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Abstract: Our system was modelled using standby server (SS) whenever
a main server (MS) is unavailable due to breakdowns and analysed the
constant retrial policy as well as collision for the orbital customers. The
incoming arrival (IA) of customers follows the Markovian arrival process
(MAP). The outgoing arrival (OA) of customers, service for both incoming
and outgoing arrival of customers, and repairs are all based on the phase-type
(PH) distributions. Using matrix analytic method, we investigate the steady
state probability vector of the system. We described the busy period as well
as cost analysis of the system and some performance of the system measures.
Then, we examine some of the numerical as well as graphical representations
for this model.
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1 Introduction

Classified as repeated attempts queues, they are distinguished by the fact that arriving
customers who notice that the server is busy join a virtual group of blocked customers,
referred to as orbit, and retry their requests in a random sequence and at random time
intervals. The behaviour of those unsuccessful demands whose service cannot begin
at the time of their arrival is a distinguishing characteristic of queueing systems with
retrials. There are many different real-world circumstances where retrial queues might
occur, including our daily activities, telephone switching systems, telecommunications
and computer networks, call centres, cellular and local area networks, and so forth.
Artalejo (2010) has provided a comprehensive accessible bibliography on the progress
made on the retrial queues between the years 2000 and 2009. Neuts (1979) has
introduced and investigate the versatile Markovian point process (VMPP), and he
also studied a number of other point processes, including Markov-modulated Poisson
processes, PH renewal processes, and some semi-Markov point processes. Chakravarthy
(2010) provided a detailed description of the MAP, as well as special cases of the
Markovian arrival process (MAP) and phase-type (PH) distributions. This depiction of
the MAP is a specific case of the batch Markovian arrival process (BMAP). Lucantoni
et al. (1990) investigated the concepts MAP and BMAP to express the VMPP using a
much more intuitive notation. It has now established itself as a standard notation for
describing MAP and BMAP structures. The reason for using the acronym BMAP rather
than the initially coined name VMPP is that it was believed at the time that the VMPP
is a specific class of BMAP. The point process defined by the MAP is a specific type
of semi-Markov processes with a transition probability matrix provided by

t
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Chakravarthy (2009) described a single server queucing model in which arrivals follow
a MAP and the system is susceptible to catastrophic failures in which all customers
are lost. He also investigated his model’s stationary waiting time distribution. Jain
and Jain (2010) investigated a single server working vacation queueing system in
which the server is subject to interruption owing to a variety of breakdowns and is
assigned for repair as soon as the problem is discovered. They also discussed about the
matrix-geometric approach to computing the stationary queue length distribution, which
they found to be quite significant. Phung-Duc et al. (2009) explored the multi-server
retrial queueing system incorporating Bernoulli abandonment. They utilise continued
fraction approach to derive the stationary joint distribution of queue length in the
system as well as in the queue. Ayyappan and Udayageetha (2018) investigated a retrial
queueing model with priority services that is subject to collisions, orbital search, balking,
start-up/closedown times, modified Bernoulli vacation with general (arbitrary) vacation
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periods, and system could become defective at any point of time while it is in operation.
Alternatively, when a system is failing, rather than suspending service entirely, service
is actually provided at a slower rate to high priority customers. Alem et al. (2019)
explored the non-Markovian retrial queueing system with two-way communication,
which included both incoming and outgoing calls, and described the n types of outgoing
calls. Furthermore, the performance of the considered system can be estimated using the
metrics of an M /M /1 retrial queueing system with two-way communication. Using a
non-Markovian batch arrival queueing system with two types of heterogeneous services,
standby server (SS), balking, breakdown and repair, Ayyappan and Karpagam (2016)
described a system in which the main server (MS) goes on vacation after closedown
completion if there are less than the desired number of customers in the system.

Choudhury and Madan (2007) explored a non-Markovian batch arrival system with
a random setup time, Bernoulli schedule vacations, and a restricted admissibility policy
for arriving batches. They also investigated the model’s expected queue size and busy
period. An M /M /1 queueing system with setup times and a single working vacation
has been studied by Xu et al. (2009). The stationary queue length and waiting time
distributions were calculated utilising the quasi-birth-and-death (QBD) process and the
matrix-geometric method. Majid et al. (2021) probed a Markovian queueing system
with impatient customers and Bernoulli vacation interruption. They also developed
a cost analysis for optimising their model. In order to minimise the work load of
brokendown machines in the system, Kumar et al. (2019) investigated the machine
repairable F-policy, warm standbys, and two unreliable servers in which the server
one repairs brokendown machines as early as they got breakdown, but the server two
only initiates the repair service when there are more than a predetermined number of
brokendown machines available in the system. They also discussed the average cost
function for their model. Vadivu and Arumuganathan (2016) described a single server
finite queueing system in which arrival follows the MAP and service follows general
distribution with two service phases under single and multiple vacation policies. They
have obtained the distribution of waiting times for their model. Kumar and Som (2015)
examined a single server Markovian queueing system incorporating the notion of reverse
reneging and investigated a sensitivity analysis on it. Deepak et al. (2013) incorporated
a single server non-Markovian retrial queueing model with two types of customer
orbit searches: type I searches for a single customer and type II searches for a batch
of customers from the orbit. They also described the cost function for analysing the
system’s operational quality.

Haridass and Arumuganathan (2012) described the bulk service queueing model,
which includes the server’s option of admitting reservice, setup time, and multiple
vacations. They created a cost model in order to optimise their model. Using a
non-Markovian retrial queueing system with two-way communication, Artalejo and
Phung-Duc (2013) found that there are two types of arrivals: regular customers
making incoming calls, and the server making outgoing calls when the server is
idle. Furthermore, they evaluated their model using exponential retrials, utilising the
Markovian arrival process for incoming arrivals (IAs) and the PH distribution for
outgoing arrivals (OAs) and service times. In the context of orbital search and multiple
vacations, Gao and Wang (2020) discussed a single server non-Markovian retrial
queueing model with pre-emptive concepts. They also discussed about their model’s cost
optimisation analysis. Morozov and Phung-Duc (2018) conducted an investigation on a
single server retrial queueing system with two-way communication, constant retrial rate,



4 G. Ayyappan and K. Thilagavathy

and general service times. Wu and He (2020) explored a double-sided queueing system
with marked Markovian arrival processes as well as finite abandonment times. They
examined the queueing system using Markov modulated fluid flow processes. They also
obtained the queue lengths and waiting times for both sides of the queueing system.
Ayyappan et al. (2019) investigated the non-Markovian retrial queueing system with
priority services, working breakdown (when a system failures, instead of terminating
service completely, the service is extended to the interrupted customer but at a slower
rate than before), collision, starting failures, and repairs were all investigated.

Ghosh et al. (2021) explored a single-server batch queueing model with finite buffer,
in which arrival follows the BMAP and service follows the Markovian service process.
They also discussed regarding their model’s queue length distribution. Chakravarthy
and Agnihothri (2008) studied a finite capacity queueing model with one MS and
a backup server, in which the arrival follows a MAP, the service follows a PH
distribution, and the server backup policy is a threshold-type server backup policy with
two pre-determined lower and upper thresholds. They explained that when the buffer
size reaches the upper threshold, a backup server is generated, and the backup server is
dismissed from the system when the buffer size reaches the lower threshold or less at
the backup server’s service completion. They also discussed a cost model for preferring
the optimum threshold values to reduce average total cost per unit time under various
system situations. Kuki et al. (2019) investigated a particular two-way communication
system that was represented with the help of finite and infinite sources retrial queueing
model with searching for customers and a server that was subject to unpredictable
breakdowns. Panta et al. (2020) examined the multi-server Markovian queueing system
in a fuzzy environment with impatient customer behaviour such as reneging. They
also created a cost model for optimising their model. Revathi et al. (2020) explored
a single server retrial queue with optional re-service and modified Bernoulli vacation,
as well as a server that is prone to breakdowns and repairs. The stationary probability
distribution is calculated using the supplementary variable method. A single server bulk
queue non-Markovian model with a limited number of vacations has been studied by
Jeyakumar and Arumuganathan (2011). They obtained the PGF of queue size and system
performance measures using the supplementary variable technique. They also discussed
about their model’s cost analysis.

Aissani and Artalejo (1998) have investigated the queueing system that incorporates
the concepts of active server breakdowns as well as the concepts of independent server
breakdowns. They also established the concept of a fundamental server period, as well
as an auxiliary queueing system with breakdowns and the ability to exit the system
altogether. A single server Markovian retrial queueing system under constant retrial
queue with joining strategy and impatient behaviour of retrial customers was described
by Gao et al. (2017). They also examined the two different forms of rewards: one
is the reward obtained by the customer who leaves the system after completing the
service, and the other is the reward acquired by the customer who is forced to leave
the system as a result of a retrial failure. Kumar and Sharma (2019) incorporated a
multi-server queueing model with the notion of retention of reneging customers. They
also derived the system’s transient state probabilities by employing the probability
generating function technique. In the context of server breakdowns, backup servers,
repairs, and vacations, Chakravarthy et al. (2019) examined the queucing model in
which arrival follows a versatile point process and service follows PH distributions.
They also examined the sojourn time distribution for their model. Arivudainambi
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et al. (2009) investigated a single server non-preemptive retrial queueing system with
Bernoulli vacations. They utilised the supplementary variable technique to determine the
probability generating functions of the number of customers present in the priority queue
as well as the retrial group. Miyazawa (2004) described the Markov renewal strategy to
a single server non-Markovian queueing model with a countably number of background
states, which is based on the Markov renewal technique.

Madheswari and Suganthi (2021) explored a single server retrial queueing model
with starting failure, optional service, and k£ Bernoulli vacation types. They utilised
the supplementary variable technique to determine the probability generating function
of system size. A single server retrial queueing system with arrivals following the
MAP and service times following the PH distribution was studied by Artalejo and
Chakravarthy (2006), who incorporated the algorithmic analysis of the system in their
model. Dragieva and Phung-Duc (2019) incorporated a single server non-Markovian
finite-source retrial queueing model with outgoing calls, in which the server not only
receives incoming calls but also makes outgoing calls after a period of exponentially
distributed idle time. The stationary and transient analysis of a Markovian queueing
system with finite capacity subject to disasters and subsequent repair have been
described by Vijayashree and Janani (2017). They used techniques such as the Laplace
transform and the generating function. Lan and Tang (2020) analysed a single-server
discrete time retrial queueing model with probabilistic preemptive priority, repair
time replacement, and impatient customer behaviour. Additionally, they explored cost
analysis for optimisation. Jailaxmi et al. (2013) explored a non-Markovian retrial
queueing system with two-phase service, two types of repair, and vacations under
N-policy. Utilising supplementary variable technique, they also acquired the system’s
probability generating function. With the provision of S dissimilar warm standby units
that are subject to failure and repair facility, Jain (2016) described a redundant repairable
system with imperfect switching. Wu et al. (2005) described a non-Markovian retrial
queueing system with impatient customer behaviour such as balking. They also created
the model’s busy period as well as waiting time distribution. Barbhuiya and Gupta
(2020) investigated a single server non-Markovian bulk arrival queueing system with
N threshold policy and renewal input concepts. For their model, they have also done a
waiting time analysis.

Gupta and Kumar (2021) explored a single server Markovian retrial queueing model
with working vacation, interruption, and the server undergoing breakdown and repair.
They also discussed the cost analysis for model optimisation. Manoharan and Jeeva
(2018) examined a Markovian queueing system with impatient customers, long setup
times, and a single vacation day. The queue length distribution and sojourn time
distribution were obtained utilising the QBD process and the matrix geometric method.
Sikdar (2019) examined a M AP/G/1/N queueing model with a finite number of
vacation policies, revealing that after a certain number of vacations, the server will
remain dormant until the clients arrive. He also discussed about the waiting time
analysis. A retrial queueing system with classical retrial policy, general renewal input
and general class-dependent service times was investigated by Morozov and Phung-Duc
(2017). An investigation into a non-Markovian queueing system with two stages of
service process subject to server failures and the extended Bernoulli Vacation was
carried out by Ayyappan and Supraja (2017). In addition, they investigated the queue
size distribution for their model. A single-server retrial queueing model with two-way
communication, in which arrival is governed by a Markov modulated Poisson process,
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was explored by Nazarov et al. (2019). Wu and He (2020) explored the G system in
terms of repair equipment procurement and redundant dependencies. They analysed their
model using a matrix-analytical method, and the repair times of broken components
follow PH distributions. Chakravarthy (2012) investigated a single server queueing
model in which arrivals follow a MAP and the server deteriorates and possibly fails as a
result of external shocks. He also investigated an optimisation problem involves different
costs. Gao (2021) examined a fault-tolerant retrial system with a second optional repair
service and warm standbys. Using the Laplace transform method, he obtained the
system’s reliability function and mean time to first failure.

