f3(y). We
guarantee that at infinity there are no intersection points, because the two functions
f3(y) and g3(y) share the same horizontal asymptote straight line y = 1. Then we
remark that these graphics can intersect at most in five points. Consequently the upper
bound of the number of limit cycles in this case for the discontinuous piecewise
differential system (2)—~(12) for 4a4 — a? = 0 and az = 0 is at most two.

Figure 12 The five intersection points between the graphics of f3(y) presented in a
continuous line and g3(y) presented in a dashed line (see online version
for colours)

R | A P
2 10 5 = _— L L - "
(@) o

Note: The straight lines represent the asymptotes straight lines.

By taking {ml, ma, ms, ko, k1, k2, Go, Gl} — {—2, 2,6, 1/4, 1,1, 25/4, 5} we build
an example in which the functions f3(y) and g3(y) intersects in five points shown in
Figure 12.

Subcase 2.6: If 4aq +a% =0 and a; = 0, then k =6 and j = 2 in system (20), and
H2(6) (z,y) given by (19) is the first integral of system (12). To solve F(y) =0 it is
sufficient to solve the equation f3(y) = g3(y) mentioned in subcase 2.5, with

azf
4 b

1 + 804@2516[1 9
Ma = — a —_—
BTN\ T g 2 ’

—_

my = *(a2’71 - )7 mo =

W
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and the expressions of ko, k1, ko, Gg, G1 are the same as the ones given in subcase 2.1.

Working in a similar way to the previous subcase the maximum number of limit
cycles of the discontinuous piecewise differential system (2)—(12) under the present
conditions is at most two.

Finally we construct an example with two limit cycles of the discontinuous piecewise
differential system (2)—(12) satisfying 4a4 + a2 = 0 and a; = 0 to reach the result of
statement 2. In the right half-plane I'* we consider the linear differential centre

x 46ly 9

1
T2 T = (29— 1 4
5 580+10’ U 20(950 Oy + 30), 34)

with the first integral

29 y\> 58 (3z 9y\ 361y>
H(zy) =422 YY) L2 (22 % .
() (20 2) t3 (2 10) " 100

In the left half-plane I'~ we consider the cubic isochronous centre

& = 59.0642.. — 2.5107%2® + 2*(0.0000162997..
+1.25625..10~ %) + 2((0.000601877..y
— 0.089255..)y + 2.33048..)
+ y(4.41817..y — 57.1156..),
§ = —81.4419.. + 22(5.70054..107% — 2.510™ %)
+ 2(—0.00260418.. + (6.00594..
+ 1.25626..)10~%y)
+ 4((0.000601877..y — 0.112201..)y + 5.23317..),

(35)

with the first integral

( £(26,139.5 — 502.503y) + =2 )
7 8
HO (. y) = +(367,006.y — 2.04258 x 107) + 3.28816 x 10 R
2 (z + 300.y — 19500.)2 ’

40,000
x + 300(y — 65)°
In this case system (20) has the two solutions (y1,y2) = (—0.604777..,2.86942..)
and (y3,y4) = (—0.242279.., 2.50692..) which produce the two limit cycles for the
discontinuous piecewise differential system (34)—(35), see Figure 2(b). Then statement 2
is held. O

with R(x,y) =
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