Kumar and Jain (2014) investigated a degraded multi-component machine repair
system with multiple standbys, start-up, vacation, and two unreliable repairmen
operating under a bi-level (N, L) switch over policy in which one of them turns
on when N-failed units accumulate in the system and the other repairmen turns on
when L-failed units accumulate in the system. Lee et al. (2020) investigated a single
server non-Markovian retrial queueing system with a two-way communication concept.
They also discussed about their model’s waiting time distribution for arbitrary ingoing
calls. Paul and Phung-Duc (2018) investigated a single server retrial queueing system
with two-way communication, an unreliable server, and afterservice for calls that were
interrupted. A machine repair system with mixed standbys, two modes of failure,
discouragement, switching failure, balking, and reneging has been described by Jain
and Preeti (2014). They also discussed about cost analysis for optimisation. Ammar
(2020) probed a single server Markovian queueing system with vacation in a random
environment. He utilised the generating function technique to derive the transient
probabilities and also described the sojourn times for his model. The repairable systems
with imperfect repairs were described by Hajeeh (2015). He also examined the cost
analysis for optimisation. Phung-Duc (2014) described a multi-server retrial queueing
system with two types of nonpersistent customers, which was inspired by a call centre
operating in a consortium of cooperative call centres. Jacob (2020) investigated a retrial
queue with customer-induced interruption. He examined the model’s behaviour utilising
the QBD process and the matrix analytical method. Gao et al. (2020) examined a single
server non-Markovian retrial queueing model with two sorts of breakdowns and delayed
repairs. For their model, they also investigated an arbitrary customer’s sojourn times.

Meena et al. (2019) examined the multi-component machine repair system, which
included operating as well as standby support, vacation, and also provided the cost
analysis for their model. Sakurai and Phung-Duc (2015) described a single server
Markovian retrial queue with various types of outgoing calls, as well as a single
server non-Markovian retrial queue with multiple types of outgoing calls whose
durations follow distinct arbitrary distributions. With the notions of thresholds model
in the context of the classical retrial queue and PH retrial times, Chakravarthy (2020)
investigated the multi server retrial queueing model in which an arriving customer,
finding all ¢ servers busy, will enter into an infinite capacity retrial buffer. Under the
N-policy and modified Bernoulli schedule vacation with the unreliable server, Jain and
Upadhyaya (2010) investigated the optimal repairable non-Markovian queueing model
with essential as well as multi-optional services. They utilise supplementary variable
technique and the generating function to derive the system size distribution. Bouchentouf
et al. (2019) examined a single server Markovian queueing system with the concepts of
customer impatience, feedback, and vacations. They also described their model’s cost
model. Using the notion of transmission errors and collisions, Lakaour et al. (2019)
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explored a single server Markovian queueing model with the concept of collisions
occurring when a primary arriving customer discovers the server is busy. For both
single server M /G/1 retrial queues and multi-server M /M /c retrial queues, Artalejo
and Falin (2002) conducted a comparative analysis of standard queueing systems and
retrial queueing systems, as well as differences and similarities between the two types
of queueing systems. Khalaf et al. (2012) investigated a non-Markovian queueing model
with server vacations, delay times, and random breakdowns under SS circumstances.
They have determined the expected queue size and waiting time for their model.
On dealing with a controlled retrial queueing model with K heterogeneous servers,
Efrosinin and Breuer (2006) investigated the threshold policies for an arrival process
that is based on the MAP and a service is based on the PH-distribution. Nazarov et al.
(2020) investigated a single server Markovian finite-source retrial queueing system with
collision of customers as well as server subject to breakdowns and repairs. They also
discussed about the tagged customer’s orbital sojourn time for their model.

This manuscript concepts are suitable for call centers and telecommuncations, etc.
Though, the motivation for this article comes from online shopping on such web portals
like Amazon, Flipkart, Nykaa and so forth. Online shopping is the process of purchasing
goods and services from merchants who operate websites that sell their products and
services on the internet. Businesses have been attempting to market their products to
people who use the internet since the establishment of the World Wide Web. People
who prefer to buy online can do so while sitting in front of a computer in the comfort
of their home. From online retailers, customers can purchase a wide range of products.
Individuals can, in fact, acquire almost anything from companies that sell their items
on the internet. Any number of things/products available for purchase through an online
store include: books, cosmetics, home appliances, toys, hardware, software, and medical
coverage, to name a few. For the sake of convenience and time saving, many people
choose to do their shopping online. Online shopping is accomplished by connecting
to the internet, visiting a retailer’s website and selecting the things on the basis of
customer’s interest. The items are kept in a virtual shopping cart until the customer is
ready to complete the order. Virtually all online stores are open 24 hours a day, seven
days a week. The individuals who wish to do shopping on online first they have to
setup their accounts with their personal informations like house address, phone number,
e-mail ID, etc. on any one of the relevant portals and then they can place their orders
through online payment or by cash on delivery, depending on their preference (IAs).
Nonetheless, the limited-time offers will be sent by the relevant web portals where the
customers have accounts, either through messages or through e-mails (OAs). However,
during this time period, when the orders placed by a specific person (incoming or OA
service) will receive the date when their ordered products will be delivered, that delivery
date may change due to any number of issues (server breakdown) and send the message
about the delay to the concerned customer, then that customer will receive service on
the changed date with some delay from the fixed date (considered the service offered by
SS or collision occurs). Each of the ordering items will go through a number of stages,
including order placement, confirmation of order, shipment, out-of-delivery status, and
delivery (PH service). Some other people may be interested in purchasing a specific item
that is not presently available for purchase in the stock, and they will check to see if the
item is available for purchase on that online portal before purchasing the item they desire
(retrial of IA of customers). It is possible that some persons who intend to purchase
any of the products but are experiencing impatient behaviour circumstances (such as
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balking) will be unable to complete their purchases and will abandon the website at that
time.

1.1 Structure of the model

The following is the rest of the manuscript. In Section 2, the mathematical model is
described in detail. The model’s matrix formulation and notations are given in Section 3.
The stability condition, stationary probability vector, and the rate matrix are discussed in
Section 4. Sections 5 and 6 characterise the system’s busy period and the features of the
system performance measures, respectively. Section 7 focuses into the cost analysis for
this suggested model. Section 8 is devoted to presenting enthralling numerical, graphical,
as well as comparative representations of the main and the SS service scenarios. The
article’s conclusion is presented in Section 9.

2 Description of the model

In this article, we analyse the IA of customers who follow MAP with representation
(Do, D1) of order mq, where Dy indicates that no arrival occurs and D; indicates
that an arrival occurs to the system. If the incoming arriving customer determines that
the server is idle, the service will begin or, if the server is already busy, the arriving
incoming customer will join the orbit with infinite retrial capacity. The service times
for the IA of customers follows the PH distributions with depiction (c,73) of order
ny with TP + The = 0 such that Tl0 = —Tje. When each service completion epoch the
MS become idle and making outgoing customers’ arrival based on PH-distribution with
depiction (3, S) of order my with S° + Se = 0 such that S° = —Se. The service for
OA also follows PH-distribution with depiction (a2, 75) of order ny with T3 + The =
0 such that 79 = —Tye. While the MS rendering service to IA or OA, the MS may
caused by breakdown immediately to go for PH repair with depiction (v, U) of order [
with U? + Ue = 0 such that U° = —Ue. The MS’s breakdowns follow an exponential
distribution with parameter 7. Whenever the MS struck with breakdown, the SS will
interrupt the MS and carry over the service up to repair completion of the MS. The SS
also providing service under the PH-distribution for IA of customers with representation
(a11,01T1) of order ny where 0 < 6; < 1 and for OA of customers with representation
(a1, 62Ts) of order ny where 0 < 63 < 1. The MS only makes the OA and in the case
of standby sever’s service completion epoch the SS will be idle until the MS’s repair
completion or incoming customer arrives. During the service rendering by main or SS
the arriving incoming customer may balk the system with probability b; or will join
the orbit for retrial with probability b, such that b; + bs = 1. When a customer makes
retrial from orbit while the server rendering service to IA of customers, that retriving
orbital customer may collide with the IA customer then both being shifted to the orbit
with probability ¢; otherwise that orbital customer may not collide the IA customer
and once again join the orbit for retrial with probability d; such that ¢; 4+ d; = 1. This
collision will only happen when the incoming customer receiving service or else it does
not make any change while the OA receiving service from the server. Inter-retrial times
of orbital customers also follows the exponential distribution with the rate o.
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Figure 1 Pictorial representation of the proposed model

MAP - MARKOVIAN ARRIVAL PROCESS
PH - PHASE TYPE

MS - MAIN SERVER

SS - STANDBY SERVER

INCOMING ARRIVAL
MAP (Do, D4)

IA - INCOMING ARRIVAL
ARRIVING IF.PH OUTGOING OA - OUTGOING ARRIVAL
REONING ARRIVAL OCCURS
CUSTOMER
BALKING THE B
SYSTEM uiles -
NS SERVICE

RENDERING
SERVICE

COMPLETED
BY MS

PH SERVICE STARTS IN
MS MAKING SERVICE STATION
OUTGOING

ARRIVAI

by

STANDBY SERVER
INTERRUPT

MAIN SERVER

RENDERING
SERVICE

NO

k2 MAIN SERVER ||  COLLISION MAY
STANDBY CAUSED BY HAPPEN IF MS
IF Ms/ss SER\;ER SERVER BREAKDOWN |[PROVIDING SERVICE
BUSY WITHIAIOR RENDERING TO IA CUSTOMER
ORBIT SERVICE RETRIAL
SERVICE i
COMPLETION SERVICE YES \A/OA e
COMPLETED DEPARTURE ORBIT
dy 1 B se PROCESS
IAIOA
DEPARTURE MS MAKING
REQ":;{*T:EF NO OUTGOING
CUSTOMER COLLISION HAPPEN Al SERVER ARRIVAL
WHILE STANDBY PH REPAIR MAIN
SERVER PROVIDING INTERRUPT COMPLETION SERVER
SERVICE TO 1A STANDBY-SERVER OFFER
STANDEY SERVER
CUSTOMER SERVICE
BECOME IDLE

3 Analysis of the model

In this part, we discuss the notation of our model in order to generate the QBD process.

3.1 Notations for the matrix generation

®: Kronecker multiplication of two matrices.

e  @: Kronecker addition of two matrices.

e [, It denotes an (m x m)-dimensional identity matrix.

e  0: It denotes zero matrices in the appropriate order.

e e: A column vector of required dimension with each of its entries as 1.

® e,,: A column vector whose dimension is n; with each of its entries as 1.

€1 = €mimotnimi+nomi+imi+inimi+inamy -

e ¢1(1): A column vector of dimension {(mz2 + ny + ng + 1+ Ing + Ing)my x 1}
with first {mims} entries as 1 and the rest of the entries are zero.

e ¢1(2): A column vector of dimension {(ma + n1 + n2 + 1+ Ing +Ing)my x 1}
with {mymg + 1} to {myma 4+ nym,} entries as 1 and the rest of the entries are
Zero.

e ¢1(3): A column vector of dimension {(ms + ny +no + 1 +Ing + Ing)my x 1}
with {mymg + nymy + 1} to {m1ms + nymy + nam, } entries as 1 and the rest
of the entries are zero.
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e ¢e1(4): A column vector of dimension {(mz + ny +na + 1 +Ing + Ing)my x 1}
with {m1m2 +nimi +nomy + ].} to {mlmg +niymi +nomy + lml} entries
as 1 and the rest of the entries are zero.

e ¢1(5): A column vector of dimension {(mg + ny + n2 + 1+ Ing +Ing)my x 1}
with {mimg +n1my + namy +Imy + 1} to
{mimg + nimy + namy +Imy + Inym, } entries as 1 and the rest of the entries
are zero.

e ¢1(6): A column vector of dimension {(ms + ny +na + 1 +Ing + Ing)my x 1}
with {mimsa + n1mq + namy +Ilmy 4+ Inymy + 1} to
{mima + nimy + namy + lmy + Inymq + Ingm; } entries as 1 and the rest of
the entries are zero.

e Let us denote A\; be the fundamental arrival rate and is defined as A\; = m1 D€,
where 7 is the generator matrix D = Dy + D;, governs transitions of the MAP.
To easily find the 7 such that D = 0, me,,, = 1.

e  The normal service rate for both types of arriving customers the service offered
by the MS and the SS are indicated by 1, d2 and 0101, 0292 where 61 =
a1 (=T1)ten, |71 02 = [a2(=T2) " Ten,| 7

e  The arrival rate of the OA is indicated as o, where A\ = [31(—S) " tenm,] L.
e The repair rate of the MS is indicated as W, where ¥ = [y(—=U) e, 7 .
e N(t) denotes the number of customers in the orbit,

e V(t) denotes the server status at time ¢, where

0, if the main server making outgoing arrival,
1, if the main server providing service to incoming arrival of

customers,
2, if the main server providing service to outgoing arrival of
customers,
V(t) = < 3, if the standby server being idle while the main server under

the PH repair,
4, if the standby server providing service to incoming arrival
of customers while the main server under the PH repair,

5, if the standby server providing service to outgoing arrival

of customers while the main server under the PH repair.

e ](t) denotes the phase for the repair process.
o Ji(t
o JQ (t

) denotes the service phase for the TA of customers.
) denotes the service phase for the OA of customers.
e M (t) denotes the phase for IA of customers under MAP.

(
e  Ms(t) denotes the phase for OA of customers under PH.
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o Let {(N(t), V(t), I(¢t), Ji(t), Jo(t), M1(t), Ma(t)): t > 0} is the continuous
time Markov chain (CTMC) with state level independent QBD process such that
state space is as follows:

Q=i
p=0

where

I(p) ={(p,0,51,52) : 1 <51 <my;1 < sy <mp}
U{(p,1,r1,51):1<r <np;;1<s3 <my}
U{(p,2,7r2,81) : 1 <rg <mg;1 <51 <my}

U{([3,¢2,51): 1< g2 <1;1 <83 <my}

U{(p,4,q2,71,51) : 1 <qa<l;1 <7 <np;;1<s;<m}
U{(p,5,q2,72,51) : 1 < go < ;1 <719 <mg;1 <51 <my}

The infinitesimal matrix formation of the QBD process can be expressed as follows:

[BoBL 0 0 0 0 ----- T
Ay Ay Ag 0 0 0 ------
0 Ay A; A9 0 0 ------
Q=10 0 0 Ay A Ay------

The following are the entries of the () block matrices:

[ Do®S a1 ®D1®emy, a2®Inm, ®5° 0 0 0 1
TP ® Im, [T1 ® (Do + b1D1) 0 0 Y TIny 0
. ®B —TInymq] ®Imy
TP ® Im, 0 (T2 ® (Do 0 0 Y ® TIn,
®p +b1D1) ®Im,
_ —Tlngym ]
Bo = U° @ Ipm,y 0 o UeDy L®an 0
®B ®D
0 U°® I, 0 I ®6,TY [U® 9117“169 0
RIm, ®Im,; (Do +b1Dy)]
0 0 U'QRI,, I} ®0:T9 0 U & 0T>®
L &I, ®Im, (Do + b1 D1)] |
[0 0 0 0 0 0
07,, ®baD; 0 0 0 0
B — 0 0 I, ®b2D1 0 0 0
7o 0 0 0 0 0 ’
0 0 0 0, ®1,, ®baDy 0
10 0 0 0 0 I ®1,, ®byDq
(AL AR2A3 0 0 0
AZLAZ 0 0 AP 0
31 33 36
A, = A0 AP 0 0 A3
AL 0 0 A AP 0 |
0 A2 0 AP AP 0
LU A3 AT 0 Agg
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where

A =Dy @S — 0lpmy; A2 =01 @ Dy @epmy; AP =g @ I, @ S°;
AN =T @1, @ B; A2 =T, & (Do +b1Dy) + [dio — (0 + 7)1, m,;
AB =@ 7l @Iy A =T)®1,, @B; A3 =T, (Do + by D1)

_TINle; A:136 = ’Y ® TI’rLQ ® Im17 Azlll = UO ® Iml ® ﬁ?

AM' =U@® Dy — 0lym; AP =L ® a1 @ Dy AP =U° @1, @ Iy
AP =1 @ O T © Ly; AY = U © 0T1 @ (Do + b1D1) + [di0 = 0)Tinymy;
A?B = UO ®Inz ®Im17 A?4 = Il ®02Tg ®[m1’

ASS = U @ 0,75 @ (Do + by Dy).

[00(c1 @ I, @ €1ny) 00 0 0
0 0 00 0 0
A, — 0 0 00 0 0
27 1o 0 000([; @11 @ 1I,,,) 0
0 0 00 0 0
K 0 00 0 0
[ 0 0 0 0 0
c10€p, ® Iml Inl ® by Dy 0 0 0
®p6
0 0 I, ® ba D 0 0
Ag = 0 0 0 0 0
0 0 0 I ®@cioen, I| ® I,
®Im1 ®b2D1
0 0 0 0 0

4 Stability condition

We examine our model under certain conditions to ensure whether the system is stable.

4.1 Stability analysis

Let us describe the matrix A as A = Ag + Ay + As. It reveals that the order of the
square matrix A is (mimo + nimy + namy + Ilmy + Inymy + Ilnamy ), and that this

matrix is an irreducible infinitesimal generator matrix.

The vector £ is described by & = (&0, &1, &2, &3, &4, &5). Let the vector € be the
steady-state probability vector of the matrix A satisfying & A = 0 and £ e = 1, where
&o is of dimension mimo, & is of dimension nymy, & is of dimension nomy, &3
is of dimension Imq, & is of dimension Inym; and &5 is of dimension Ingmi. The
Markov process has the QBD structure, there exits stability of the model must satisfy
the condition £Ape < £Ase, which is the necessary and the sufficient condition of a
quasi-birth-and-death process. The vector £ is acquired by simplifying the following

expressions:

=

0
0
0

Il ® Ing
®ba D1 |
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&[Do @ 5 — 0Inmymy] + &[TV ® Iy ® B) + (c10€n, ® I, ® B)]
F& [T @ I, @ B) +&[U° @ I, @ B] =0,

§ol(a1 ® D1 ® ey ) + (00 @ Ly, @ ey )]
+&[T1 ® D+ (dio = (0 4+ 7)) nym, ] + &[U° ® I, @ I, ] =0,

olar @ Iy ® SO+ &[T ® D — TLym, ] + &[U° @ I, ® I, ] =0,

&[U @ Do — 0Ly, | + &L @ 0T @ In,) + (I @ cr0€p, @ Iy, )]
+&5[1 ® 0215 ® I, ] = 0,

Sy TL, @ Iy |+ &I @ a1 @ D) + (I @ oarr @ Ly, )]
+64[U @ 1Ty © D + (dio — 0)l1n,m, | = 0,

Sy TIh, ® Iy, |+ &[U @ 0T, @ D] = 0.

subject to the normalising condition

EOemlmg + glenlml + ng’ngml + EBelml + 546ln1m + £5el7lgm =1

After some algebraic manipulation, then the stability condition £ Age < £Aze which is
turns to be

{&il(croen, @ em, @ Bem,) + (en, @ baD1em,)] + &2len, @ baDiem, ]
—|—§4[(€l ®c1oen, @ em1) + (el ®en, ® b2Dlem1 )] + fS[el Qen, @ b2Dlem1]}
<{éoloa11 ® em, @ em,] + E3ler @ 011 @ e, ]}

4.2  Analysis of stationary probability vector

Let us consider the variable x be the steady-state probability vector of Q
and is subdivided as x = (xg,X1,X2,...). Mention that xg, Xi, X2, X3, ... are
of dimension (mims + nimy + naomy + lmy + linymy + Inym + Ingmy). Then, the
vector x satisfies the condition x¢) = 0 and xe = 1.

However, once the stability condition is satisfied and the sub-vectors of x except for
xo and x;, corresponding to the distinct level states are indicated by the expression

X; :lej_l, ] =2

where the rate matrix R indicates the minimum non-negative solution of the matrix
quadratic equation as R2A; + RA; + Ay = 0 (see Neuts, 1979).

Hence, the rate matrix R is a square matrix of order is (mimg + nymy + namq +
Imy + lynimy + Inym + Ilngmy) and it satisfies the expression RAse = Age.

The sub vectors of xg and x; are acquired by solving the following expressions:

XoBO + X1A2 = 0.
XoBl + X3 (Al + RAQ) =0.

The normalising condition is subjected to

xpe +x1 (1 — R)_le =1.
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4.3 Calculation of R matrix
There are various algorithms available for determining the rate matrix R. However, we

have provided two algorithms in this section.

4.3.1 lterative algorithm

The rate matrix can be easily evaluated using the recursive procedure described below:

Step 0:

R(0) =0.

Step 1:

R(n+1) = Ag(A1)" " + R*(n)A2(—A1)"',n=0,1,2,3, ...
Continue Step 1 Until ||R(n+ 1) — R(n)||ec < €

4.3.2 Logarithmic reduction algorithm

The logarithmic reduction algorithm, created by Latouche and Ramaswami (1993), is
known for its fast convergence. The following are the essential steps involved in the
logarithmic reduction algorithm, as described by Latouche and Ramaswami (1993):

(i) Step 0:

H <+ (—A1) A0, L + (-A1) 45, G=1,and T = H.
(ii) Step 1:

U=HL+LH

M = H?

H+ (I-U)"'M

M« L?

L+ (I-U)"'M

G+~ G+TL

T+ TH

Continue Step 1 Until ||e — Ge||loo < €
(iii) Step 2:
R=—Ag(A; + AoG) .

Theorem: The structure of the rate matrix R is

0O 0 0 0 0 o

Ra1 Rag Ra3 Rag Ros Rag

R31 Raz Rz R3q Ras R3e (1
0O 0 0 0 0 0

Rs1 Rs2 Rs3 Rsq Rss Rse

Re1 Rz Res Rea Res Ree

Proof: The calculation of the R matrix demonstrates definitively that the R matrix
should have the structure specified in for our model (1), in which the MS may
experience a breakdown while providing service, requiring immediate repair. In this
situation, the SS will interrupt service and provide service at a lower rate than the MS.
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When the server has recovered from the repair, the MS is restored back into service.
The zeros in the first and fourth rows are noticeable in this set of results. In addition, we
will provide R’s construction in this section. The matrix quadratic expression R2A; +

RA; + Ay = 0 can be rewritten as
R = (Ag+ R*Ay)(—A)) ™

It can easily verify that the structure of the matrix (—A;)~! as follows:
Ji1 fi2 fis fia f15 fi6
J21 f22 fo3 foua fo5 [fo6
(—A)! = 1 1 f31 faz f3s faa fs5 fse
V| fa1 faz faz faa fa5 fae

f51 f52 f53 f54 f55 f56
f61 f62 f63 f64 f65 fGG

where the elements of (—A;)~! as follows:
V = [[T2 ® (Do + b1 D1) = Tlpym, |[U @ 02T & (Do + by Dy)]
— (1@ Tlny @ I, )U° @ Ly @ L, ]] % [[[U @ Do = 0Tim, JIU

® 0,7y @ (Do +b1D1) + [dio — 0)Linym,) — [11 @ 11 ® D4]
X [ @ 0T @ Iy, 1] [[Do @ S — 0Ly my) [T1 & (Do + b1Dy)
+ [dio = (0 + ) nymy] = [01 © D1 @ e, |[T7 © In, @ B]]

— W ®7Lhy @ I, ][[Do ® S — 0Linym,)[U @ Do — 0Ly, ] x [U° @ Iy,

® I, ] + [0 ® D1 ® e, J[U° @ I, @ Bl @ 1T ® Iml]]]

+ [OQ 02y Im1 ® SO] X |:[[’7 0 TITLz Y Iml][ll ® 02T20 Y Iml]] [[Tlo ® Iml

® B[ ® ar1 ® Di][U° & Iy, @ In,] — [T @ (Do + b1 D1)

+ [dvo = (0 + 7)oy, [U° @ L, @ BI[U & 01Ty & (Do + by Dy)
+ [d10 - U]Ilnﬂm]] + [[7 QT7lh ® Im1][UO QI ® Im1]] [[T2O ® I,

® BIU & Do — 0 Ijm,] X [U @ 02T @ (Do + b1 D1)]

~ @ TLy, @ L, [ @ 0215 @ Ln, |[U° & I, @ f]

— [Ty & (Do + b1D1) + [dio — (0 + 7) | Lnymy ) [[T5 @ I,

@ BlU @ 6,15 ® (Do + b1.D1)] x {[U & Do — 0Iiy, |[U

® 0Ty & (Do +b1D1) + [dio — 0|Linym, | — 11 ® a1 @ D]

X [Il & 91T10 ® Iml]}”’

fii = [[TI ® (Do + b1D1) + [dio — (0 + 7)) Lpym, ) [[U ® Do
— 0l JIlU @ 011 & (Do + b1D1) + [dio — 0 Linym, ]

— L @0 TY @ I, [} ® a11 ® Di]] — [U° & Iy, ® Iy, J[U @ Dy
- UIlml] X [7 ® TInl ® Iml]:| X HUO ® I'sz ® Iml]h/® TITLQ ® Iml]
— [TQ D (Do + lel) — TIn2m1] X [U D GQTQ &b (DO —+ lel)]],

@)
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Ji2 = [01 ® D1 @ ey, ] “[Tz @© (Do +b1D1) — TLym, |[U © 02T
D (DO + lel)H X {[U @® Dy — UIlml][U ® 04Ty P (DO + lel)
+ [dio — o) linym,] — L @ (T @ L, | X [ @ a1 @ Dl]}}

U0 T, ® I, U[ag ® Iy @ SO)[I) @ 0572 @ I, ]

x {17 ® Ty @ L, ) @ a1 @ D1}

fi3 = [lae ® Iy, ® S°I[U @ 0215 ® (Do + by D1)]] [Ty @ (Do + bi1Dy)
+ [dio — (0 + ) Inym,] X {{U ® Do — 0Ly, J[U ® 01Ty @ (Do + b1 Dy)
+ [dio — 0Ly, — [ @O TY ® Iy, X [ ® aqq @ Dy}
—[U® Do — 0Lim, J[U° @ Iy, ® I, ||y ® 7Ly ® Iy, ]],

fra=[01 @ D1 ® e, ] [ ® 1T @ I, [y © 71y @ Ly J{[T2 & (Do
+ b1 Dy) — TIhym,| X [U @ 02T5 @ (Do + b1 D1)] — [U° @ I,
& I J[Y ® TLny @ Iy | }] + [[o2 ® Iy ® S°] X [[; @ 0275
® I, )] [[T1 @ (Do + b1D1) + [d10 — (0 + T)Inymy )[¥ © TLny @ I, |
x [U@6.Ty & (Do + b1 D1) + [dio = 0Ty m,] = [U° @ I, @ L, |y
Tl I, X [y T, ® Iml]],

f15 = [[o1 ® Dy ® e, |[U ® Do — 0Ly, | [y @ 71y, @ I, )] [[U° @ I,
® L J[Y @ TIhy @ Iy ] — [T @ (Do + b1D1) — TLnym, |[U @ 62T
@ (Do + b1D1)]] — [Ty & (Do +b1D1) + [dio — (0 + 7)) Inym, ] [[a2
@ Ly, ® SO @ 0215 @ I, J{[1; ® 11 @ D1] x [y @ 71, @ Iy ]},

fi6 = [[a2 ® Im, ® SOy @ 71, I, )] [[T1 @ (Do + b1 D1)
+ [dio = (0 + ) Lpym, ] x {[Ll ® 1T @ L, ][I ® 11 ® D]
[U ® Do — 0Ly, |[U @ 6Ty @ (Do + b1 D1) + [d10 — 0] liym, ] }
[U°® I, @ I, J{{U & Do — 0Ly, ][y ® 71, @ I, 1}],

_|_

Jo1 = [[Tlo ® L, ®6]{[U@Do — ol [ ® a11 ® Dl]}

+ L @0TY @ Ly, J{[U° @ Iny @ B] X [y @ TLny ® I, |

— [TV @ Im, @ B[ ® 11 @ D]} [[To ® (Do + b1D1) = Ty, ]
X [U® 02T ® (Do + b1D1)] = [U° @ Iny @ Iin, [y ® TIny @ I, ]
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foa = [[U © Do — 01, J[U @ 1T1 © (Do + b1D1) + [dio — o)1, m, ]
-L® 91T10 & I, ] X [ ® 011 ® Dl]] HU @ 02T © (Do
+ b1 D) T8 ® I, ® Bllaz @ Ly, @ S°] — [Do & S — 0Ly ms | [T
& (Do +b1D1) — TLpym, |} + [Do ® S — 0Ly ms] x {{U° ® I, ® L, ][y
@ I, @ Iy |} + [U° @ I, @ B][Je2 @ Ly, @ SO)[L @ 02T ® Iy, |
X Ay @ 11n, @ I, J[U © 0171 & (Do + b1 D1) + [dyo — ollin, m, ]},

faz = [[ae @ Iy, @ SO)[U @ 62T ® (Do + by D1)]] [[TY ® I, @ BI{[Li
® 0,7 @ I, ] X [I; ® a1y @ D1] — [U @® Do — 0Ly, [U & 61 T4
@ (Do +b1D1) + [d10 — 0l Linymy |} = [U° @ Ly @ BI{ [0 ® 6, T7
® I, [y @ 7L, @ Iy, 1}],

for = [ @ OTY ® L, |y @ 7Iny @ I, 1] [[Do ® S — 0 Ly, |{ [U°
® Iy @ L, [y @ TIny @ Ln,] — [To ® (Do + b1.D1) — 7Ly, |[U
@ 0,T5 & (Do + by D1)]} + [T @ L, © B X [ag ® I, @ S°I[U
@ 0:T5 © (Do + b1.D1)]] = [T7 @ Iy, @ B][[az @ Ijn, ® S°)
X [ @ 0578 @ Ly, J{ [y ® TL, @ Iy, J[U & 6171 & (Do + b1 D7)
+ [dvo = ol linymi] }],

fos = [[U @ Do — 0T, ][y @ TLn, @ I, )] [[Do & S = 0L, m, ] { [T
@ (Do +b1D1) = Thyym, ] X [U @ 02T & (Do + by D1)] — [U°
® Ing ® I, |[Y @ TIny ® Iiny |} — (T8 @ I, @ B] X a2 ® I,
® SUIU & 6272 @ (Do + b1 D1)]] + [[02 ® L, ® S)[1; @ 6T
® I, | X [Y® T, ® I, )] [[Tlo ® L, @ O] ® a1 ® Dy
—[U° ® I, ® Bl @ TIn, ® I, ]],

foo = [[a2 ® Iy, ® S°1[y ® 7Ly @ I, ]] [T ® Iiny, @ BI{[U @ Dy
— 0, | X [U®OTH ® (Do +b1D1) + [dio — o|L1nym,)
— L ®LTY @ Ly, J[I; ® a1 @ D]} + [U° @ I,
@ AL @ O TY © I, [y @ 7L, @ I, 1],

far = [[L ® 0213 © L, Iy @ 71y @ Ly |] [[U° © Ly @ L, J{[T7
® Iy @ B[ ® a11 @ D1) — [U° @ In, ® B[y @ T1n, @ Iiny ]}
+ [U° @ Iy, ® B][T1 & (Do + b1 D1) + [dio — (0 + )] Lnym, |[U
® 0Ty ® (Do + b1D1) + [dio — 0] Linym, )] + [[T5 © I, ® B
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[32

f33

f3a

f35

f36

X [U @ 6:T> & (Do + b1D1)H [[Tl ® (Do +b1D1) + [dyo — (0
+ 7)) % {[U & Do — 0Iin, |[U @ 0171 & (Do + b1 Dy )

+ [dio — 0Dy, — [ @ O TY @ Iy, ] X [ ® a1y @ Da]}

— [U°® I, ® Iy, )[U ® Do — 0y, |[Y ®@ TIny @ Ly, ]],

= [V ® TIn, @ In, |[1i ® 0275 @ Iy, ] [[U° @ In, @ Bl ® Dy

® em,] X [U B0, Th @ (Do +b1D1) + [dio — o) 1nym,]

—[Do® S — 0Lym, [U° @ Iy, ® I, | x [[; ® 11 ® Dy

+ [T @ L, @ B)[[01 ® Dy @ e, )[U @ 02T5 & (Do + by Dy)]

x {[L ® 1T ® Iy, | [} ® a11 ® D1] — [U & Do — 0Ljy, J[U & 01T4
® (Do + b1 Dy) + [d1o — 0] Linym, |}

= [U @ 05T ® (Do + b1 D1)| [{[T @ L1n, ® B[ @ D1 @ ey,
—[Do®S —0l,m,| X [T1 ® (Do+b1D1) + [dio — (o

+ )y, ) H{[U ® Do = 01, |[U @ 0111 @ (Do + by D)

+ [dio — o)Ly, ) — [ @ 017 @ Ly, ) [ ® a1y @ D]} + [y @ 71,
@ Ly ) X {[Do ® S = 0Ly, ) [U° @ Iy @ I J[U ® Do — 0 Liy, ]

+ [U° @ I, ® Bllo1 ® D1 @ emy] X [ @ 1T & I, }],

= [[[} ® 0275 @ I, [y @ 7Ly @ Ly, ] [[Do ® S — 0Ly, |{[U° @ I,

@ I, [y @ 7In, @ Iy, ] = [T1 @ (Do + b1D1) + [dio — (o

+ )y, [U ® 1Ty @ (Do + b1D1) + [d10 — 0] Linym, |} + [TV @ I,
® Bllon ® D1 ® e, )[U & 61Ty @& (Do + b1.D1) + [dio — 0] Linym,]]

— 19 ® I, ® B][[er ® D1 ® e, ][I @ 01T @ Ly, [y @ 7L, @ Iy, ]
X [U @ 0,12 & (Do + by D1)]} ],

= [[Il ® 02T @ L [y @ Tlny @ I, [l ® 011 ® Dl]] [[DO
DS —0Ln,m,|[Th & (Do 4+ b1D1) + [dio — (6 4+ 7)) Inym,)
— [0 ® In, @ Bllar ® D1 ® em,]] + [[o1 @ D1 ® e,]

X [y @ 7L, @ I, |[U @ 02T & (Do + b1 D1)]] [[ag ® L,

® S°|U @ Do — 0Ly, | + [U° @ I, @ B][y ® TIny ® I, ]],

=y @7y, ® Ly, | [{[U & Dy — 011, J[U ® 61 T1 & (Do

+01Dy) + [dio — 0lTim,m,]) — [[@LTY @ Ly, |[I; ® a1y

@ D1]}H{[Do & S — 0Ly, m,|[T1 & (Do + b1D1) + [dio — (o

+ T\ pymy) — [T @ Ly, ® Bllon ® Dy ® ey} — {[y @ TIny @ Iy, ]
X [Do ® S = 0Linym,) H{[U° @ Iy, @ I, J[U ® Do — 011y, ]

+ [ ® Dy @ €py] X [I @ 01T @ Ly, ]},
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fir = [[To & (Do + b1 D1) — Loy, |[U & 0215 & (Do + b1.D1)]
— U@L, @ Iy, ) X [y @ TLy @ Ly, ] [[U° @ Iy, @ L, J{[TY
@ I, @B @11 @D1] = [U° @ Iy, @ B] x [y @ 71,
® Iml}} +[U°® I, ® BTy @ (Do +b1D1) + [dyo — (0 + )] Ty m, ]
X [U@® 60Ty & (Do + b1Dy) + [dio — 0] Linym, ],

fio = [[U° @ L, ® L, )[Y ® Ly ® Iy ] — (T2 @ (Do + b1D1) — Tlnym, ]
X [U @ 0:T5 & (Do + b1D1)]] [[Do @ S — 0Ly my, | [U° @ Iy,
® Ly ][l ® 011 ® D1] + [U° © Lin, @ fllar @ D1 ® e, |[U ® 61 T3
& (Do + b1D1) + [d10 — 0l Linym, ]| + (15 @ I, @ B[[U° & I,
® ImyJ[ae @ Iy @ SPN{[[; ® 011 @ D] x [U @ 6215 & (Do + b1 D1)] }],

fiz = [laz ® Iy, ® S°I[U @ 0212 ® (Do + b1 D1)]} [[U° @ I, @ Lo, {1y
® TIny @ Iy ] — [T7 ® Iy, @ B[ ® 11 ® D1)} — [Ty & (Do
+b1D1) + [dio— (0 + 7)) Inym, ) X [U @0 Th & (Do + b1Dy)
+ [dyo — U]Ilmml]]7

faa = [[U° @ Iy @ Ip, | [y @ 71y @ Iy, ] — [T2 & (Do + by.Dy)
= TLyym, J[U @ 02T & (Do + b1D1)]] x [[Do ® S — 0Ly, ) {[T1
® (Do +b1D1) + [dio — (0 + 7)|[Inym, J[U & 01Ty & (Do + b1.Dyq)
+ [dio — 0Dy, — [U° @ I, @ L, |y @ 71y @ Ly} — [T} @ I,
@ Bl{lo1 @ D1 ® ep,] X [U ® 01Ty & (Do + b1 D1) + [dio — 0] L1, m, ]}
+ [T9 ® Ly, @ B][[ag @ Ln, ® S°] x [U ® 02To @ (Do + b1 D1)]{[Th
® (Do +b1D1) + [dio — (0 + 7)[In,m,] X [U@® Ty & (Do + b1Dy)
+ [di0 = o ipymy) — [U° ® Ly, @ Ly [y © 7Ly @ L1},

fas = [[T2 & (Do + b1 D1) — Ty, |[U @ 0215 & (Do + b1 D1)]
—[U°® Iy @ Iy ) X [v @ 7Ly @ Ly, )] [[Do @ S — 0Ly, [T

® (Do +b1D1) + [dio — (0 + )| Inym, ] X [} ® @11 ® D4

— 17 ® I, ® Bllar ® D1 & emy ][I @ a11 © D1 + [U° @ I;n, @ f]

X [a1 ® Dy @ emy][y @ 71y @ I, )| — (18 @ L, ® B][[T1 ® (Do

+ b1D1) + [dio — (0 4 7)) Ly, )2 @ Iy, @ SO [ ® a1y

® Di|[U @ 65T @ (Do + b1 D1)]}],

f16 = [[a2 @ L, @ S|y ® 7Ly ® I, || [T @ L, ® B){[U°
® Iny ® Iy |[Y @ TIny ® Iin, |} + [U° ® Iy, @ BI{[T1 ® (Do
+ by Dy) + [dio — (0 + T)Lnym, ) [U ® 01T1 & (Do + b1 D1)
+ [d1o — 0] Dinym) — [U° @ Iny @ L, ||y @ 71y @ Iy ]},
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for = [[U° @ Ly, ® I, |1y @ 71y, @ Ly, ] — [Ts & (Do + b1 Dy)
— T Ly JlU @ 05T5 ® (Do + by D] [[TY ® L, @ BI[U° @ I,
® I, J[lU @ Do — 01, | + [U° @ Ly, ® B] % [Ty @ (Do + by Dy)
+ [dio = (0 + )Ly [l @ TV @ I, ],

fs2 = [[To ® (Do + b1D1) — TLym, U @ 0215 @ (Do + by Dy)]
—U°® I, @ I, ) X [Y @ 7Ly ® Ly, )] [[Do @ S — 0 Liym, )[U°
@ Iy @ I, J[lU @ Dy — 011y, | 4+ [U° @ Iy, @ Bl @ D1 ® e, )1
® 0T @ Iy, )| — [[U° ® Iny @ I, o2 @ Iy © SY]
X ([T5 ® I, ® BI[U ® Do — 0Ly, |[U @ 62T @ (Do + by D)
+ U ® I, @ B] X [y @ Tly @ Iy, |1 ® 0275 @ I, ]

fs3 = [[U ® 02T & (Do + b1.D1)][ae ® I, @ SO [[TY @ L, @ BI{[U°
® I, ® I, | X [U @ Do — 0Ly, ]} + [U° @ Iy, @ BI{[T1 & (Do
+b1D1) + [dio — (04 7))Ly, | X [L @ 0T @ I, 1}],

fsa=[[To ® (Do + b1D1) — TIoym, J[U @ 02T & (Do + b1.D1)]
—U°® I, @ Iy ) X [Y @ TLy @ Iy, )] [[Do @ S — 0Ly, ] { [T
@ (Do +b1Dy) + [dio — (0 + ) Lpym,] % [ @ 1T @ Iy, |}
— [T ® I, @ Bl{[a1 ® D1 @ e, ][[} @ 1T ® I, |}] + (02 @ Iy
® ST @ Iy, @ BIU° @ I, @ L, J{ [y @ T1ny @ Iin, |[11 @ 0217
® Iy ]} = (19 @ Iy, @ B)[T1 & (Do + b1 D1) + [dio — (o
+ Ly ) {1 ® 0T @ L, ] % [U & 0275 & (Do + by Dy)] ],

fs5 = [T ® (Do + b1D1) — TIngym, )[U ® 02T ® (Do + b1 D1 )]
—U°® I, @ I, ) X [y ® TLy @ Iy, )] [[U @ Do — 0y, |{[TY
@ I, @ Bllor @ Dy @ em,] — [Do @& S — 0Ly, m, | [T1 & (Do
+b1D1) + [dio — (0 + 7)) Lpym, | }] + [[T1 @ (Do + b1 D1)
+ [dio = (0 + )Ly ) [0z ® Ly, @ SO [[T5 @ Ly, @ BIIU
® Do — 0L, | X [U@0:T5 @ (Dg+b1Dy)] + [U° @ I,
® B[y ® TIny @ I, [ @ 0275 @ Iy, 1],

fs6 = —[a2 ® Iy, @ SY[[ar ® D1 ® e, |[U° ® Iy, @ I, [{ [T
& (Do +b1D1) — TLpym,| X [U® Do — 0Li, |} + [U°
@ I, @ BI[T1 ® (Do + b1D1) + [dio — (0 + 7)) nym, ]
X AV @ TIhy ® Ly, [ @ 0T @ I, 1},
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for = T8 @ I, @ BI[[T1 ® (Do + b1D1) + [dio — (o
+ Ty, J[U° @ Iny @ Iy | % {[I ® a11 @ D1][[; ® 0,17
® Im,] = [U & Do — i, |[U © 01Ty & (Do + b1.Dy)
+ [dio — U]Ilnlml]}] + [UO ® I, ® F] [[T2 @® (Do + by Dy)
= hnam ]l ® HQTQO @ I, | % {[UO ® In, ® I, ||y @ T1n,
@ I, ] — [Ty ® (Do + b1 D1) + [d1o — (0 + 7)] Ty m, ]
X [U® 6,1y & (Do + b1D1) + [dio — 0} inymy ) }] — [U° ® I,
® L (119 @ Iy © 8] X [U° @ Ly ® L, ){ [y © 7oy ® L JIU
® Do — limy ]} + (1Y @ In, @ 6] X [T2 & (Do + b1 D1)
_ TInzml]{[Iz ® a1 @ Di][I ® 02T9 ® [ml]}],

fo2 = I ® 0219 @ Iy, |[[T2 & (Do + b1D1) — 7Ly, U @ 01T4
@ (Do + b1D1) + [di0 — )Ly m, ] X {[Do & S — 0Ly m, ) [U°
® Iny @ I, ] 4 [U° @ I, @ Bllo @ Dy ® €y ]} — T3 @ I,
® BIU° @ I, ® I, {02 ® I, ® S°)[I ® a1y @ D1]}]
+ (19 ® I, ® B] % [[a1 @ D1 ® e, J[U° @ Iy, @ I, J{[U & Do
— 0y, J[lU ® 01T @ (Do +b1D1) + [dio — 0] 1nym, ]
— L ® a1 @ D)L ® 4T @ I, ]},

fo3 = [[U® Do = 0Lim, |[U @ 0:1T1 & (Do + b1.D1) + [dr0 = 0] linym, ]
— L ® a1 @ Di] x [ @ 1T @ L, || [[Do ® S — 0 Linym, | [U°
® Iy, @ I, [Ty ® (Do + b1D1) + [dio — (0 + 7))Ly, | — [T7
® I, @ Bllar ® D1 @ e, J[U° ® Iy @ Iy ] — [[U° ® I,
® I J[y ® 71y, @ I, || [[Do @ S — 0Ly, ) [U° ® I,
@ Iy, |[lU & Do — 01, | 4 [U° @ I, @ Bl[ar @ D1 ® e, ][I
® 01T @ In, )] + [ @ I, © S°) x [[TY @ I, ® BI[U°
® L, @ L, {1 ® a1y @ Di][I; @ 0578 @ I, ]} + [U° @ Ly,
® B] x [[; ® T3 @ Iml]{[TI ® (Do + b1D1) + [dio — (0
+ D ym U ® 0Ty @ (Do + b1D1) + [dio — 0|11y m,)
— [U° @ In, ® I, )[y ® TIn, @ Im, ]}],

foa=[Do® S — 0Ly m,] [[To @ (Do + b1.D1) — TLnym, [ ® 02T5
® L, J{[T1 @ (Do +b1D1) + [dio — (0 + 7)| Ly, )[U @ 01Ty
@ (Do + b1D1) + [dio — ol inym, | — [U° @ Iy, @ I, | X [y @ 71y,
@ I, ]} + [01 ® D1 @ e, ] [T @ L, ® BI[U° @ I,
® L, Ay @ TLy, @ I, ] % ([ @ 1T @ Iy} — [T @ I,
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f65

f66

@ BTz ® (Do + b1D1) — TInym, J{[U ® 1Ty & (Do + b1 D1)

+ [d1o = 0Ly [ @ 02T @ L, 1}] + [[T8 @ Lin, @ Bllae @ L,
® 8] x [[U° ® L, @ L, [y ® 7Ly @ Iy )[Ii @ 02T @ Iy,
—[Th & (Do + b1 D1) + [dio — (0 + 7)) Tnym, |[U ® 01 T1 & (Dy

+ b1D1) + [dio — 0\ Liym, |[1 @ 02T @ Iy, ],

= [[T2 ® (Do + b1 D1) = TLoym, [} @ 02T @ Iy, 1] [[U @ Dy
— 0Ly, {[TY ® I, ® B] % (01 ® D1 @ €,] — [Do & S

— 0Lymy [Tt ® (Do + b1Dy) + [dyo — (0 + 7)| Loy, ] }

— [U° @ In, ® Bl{ |1 ® D1 ® €] [v @ 7Ly @ Iy, ] }]

+ 13 ® Ly, @ B][[T1 ® (Do + b1 D) + [dro — (0

+ D) Inymy 02 ® Iy, @ SUI{[L @ 11 @ D][U° @ Iy, @ I, |}
— [a1 ® D1 ® €3, ][U° & Iy @ Ly J{[v @ TIny ® I, J[U

@® Do — 0Ly, |}],

= [[[; ® a11 ® Di][[; ® 1T ® In,] — [U & Do — 0Ly, |[U & 0. T4
@ (Do + b1D1) + [d10 — 0]y, ]| [[T2 ® (Do + b1.D1)

- TIHle]{[Do DS — 0lpmym,][T1 ® (Do + b1D1) + [dio — (o

+ D) nymy] = [T ® I, ® Bllog ® D1 @ €y ]} — [T5 @ I,

® B|[T1 @ (Do + b1 D1) + [d10 — (0 + 7)Inymy )[@2 @ In, ® S]]

+ Y@ 71Ihy ® 1y, ) [[U° ® In, ® I, | x [U ® Do — 0Ly, ]{[Do & S
— 0Ly [To @ (Do 4 b1D1) — Ty, | — T8 @ Iy, @ B

X (a2 ® I, ® S°1} + [U° ® Iy, @ Bllar ® Dy @ e, |{[T2 @ (Do
+ 01D1) = TLym, ) X [ @ 0T @ Iy, ]}

In the similar way, pre-multiplying a diagonal block matrix with (—A;)~! matrix.

However,

1

the structure of matrix Ag(—A;)~* is provided by,

0O 0 0 0 0 o
921 922 923 924 925 926

_ 1
Ag(—A) == 931 932 933 934 935 936

V|0 0 0 0 0 0
951 952 953 954 J55 956
ge61 962 963 Je4 Jes Je6

where the elements of Ag(—A;)~! is as follows:

921
g22

= [c10€n, ® I, ® Bf11 + [In, ® b2D1]fo1,
= [Clo'enl (9] Im1 ® ﬁ]le + [Inl & b2D1]f227

3)
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923 = [c10€n, @ I, @ Blf13 + [In, ® baD1] fo3,
goa = [c10€n, @ Ly, @ B]f1a + [In, ® baD1] foa,
925 = [c10€pn, @ I, @ B f15 + [In, @ baD1] fos,
g26 = [c10€n, @ I;m, @ B]f16 + [In, ® baD1] fae,
931 = [In, ® baD1] f31,
932 = [In, ® baD1] f32,
933 = [In, ® baD1] f33,

= [In, ® baD1] faa,
935 = [In, ® by D1] f35,
936 = [In, ® baD1] f36,
gs1 = [l @ cr0€n, @ I, ] far + [} ® L, @ ba D] f51,
gs2 = [ ® cr0en, @ L, ] fao + [} @ I, @ by D1] f52,
g53 = [[} ® cr0€pn, @ I, ] faz + [} ® Iy, ® baD1]fs3,
gss = [I} @ croen, @ I, ) faa + [} ® Iy, @ bo D] fs4,
gs5 = [[1 @ cr0€n, @ Im,]fas + [} ® L, @ baD1]fss,
gs6 = [[; @ cr0en, @ Im,] fas + [11 ® I, @ baD1]fs6,
g1 = [[1 ® I, ® baD1] fer1,
ge2 = [I; ® I, ® by D1] fe2,
963 = [ @ I, @ baD1]fe3,
gea = [} ® I, @ by D1] fou,
965 = [[1 ® I, ® baD1] fes,
go6 = [} ® I, ® baD1] foe.

-1

Here, we pre-multiplying a block matrix Ay with (—A;)~" matrix. Thus, the structure

of matrix As(—A;)~! is provided by,

hi1 hi2 h13 hig has hig
0O 0 0 0 0 o
1{0 0 0 0 0 0
V' | hat hag haz haa has hag
0O 0 0 0 0 O
0O 0 0 0 0 o

AQ(_Al)_l = (4)

where the elements of Ay(—A;)~! is as follows:

hi1 = [oa1 @ Iin, ® em,]fa1,
hig = [ca1 ® Lin, ® em,]fa2,
his = [oa1 @ Ly, ® em,] fas,
his = [oor @ Iy, @ em,]
his = [JCY1 ® Iy, ® emz}fgg,,
hig = oo ® L, ® em,]fas,
har = [I} ® ooy @ Iy, ) fua,
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hao = [I; ® oa11 ® I, ] fa2,
has = [I} ® oa11 @ I, ] fas,
h44 =[I; ® co11 @ L, ] fa4,
=L ® oo @ Iy, fus,
[ ]

h46 I} ® ooy @ I, | fa6-

The sequence of {R("™),n =0,1,2,3,...} is described by,

RUD = [(R™)2 A, + Ag](—A1) ™, n=0,1,2,3,...

The minimum non-negative solution of the matrix quadratic expression R?As + RA; +
Ay = 0 converges monotonically with R(®) = 0. The structure of the first iterative value
of the R matrix, i.e., R™") will be the same as that of {Ag(—A;)~'}. Then we can
clearly observe that (R(1))2A,5(—A;)~" will have the same structure as R(?), implying
the generalisation of the fact that R(™) will have the same structure as {Ag(—A;)"'}.
As a result, the preceding findings are verified.

5 Busy period analysis

A busy period can be measured as the time between customers entering an empty
system and the system being empty again after the first interval. As a

consequence, it is the first passage time between levels 1 and 0. The busy cycle is
defined as the first return time to level 0 with at least one visit to any other level.

We begin with a brief overview of the fundamental period before moving on to
the busy period. It is the first passage time from level j to level 7 — 1,5 > 2
when the QBD process is taken into account.

Individual cases j = 0, 1 corresponding to boundary states must be discussed.
Mention that (myms + nimy + namy + lm1 + Inymy + Inam,) states
correspond to each and every level j, j > 1. When the states are organised in
alphabetical order, the state (j, k) of level j denotes the k*" state of level j.

Let Gy (u, x) be the conditional probability that the quasi-birth-and-death process
visits the level 7 — 1 to make changes to w transitions to the left and also enter
the state (j, k') with the constraint that it start-up in the state (j, k) at time ¢ = 0.

Let us begin with the joint transform concept.
Grr (2, 8) = Zz“/ e *dGrr (u,x); | 2z |<1,Re(s) >0
u=1 0

and the matrix is described as G(z,s) = Gy (2, s) then the above-mentioned
matrix G(z, s) satisfies the expression
G(z,8) = 2(sI — Ay) " Ag + (sI — Ay) T AgG?(z, 5)

The matrix of G = Gw = G(1,0) would be taken for the first passage times,
exclude for the boundary states. If we have already known the matrix R then we
could find the matrix G using the result

G = —(A; + RAy) ™ Ay
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Otherwise, one can utilise the concept of a logarithmic reduction algorithm to obtain the
values of the G' matrix.

5.1 Notations of boundary level states

ng’,o ) (u,x) denotes the conditional probability that the quasi-birth-and-death
process is discussed for the first passage times from level one to level zero at
time ¢ = 0.

Gg;c’,o ) (u, x) denotes the conditional probability that the quasi-birth-and-death
process is discussed for the return time to level zero.

IF; indicates the average first passage time from the level j to level j — 1, given
that the process is in the state (j, k) at time ¢ = 0.

IF, indicates the column vector with entries F ;.

IFo; indicates the average number of customers to be served during the first
passage time from level j to level j — 1, given that the first passage time begins
in the state (j, k).

[F> indicates the column vector with entries Fy;.
F1 (19 indicates the average first passage time from level one to level zero.
= . .

F5(1:9) denotes the mean number of service completed during the first passage
time from level one to level zero.

= 0,0) .
F1™") denotes the first return time to level zero.

— . L

F5(0:9) denotes the mean number of service completion in between first return
time to level zero.

The following equations which are given G119 (z,s) and G0 (z,s) are for the
boundary levels one and zero respectively.

GO0 (2, 6) = 2(sT — Ay) " Ag + (sI — Ay) " AgGi(z, )G (2, )
GO0 (z,5) = (sI — Bo) ' B1GM ) (2, 9)

Thus, the following instances are evaluated utlising the matrices as G, 6(070)(17 0) and
G119 (1,0) are stochastic.

IE) =— —G(z,s) e=—[A1+ Ag(I +G)] e %)
Os z=1,s=0
— 0 ~ _1
]F2 = 7G(Z,S) € = 7[141 + Ao(I + G)] A26 (6)
0z z=1,5=0
11—71)(1’0) = GO (2, s) e=—[A1 + A()G]_l(AOIETl> +e) 7
o z=1,s=0
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Fy(10) = 2é<1v(>>(z, s) e = —[Ar + AoG] " (AoFs + Ase)

0z z=1,5=0
— 0 ~ _ —
F; (-0 %GO’O(Z, s) e=—B; 1[3118‘1(1’0) + €]
z=1,s=0
— 0 _ —
Fp (00 s GO (z,s) e = —By ' [BF, M)
z=1,5=0

6 Performance measures

®)

©)

(10)

We probe the qualitative behaviour of our model under a steady state. In this part,
we included a few performances of system measures, together with their computation

expressions, as follows:

e  Probability that the MS making OA:

co mi Mmg

Prrvio = Z Z Z Xp0s1ss = Xoe1 (1) +x1(I — R)er(1)

p=0s1=1s2=1
e  Probability that the MS providing service to IA of customers:

oo ni mi

Pupr=Y_> Y Xpirs =%Xe1(2) +x1(I — R)"'e(2)

p=0ri=1s;=1

e  Probability that the MS providing service to OA of customers:

oo  n2  mq

Pygo = Z Z Z Xp2ras, = X0€1(3) + Xl(I — R)_1€1(3)

p:O T2:1 51:1

e  Probability that the SS being idle:

o0 l ma
Psr =) > > Xpsgess = Xoe1(4) +x1(I = R)ler(4)

p=0g2=1s1=1
e  Probability that the SS providing service to incoming customers:

ni ma

e’} l
Pspr=13_ > > > Xptgariss = Xoe1(5) +x1(I — R)"e1 (5)

p=0¢g2=1r1=1s5;=1
e  Probability that the SS providing service to outgoing customers:

ma

%) l no
Pspo =33 > ) Xpsgeras, = Xoe1(6) +x1(I — R)"'e1(6)

p:O QQ:1 7’2:1 81:1
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Expected orbit size:

oo
Eorbit = Zp Xp €1 = X1 (I - R)_261

p=0

The average system size:

0o mi oo ni
system § § E pxp05152 + E § E P + 1 Xpl’rlsl
p=0s1=1s2=1 p=0ri=1s;1=1
co nz mi
+ § : § : E : p+ 1 xp27“281 + E E § :pXP3Q251
p=0ro=1s1=1 p=0¢g2=1s1=1
ni mi no my
+ § : E : § : § : p+ 1 XP4QQT151 + E E E E : p+1 Xp5qaras:
p=0g2=1r1=1s1=1 p=0g¢ga=1ro=1s;=1

The successful rate of retrials:

D3 9P SNTES 3) o) o

p=1s1=1s2=1 p=1gz2=1s1=1

—a[xl(I R)lei(1) +x(I — R)™* ()}

Probability of a successful retrial:

R Feote=rt 1) 2) P ILVIED 3 9 S

p=1s1=1s2=1 p=1ga=1s1=1

{am(jm}[ (=R rei(l) +x(I = R)™! ()}

Average number of a successful retrial:

o0 ma
A ez =ov | DD DD ILMSNED 3 9p SO

p=1s1=1s2=1 p=1ga=1s1=1

_{M}[xlu R)%ei(1) +x1(I — R)™* ()]

Expected number of customers in the orbit when the MS making OA:

o0 ma

Eyvmo = Z Z Z PXp0s,s, = X1 (I — R)"%e1(1)

p=0s1=1s2=1

Average orbit size when the MS providing service to IA of customers:

co nip mq

Evpr = Z Z Z PXpirs, = X1(I — R)%e1(2)

p=0ri=1s;1=1
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e  Average orbit size when the MS providing service to OA of customers:
o0 no ma
Eypo =YY > DXpore, =X1(I = R)2e1(3)
p=0ro=1s1=1
e Average orbit size when the SS being idle:
oo l maq
Est =) Y Plugs =%l - R)%ei(4)
p=0g2=1s1=1
e  Average orbit size when the SS providing service to incoming customers:

ESBI = Z Z Zl Z PXpdgoris; = XI(I - R)_261(5)

p=0ga=1r1=1s;=1

e  Average orbit size when the SS providing service to outgoing customers:

%) l ng  Mmi
Espo=_ Y Y D Phpsgres = %1(I = R)e1(6)

p=0g2=1r2=13s;=1

e  The overall rate of retrials at which the orbital customers request for service:

{ i i f Xp0sys2 + Z Z Z Xpiris; + Z Z Z Xp2rys;

p=1s1=1s9=1 p=1ri=1s;=1 p=1lro=1s;=1
o l mi co 1 niy  mi
+ E : 2 : E : Xp3gzs; T E : E E : E Xpdgari sy
P_1QQ_151_1 p=1¢go=1r1=1s;=1

Oy S z} ol - B )

p=1ga=1ro=1s;=1
+x1(I —R)'e1(2) +x1(I — R)te1(3) +x1(I — R)les(4)
+x1(I - R)"'e1(5) + x1(I — R)e1(6)]

e The rate at which the customers balking from the system:

oo nyp Mma oo mn2 Mg
T =b )\ lz Z Z Xpir,s; T Z Z Z Xp2rysy

p=0r;=1s1=1 p=0ra=1s1=1
oo l ny  mi 0o l ng  my
+ E E : § E :XP4Q2T151 + E : E E E :X;D5Q2T281
p=0¢g2=1r1=1s1=1 p=0g2=1ro=1s;=1

7 Cost analysis

In this section, we assign a cost to some of the system performance measures under
consideration. We discuss a cost function TC, which is described as follows:

TC = CuEorpit + CrurioPrunvio + CvuprPusr + CusoPyvso
+ Cs1Psr + CsprPspr + CspoPspo + 17C1 + 61Co + 62C3
4 (6161)C4 + (6265)Cs + UC + TCs
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where

e TC - Total cost of the system.

e (g — Holding cost of each and every customer in the orbit.

o (o — Cost per unit time when the MS is making OA of customers.

e (ypr — Cost per unit time while the MS rendering service to IA of customers.
e (Cpo — Cost per unit time while the MS rendering service to OA of customers.
e (gr — Cost per unit time during the SS being idle.

e (Cgpy — Cost per unit time while the SS rendering service to IA of customers.
e (gpo — Cost per unit time while the SS rendering service to OA of customers.
e (7 — Cost per unit time when the MS caused by breakdowns.

e (3 — Cost per unit time for the incoming service is rendered by the MS.

e ('3 — Cost per unit time for the outgoing service is rendered by the MS.

e (4 — Cost per unit time for the incoming service is rendered by the SS.

e (5 — Cost per unit time for the outgoing service is rendered by the SS.

e (s — Cost per unit time for the MS rejuvenated from repair.

e (7 — Cost per unit time due to the impatient behaviour of IA of customers.

8 Numerical analysis

In this section, we analyse the model’s behaviour utilising numerical and graphical
representations. The variance and correlation structures of the five different MAP
representations are different. The first three arrival processes, ERLA, EXPA, and
HYP-EXPA, all correspond to renewal processes, so their correlation is zero. The arrival
processes of MAP-NC and MAP-PC are correlated arrivals, with —0.4804 and 0.4804
as the correlation between two successive inter-arrival times. The inter-arrival times of
these five arrival processes have coefficients of variation of 0.2500, 1, 14.6365, 1.0408,
and 1.0408.

o Erlang of order 4 (ERLA):

44 0 0 0000
0—-44 0 0000
Do=1¢ 044 P =10000
00 0 —4 4000

o  Exponential (EXPA):

Do = [-1], Dy = [1]
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o Hyper-exponential (HYP-EXPA):

-82 0 0 5.74 2.05 0.41
Dy=| 0 —-082 0 , D1 =10.574 0.205 0.041
0 0 —0.082 0.0574 0.0205 0.0041

o  MAP-negative correlation (MAP-NC):

[—1.75 1.75 0 0 ] [0 00 O
Do | 0 -175 17 0 D _ 0 00 0
=1 0 0 —-175 0 | 7Y 10.0175001.7325

0 0 0 -35 | 3.465 00 0.035 |

o  MAP-positive correlation (MAP-PC):

[-1.75 175 0 0 [0 00 0
Do | 0 L7175 0 p_| 0 00 0
o710 0 —175 0 |” 7' [1.7325000.0175

0 0 0 -35] | 0.035 00 3.465 |

Consider the following three PH distributions: 1A, service process, and repair process.
The arrival times, service times, and repair times with depictions Ao, &1, do and ¥
are obtained by normalising these three representations. We will use the notations
EXPX, ERLX, and HYP-EXPX for exponential, Erlang, and hyper-exponential cases
dealing with X -type distributions, where X = A, S, or R depending on whether we are
concerning about services or repairs. As a result, ERLS stands for Erlang-based services,
while EXPR stands for exponential repairs and HYP-EXPA stands for hyper-exponential
arrivals.

e  Erlang of order 3 (ERLX):

-33 0
B:OQZCVQ:’V:(L(LO),S:T1:T2:U: 0 -33
0 0 -3
e  FExponential (EXPX):
/3:&1:&2:’7: (1), S:T1:T2:U: [—1]
e  Hyper-exponential (HYP-EXPX):
—-280 0
B=ar=a=7=(08,02), S=T1 =T, =U = { 0 _0_28]

8.1 Example illustrative 1

To probe the impact of the retrial rate of incoming arriving customers (o) on the
expected orbit size (Eyqpie). We fix A = 3; Ay = 2; §; = 11; 65 = 10; 61 = 0.9; 65 =
08, v =7,7=2;b; =05, by =0.5;, ¢y =04; d; = 0.6.
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Table 1 Retrial rate of incoming arriving customers versus F,.;: — Erlang service

. ERLS

ERLA EXPA HYP-EXPA MAP-NC MAP-PC
2.0 0.2991 0.8892 11.5019 1.0234 17.5591
2.5 0.2289 0.6526 6.3759 0.7139 12.7905
3.0 0.1861 0.5232 4.4994 0.5555 10.2648
3.5 0.1573 0.4419 3.5324 0.4597 8.6976
4.0 0.1367 0.3862 2.9467 0.3958 7.6293
4.5 0.1212 0.3457 2.5563 0.3502 6.8546
5.0 0.1093 0.3151 2.2794 0.3163 6.2678
5.5 0.0998 0.2912 2.0739 0.2901 5.8088
6.0 0.0920 0.2720 1.9164 0.2693 5.4411
6.5 0.0856 0.2564 1.7925 0.2525 5.1410
7.0 0.0803 0.2435 1.6932 0.2386 4.8926
7.5 0.0757 0.2326 1.6123 0.2271 4.6847
8.0 0.0718 0.2234 1.5455 0.2173 4.5091
8.5 0.0685 0.2155 1.4899 0.2090 4.3598
9.0 0.0655 0.2087 1.4432 0.2019 4.2324
9.5 0.0629 0.2028 1.4037 0.1957 4.1233
10.0 0.0607 0.1976 1.3702 0.1903 4.0297
10.5 0.0587 0.1931 1.3417 0.1856 3.9495

Table 2 Retrial rate of incoming arriving customers versus F,.;: — exponential service

; EXPS

ERLA EXPA HYP-EXPA MAP-NC MAP-PC
2.0 0.6351 1.3386 15.1626 1.3921 23.7953
2.5 0.4719 0.9438 7.7865 0.9447 16.3057
3.0 0.3787 0.7415 5.3388 0.7269 12.6092
3.5 0.3185 0.6186 4.1189 0.5983 10.3914
4.0 0.2765 0.5359 3.3897 0.5134 8.9038
4.5 0.2456 0.4766 2.9055 0.4534 7.8313
5.0 0.2218 0.4319 2.5613 0.4087 7.0178
55 0.2031 0.3970 2.3044 0.3741 6.3772
6.0 0.1879 0.3690 2.1057 0.3466 5.8580
6.5 0.1754 0.3461 1.9475 0.3242 5.4276
7.0 0.1649 0.3269 1.8187 0.3057 5.0642
7.5 0.1559 0.3107 1.7120 0.2900 4.7527
8.0 0.1482 0.2968 1.6221 0.2767 4.4824
8.5 0.1416 0.2847 1.5454 0.2651 4.2452
9.0 0.1357 0.2741 1.4792 0.2551 4.0353
9.5 0.1306 0.2648 1.4216 0.2462 3.8480
10.0 0.1260 0.2565 1.3709 0.2384 3.6798

10.5 0.1218 0.2491 1.3261 0.2314 3.5277
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Table 3 Retrial rate of incoming arriving customers versus Fo,.;: — hyper-exponential service

. HYP-EXPS

ERLA EXPA HYP-EXPA MAP-NC MAP-PC
2.0 1.9331 2.8954 25.1219 2.8736 37.4707
2.5 1.2952 1.8119 10.2828 1.7481 21.4097
3.0 0.9920 1.3464 6.5083 1.2837 14.9823
3.5 0.8145 1.0866 4.7813 1.0296 11.4876
4.0 0.6978 0.9204 3.7908 0.8690 9.2738
4.5 0.6150 0.8046 3.1488 0.7581 7.7359
5.0 0.5532 0.7192 2.6992 0.6768 6.5997
5.5 0.5052 0.6536 2.3670 0.6146 5.7228
6.0 0.4668 0.6014 2.1117 0.5654 5.0236
6.5 0.4354 0.5589 1.9097 0.5255 4.4521
7.0 0.4093 0.5236 1.7458 0.4924 3.9760
7.5 0.3871 0.4938 1.6104 0.4646 3.5732
8.0 0.3681 0.4683 1.4966 0.4408 3.2283
8.5 0.3516 0.4462 1.3997 0.4202 2.9300
9.0 0.3372 0.4268 1.3162 0.4023 2.6700
9.5 0.3244 0.4097 1.2436 0.3864 2.4421
10.0 0.3130 0.3945 1.1799 0.3724 2.2411
10.5 0.3028 0.3809 1.1235 0.3598 2.0632

A quick observation from Tables 1, 2 and 3 as follows:

e  While enhancing the retrial rate of IA of customers from the orbit reveals the
E, it decreases correspondingly with the distinct groupings of arrival and service
times.

e From the viewpoint of service times, the F,.;;;+ decreases in the case of
HYP-EXPS decreases highly as well as fastly and the ERLS decreases minimally
as well as slowly. Now, consider the arrival times, the F,,p;; decreases in the
pairs of arrival such as (ERLA, ERLA), (ERLA, EXPA), (ERLA, HYP-EXPA)
are slowly as well as minimally decreases and the pairs of arrival such as
(MAP-PC, ERLA), (MAP-PC, EXPA), (MAP-PC, HYP-EXPA) are fastly as well
as highly decreases.

e  Whenever the server is idle whether the SS or the MS it is, at that moment if the
retrial occurs immediately service starts for that retriving customer so that if the
retrial rate increases which leads to the expected number of customers in the orbit
decreases.

8.2  Example illustrative 2

To investigate the consequence of the OA rate (A2) on the expected orbit size (Eorpit)
and total cost of the system 7T'C. We fix A\ = 1; §1 = 8; 92 = 13; 0 =2; 01 =0.8; 05 =
0.8; v = 8; T = 3; Cc1 = 04, dl = 06, bl = 0.5; b2 = 0.5; CH = 18; C]\/[]wo = 6; CMBI
=5 Cuo =5 Csr=3;Cspr =4, Cspo=4,C1 =1, Co =2;C3 =2; Cy = 1; Cs
=1,Cs=2;,Cr=1.



Table 4 Outgoing arrival rate versus FE,»;+ and TC' — ERLA

Analysis of (MAP, PH)/(PH, PH)/I retrial queueing model

33

ERLA
A2 ERLS EXPS HEXS
Earbit C Eorbit C Eorbit C
4.0 0.0993 86.1515 0.1139 86.4434 0.2041 88.1666
4.5 0.1119 86.4119 0.1275 86.7201 0.2225 88.5275
5.0 0.1247 86.6720 0.1412 86.9965 0.2409 88.8865
5.5 0.1375 86.9320 0.1550 87.2731 0.2594 89.2447
6.0 0.1505 87.1925 0.1690 87.5503 0.2780 89.6027
6.5 0.1636 87.4538 0.1830 87.8282 0.2967 89.9615
7.0 0.1768 87.7161 0.1972 88.1073 0.3155 90.3213
7.5 0.1902 87.9797 0.2116 88.3878 0.3345 90.6828
8.0 0.2037 88.2449 0.2261 88.6699 0.3536 91.0463
8.5 0.2174 88.5118 0.2407 88.9539 0.3729 91.4122
9.0 0.2312 88.7807 0.2555 89.2401 0.3925 91.7809
9.5 0.2452 89.0519 0.2705 89.5286 0.4122 92.1525
10.0 0.2594 89.3254 0.2857 89.8196 0.4322 92.5276
10.5 0.2738 89.6014 0.3011 90.1135 0.4524 92.9063
11.0 0.2884 89.8802 0.3167 90.4102 0.4729 93.2888
11.5 0.3031 90.1619 0.3325 90.7102 0.4936 93.6756
12.0 0.3181 90.4467 0.3486 91.0134 0.5146 94.0668
12.5 0.3333 90.7347 0.3648 91.3202 0.5359 94.4627
Table 5 Outgoing arrival rate versus Forp;¢+ and TC' — EXPA
EXPA
A2 ERLS EXPS HEXS
Enrhit TC Eorbit TC Eorbit TC

4.0 0.1555 87.1614 0.1812 87.6507 0.2827 89.5594
4.5 0.1700 87.4555 0.1970 87.9665 0.3054 89.9988
5.0 0.1848 87.7515 0.2130 88.2837 0.3281 90.4352
5.5 0.1997 88.0498 0.2291 88.6025 0.3508 90.8699
6.0 0.2149 88.3504 0.2455 88.9234 0.3735 91.3038
6.5 0.2303 88.6535 0.2620 89.2466 0.3963 91.7379
7.0 0.2460 88.9595 0.2788 89.5724 0.4193 92.1729
7.5 0.2619 89.2684 0.2958 89.9010 0.4423 92.6093
8.0 0.2780 89.5804 0.3131 90.2327 0.4656 93.0479
8.5 0.2943 89.8958 0.3305 90.5678 0.4891 93.4890
9.0 0.3110 90.2148 0.3483 90.9065 0.5128 93.9332
9.5 0.3278 90.5374 0.3663 91.2489 0.5367 94.3810
10.0 0.3450 90.8638 0.3845 91.5953 0.5609 94.8327
10.5 0.3624 91.1943 0.4031 91.9460 0.5854 95.2887
11.0 0.3801 91.5290 0.4219 92.3010 0.6101 95.7495
11.5 0.3980 91.8681 0.4410 92.6606 0.6352 96.2153
12.0 0.4163 92.2116 0.4605 93.0251 0.6607 96.6865
12.5 0.4348 92.5599 0.4802 93.3945 0.6864 97.1634
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HYP-EXPA
A2 ERLS EXPS HEXS
Eorbit C Eurbit C Earbit C
4.0 0.6833 96.6541 0.7724 98.2748 0.9747 101.9594
4.5 0.7244 97.4254 0.8196 99.1574 1.0471 103.2961
5.0 0.7672 98.2271 0.8683 100.0646 1.1204 104.6468
5.5 0.8118 99.0585 0.9185 100.9970 1.1947 106.0139
6.0 0.8581 99.9194 0.9702 101.9553 1.2701 107.3992
6.5 0.9061 100.8098 1.0235 102.9400 1.3468 108.8043
7.0 0.9558 101.7296 1.0784 103.9518 1.4247 110.2308
7.5 1.0073 102.6789 1.1348 104.9913 1.5039 111.6800
8.0 1.0604 103.6579 1.1929 106.0590 1.5845 113.1532
8.5 1.1153 104.6669 1.2527 107.1555 1.6667 114.6517
9.0 1.1719 105.7060 1.3141 108.2813 1.7503 116.1766
9.5 1.2303 106.7757 1.3773 109.4369 1.8355 117.7291
10.0 1.2904 107.8763 1.4422 110.6229 1.9224 119.3100
10.5 1.3524 109.0080 1.5088 111.8399 2.0109 120.9206
11.0 1.4161 110.1713 1.5773 113.0884 2.1012 122.5619
11.5 1.4816 111.3665 1.6475 114.3690 2.1933 124.2347
12.0 1.5489 112.5941 1.7197 115.6822 2.2872 125.9402
12.5 1.6182 113.8545 1.7937 117.0286 2.3831 127.6794
Table 7 Outgoing arrival rate versus F,.p;+ and TC' — MAP-NC
MAP-NC
A2 ERLS EXPS HEXS
Enrhit TC Eorbit TC Eorbit TC

4.0 0.1613 87.2642 0.1832 87.6826 0.2696 89.3194
4.5 0.1747 87.5381 0.1979 87.9794 0.2909 89.7332
5.0 0.1883 87.8136 0.2127 88.2770 0.3122 90.1441
5.5 0.2021 88.0909 0.2278 88.5758 0.3334 90.5530
6.0 0.2161 88.3703 0.2430 88.8760 0.3547 90.9610
6.5 0.2303 88.6518 0.2583 89.1780 0.3760 91.3688
7.0 0.2447 88.9356 0.2739 89.4819 0.3975 91.7770
7.5 0.2594 89.2220 0.2897 89.7882 0.4190 92.1863
8.0 0.2742 89.5110 0.3056 90.0970 0.4408 92.5973
8.5 0.2893 89.8029 0.3218 90.4085 0.4627 93.0104
9.0 0.3045 90.0977 0.3382 90.7230 0.4847 93.4260
9.5 0.3200 90.3958 0.3548 91.0407 0.5071 93.8447
10.0 0.3358 90.6971 0.3716 91.3617 0.5296 94.2667
10.5 0.3518 91.0020 0.3887 91.6864 0.5524 94.6926
11.0 0.3680 91.3105 0.4061 92.0149 0.5755 95.1225
11.5 0.3845 91.6228 0.4237 92.3473 0.5988 95.5570
12.0 0.4012 91.9390 0.4416 92.6839 0.6224 95.9963
12.5 0.4182 92.2593 0.4597 93.0249 0.6464 96.4407
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Table 8 Outgoing arrival rate versus F,.p;+ and TC' — MAP-PC

MAP-PC
A2 ERLS EXPS HEXS
Eorpit C Eorpic e Eorpit Cc

4.0 0.8281  99.2670 1.0688  103.6229 1.6002  113.2623
45 09314  101.1589 1.1947 1059216 1.8100  117.0681
5.0 1.0435  103.2080 13282 108.3546 20257  120.9806
55 1.1642  105.4088 14690  110.9163 22467  124.9855
6.0 12930  107.7554 1.6166  113.6011 24724 129.0727
6.5 14297 110.2411 17709 116.4038 27023 133.2352
7.0 15738 112.8597 1.9316  119.3197 29362 137.4688
75 17251 115.6050 2.0984  122.3448 31741 141.7708
8.0 1.8831  118.4717 22711 1254757 34157 146.1398
8.5 20477 121.4548 24497 128.7095 36610  150.5757
9.0 22185  124.5501 26338 132.0439 39102 155.0787
9.5 23955  127.7540 2.8235  135.4770 41632 159.6499
100 25783 1310636 30187  139.0074 44201 164.2906
105 27670 134.4765 32192 142.6343 46810 169.0024
1.0 29613  137.9905 34251 146.3568 49459  173.7873
115 31612 141.6043 3.6364  150.1746 52151 178.6473
120 33666 1453167 3.8529  154.0876 54887  183.5846
125 35775 149.1270 40748  158.0960 57667  188.6016

A quick observation from Tables 4, 5, 6, 7 and 8 as follows:

e  When increasing the OA rate then the F,.p;; as well as total cost of the system
increases simultaneously as well with the different arrival and service time
groupings.

e  Considering the arrival times, the F,,.;;; and T'C' increasing correspondingly
while increasing the OA rate deliberates the arrival times pairs of (MAP-PC,
ERLA), (MAP-PC, EXPA), (MAP-PC, HYP-EXPA) are increases fastly and the
arrival times pairs of (ERLA, ERLA), (ERLA, EXPA) and (ERLA, HYP-EXPS)
are increases moderately as compared to other arrival times. Then, look into
service times of this example, the E,,.;;; and T'C increases altogether highly for
HYP-EXPS and slowly for ERLS.

e  Whenever the MS becomes idle try to making the OAs which may become
successful so in that kind of way if the arrival rate of outgoing increases makes
the situation the IA finds the server busy will join the orbit leads to the orbit size
increases obviously. Nevertheless, consider the service point of view which is
offered by the server who starts service when the arrival of outgoing customer
due to the availability of the MS impacts the T'C' increases as well.
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Figure 2 Standby server’s service rate for A
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vs. Eorvit (see online version for colours)
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8.3 Example illustrative 3

To examine the impact of the SS’s service rate for incoming arriving customers (6101)
on the expected orbit size (Eorpit). We fix Ay =4; Ao =1; 01 = 10; 61 = 8; 0 = 4; 0,

=08, UV=6;7=1;,b1=04; b3 =0.6;c1 =0.3; dy =0.7.
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Figure 3 Main server’s service rate for OA vs. T'C' (see online version for colours)
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The scrutiny from Figure 2 as follows: while maximising the service rate of the SS
for IA of customers leads to the expected orbit size decreases accordingly with the
different groupings of arrival and service times. If the IA of customers’ arrival or retrial
of IA customers from the orbit occurs while the SS being idle, the service will start
immediately so that the FE,.;;; decreases. In aspects of arrival times, the arrival pairs
of (MAP-PC, ERLA), (MAP-PC, EXPA), (MAP-PC, HYP-EXPA) decreases fastly and
the arrival pairs of (ERLA, ERLA), (ERLA, EXPA), (ERLA, HYP-EXPA) decreases
slowly. In the case of service times, the ERLS decreases slowly for all the pairs of
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arrival times, consider the EXPS decreases highly for the combination of HYP-EXPA,
MAP-PC with three distinct PH arrival times, and the EXPS slowly decreases for the
combination of ERLA, EXPA, MAP-NC with three distinct PH arrival times. Take a
look into HYP-EXPS decreases highly for the combination of ERLA, EXPA, MAP-NC
with three distinct PH arrival times and it decreases much slowly than the EXPS for the
combination of HYP-EXPA, MAP-PC with three distinct PH arrival times.

Figure 4 Retrial rate of the IA customers and service rate of the MS for IA customers vs.
TC — Erlang service (see online version for colours)
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8.4 Example illustrative 4

To study the consequence of the MS’s service rate for outgoing arriving customers (ds)
on the total cost of the system (T'C). We fix \y = 1; Ay =2; 6, =7, 0 =3; 6, = 0.7,
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0 =07, =9,7=2,b, =05, b=05;¢;, =02;,d; =0.8;, Cyg = 18; Cprps0 = 6;
Cupr =5, Cypo =5, Csr =3; Cspr =4; Cspo =4, C1 = 1; C = 2; C3 = 2; Cy
:1;05: 1;06:2; 07:7.

Figure S Retrial rate of the IA customers and service rate of the MS for IA customers vs.
TC — exponential service (see online version for colours)
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The scrutiny from Figures 3 as follows: when increasing the MS’s service rate for OA
of customers reveals that the 7'C' increases as well with the distinct arrangements of
service and arrival times. When the service completion epoch or the repair completion
epoch may become idle so at that moment the MS try to making OAs, if the OA occurs
successfully while increasing the MS’s service rate which leads to the T'C' increases
simultaneously due to the service offering in the service station. Concern the service
times of the ERLS and HYP-EXPS, the arrival pairs of HYP-EXPA with three different
PH arrival times increases fastly than the all others. However, consider the service times
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of EXPS deliberates the arrival pairs of MAP-PC with three distinct PH arrival times
increases fastly than the other combinations of arrival and service times.

Figure 6 Retrial rate of the IA customers and service rate of the MS for IA customers vs.
TC — hyper-exponential service (see online version for colours)
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8.5 Example illustrative 5

To observe the consequence of both the retrial rate of the TIA of customers (o) and
service rate of the MS for IA customers (d1) on the total cost of the system (7°C). We
prefer \y =2; Ao =1;02=5;0; =07, 05=0.6;, V=7, 7=1; by =0.6; bo = 0.4; ¢y
=04;dy =0.6; Cy = 18; Cyymo = 6; Cyupr = 55 Cupo = 5; Cs1 = 3; Cspr = 4
CSBO=4; C1= 1;02=2; Cg=2; C4= 1;C5=1;CG=2; C7=7.
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Figure 7 Repair rate of the MS and service rate of the SS for IA customers vs. Forpit —
Erlang service (see online version for colours)
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A quick scrutiny from Figures 4, 5 and 6 as follows: while enhancing both the retrial
rate of IA customers from the orbit and the MS’s service rate for IA customers, the T'C
also considerably increases for the different combinations of arrival and service times
and also some of the case of arrival and service the T'C' decreases and then as well as
increases. Let take a look at those cases: consider the arrival times, the arrival pairs of
MAP-PC with three different PH arrival times highly decreases as well as increases and
the pairs of arrival combinations of ERLA with three distinct PH arrival times increases
minimally compared to other arrival times. However, now consider the service times
as follows: for ERLA with distinct three PH arrivals, the HYP-EXPS increases fastly
and the ERLS increases slowly. For EXPA with different three PH arrivals, the ERLS
increases slowly as compared to other service times. For the combination of HYP-EXPA
with three distinct PH arrivals, the ERLS highly decreases first and then increases
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slowly, the EXPS decreases moderately as well as increases gradually and in the case
of HYP-EXPS decreases slowly as well as increases highly compared to other service
times. For the MAP-NC with three different PH arrival times, the HYP-EXPS increases
highly as compared to all other service times. For MAP-PC with distinct combination of
three types of arrival times, the ERLS highly decreases as well as increases, the EXPS
decreases as well as increases moderately and in the case of HYP-EXPS decreases as
well as increases slowly as compared to other service times. While enhancing retrial
rate of orbital customers as well as service rate of MS deliberates the availability of the
MS offers service immediately if the server idle or making OA, hence the T'C' enhances

G. Ayyappan and K. Thilagavathy

with all kind of service and arrival groupings.

Figure 8 Repair rate of the MS and service rate of the SS for IA customers vs. Eorpit —

exponential service (see online version for colours)
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8.6 Example illustrative 6
To examine the impact of the SS’s service rate for IA of customers (f161) and MS’s

repair rate (¥) on the expected orbit size (Eorpit). We fix Ay = 2; Ao = 2; 61 = 10; &5
=10;0=4,0,=07,7=1;b1 =04; by =0.6; ¢c; =0.3; d; = 0.7.

Figure 9 Repair rate of the MS and service rate of the SS for IA customers vs. Forpit —
hyper-exponential service (see online version for colours)
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A quick scrutiny from Figures 7, 8 and 9 as follows: when maximising both the SS’s
service rate for incoming arriving customers and repair rate of the MS, the expected
number of incoming arriving customers in the orbit decreases accordingly with different
service and arrival time groupings. For considering the service times, the HYP-EXPS
decreases highly and the ERLS decreases gradually as compared to the EXPS and
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HYP-EXPS. Take a look into arrival times of combining pairs of correlation having as
well as zero correlation arrivals with three distinct PH arrival times, the arrival pairs
(MAP-PC, ERLA), (MAP-PC, EXPA), (MAP-PC, HYP-EXPA) are decreases highly and
the arrival pairs (ERLA, ERLA), (ERLA, EXPA), (ERLA, HYP-EXPA) are decreases
slowly. Enhancing the MS’s repair rate as well as SS’s service rate simultaneously
deliberates during the repair period of the MS, the SS rendering service to the customers
and also when the repair completion of the MS will obviously interrupt the SS and take
over the service process so both the cases the availability of the server represent through
the three dimensional graphs that the F,,.;; decreases correspondingly.

Figure 10 FE,.4;+ vs. service rate of MS and SS for IA of ERLA (see online version
for colours)

7 ; " " 12
10 |- m By, E/Eg, Ex/1 ||
o By, M/M,M/1 10} g
8 Ek.Hk/Hk.Hk/l I
8 |- —
= 61 7 *
2 3 6l & Ey, Ep/Er, Ei/1 B
= ne IS —— By, M/M,M/1
s Ey, Hy/Hy, H /1 -
.
21 e -
2 .\ . N P o—wrr.,‘,**"r"*‘7‘7‘ B
0 i .7""*14.; M 1 i L B B B T R R
1 1 1 1 oL 1 1 1 1 1 I
4 6 8 10 0.5 1 1.5 2 2.5 3
Service rate of MS for TA (61) Service rate of SS for TA (6151)
(2 (b)

Figure 11 E,4;;: vs. service rate of MS and SS for IA of EXPA (see online version
for colours)
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8.7 lllustrating the service scenarios of the MS and the SS

For MS’s service, we examine the consequence of the MS’s service rate for IA of
customers (01) versus Foppir. We fix Ay =2; Ao =1; 52 =2; 01 =08; 05 =07, ¥ =
6;0=3;7=1;by =0.5;, by =0.5;, ¢c; =0.2; di = 0.8. For SS’s service, we examine
the impact of the SS’s service rate for IA of customers (6161) versus F,.p;;. We fix
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M=2=1,0=400=2,00=07, 0 =60c=3,7=1;,b =05, by =
0.5; ¢; = 0.2; d; = 0.8. We have observed from Figures 10, 11, 12, 13 and 14 which
reveals that when the MS rendering service E,,p;; decreases rapidly as compared to
the service rendering speed of SS. While the SS offering service the E,,p;; decreases
slowly than the service speed of MS. Nonetheless, take a look into the arrival times
whether the SS or the MS rendering service, the arrival pairs of (MAP-PC, ERLA),
(MAP-PC, EXPA), (MAP-PC, HYP-EXPA) are decreases rapidly and the combining
pairs of arrivals (ERLA, ERLA), (ERLA, EXPA), (ERLA, HYP-EXPA) are decreases
slowly. Similarly, concern the service times, the ERLS slowly decreases than the EXPS
and HYP-EXPS.

Figure 12 FE,.4;+ vs. service rate of MS and SS for IA of HY P-EXPA
(see online version for colours)
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Figure 13 E,.+ vs. service rate of MS and SS for IA of M AP-NC' (see online version
for colours)
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9 Conclusions

In this paper, we considered the IA follows the MAP is a suitable way of approaching
the correlated and non-correlated arrival concepts. The OAs, service for both incoming
and OAs as well as repair times for MS are all follows PH distribution with the
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concepts of two way communication and collision of orbital customers. We also execute
a system’s busy period and cost analysis for our proposed model. We obtained tabulated
numerical values and examined the pictorial representations of two dimensional as well
as three dimensional graphs utilising the numerical inputs of arrival and service times.
Hence, it precisely communicated the impact of various parameters related to our model
on system performance measures, and cost analysis. The overall motivation for our
model is that we studied the situations faced by the consumers in the online shopping
from any one of the web portals. We are currently considering the MAP and PH for
arrivals; however, in the future, we would like to expand our model to incorporate the
BMAP for arrivals, which is best suited for modelling batch arrivals using the simulation
technique.

Figure 14 FE .+ vs. service rate of MS and SS for IA of M AP-PC (see online version
for colours)
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