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Abstract: Many server systems can share their resources by fractional way not
discrete. It can be found in major cases of communication systems sharing
power, spectrum or bandwidth resources for example. The objective of this
work is to build analytical expressions of the amount of occupied resources in a
structure modelled as queueing system. The queue server shares its resources to
customers that request services to him. Both infinite and finite capacity are
highlighted and the requested resources can be fractional. The amount of
occupied resources as real-valued random variable is characterised by its
distribution functions that we proposed in this paper. They are validated by
simulations, and then can be used to predict the performances of such system or
to dimension the appropriate needed capacity. Impacts of system load factor
and system capacity has been also analysed.
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1 Introduction

Many systems share their resources to their users. They can be modelled as queueing
systems having a single server and multiple resources, or multiple servers each having
their own resources. Romm and Skitovich (1971) started from a generalisation of Erlang
theorem by studying the allocation of a random resource to each arrival to a queue. He is
focused on the stationary distribution of the queueing system operating in a discrete time.
Green (1980) studied a queueing system in which the customers can ask to be served by
random number of servers. If the queue has more than one server, or the server has more
one resource, they can be shared to the customers. It is called a processor-sharing queue
that Yashkov (1987) reviewed and proposed techniques to analyse it. Tikhonenko (2010)
studied the processor-sharing queue with limited resources, exponential time distribution.
Sopin and Vikhrova (1995) evaluated the probability characteristics in a queueing system
with random requirements, and Lisovskaya et al. (2017) analysed the customer capacity
in the case of multi-server queue. Pagano (2020) extended the work on non-Poisson
arrivals and non-exponential service time. He considered a parallel service with double
customer and a renewal arrival process. Vikhrova (2017) combined a study of queueing
system with random requirements and limited resources. Analytical model of the
distribution of the amount of occupied resources in a discrete resource sharing is already
built (Ravaliminoarimalalason and Randimbindrainibe, 2021). It corresponds to a
M/M/m. The current work is an extension on a continuous domain: We consider a
fractional resource sharing where the requested quantities from customers are not discrete
but continuous, distributed as real positive random variables. The main objective is to
find analytical models that can be used to predict the behaviour of the system and also to
dimension it.

We called by fractional resources the resources in continuous domain, in opposite of
discrete one. This case can be found in many communication systems (Vishnevski and
Dudin, 2017) such as bandwidths resources (Massoulie and Roberts, 2010; Krishnan
et al., 2011), spectrums (Ye et al., 2016), powers (Zhang et al., 2019) for example, even
in the latest standard of mobile communication (Yang et al., 2016).

2 Analytical expressions

2.1 Description

We recall the results we obtained in the case of discrete resource sharing. Given an
M/M]1 queue with discrete resources C, C € N U {+o0} to allocate to its customers. Each
customer asks to be served by a random amount r of resources. The queue server can
allocate this amount of resources to this customer if they are available, otherwise the
customer must wait until they become available. Thus, as described in Figure 1, the
server can serve simultaneously several customers depending on the availability of
resources it has. The classic notion of an M/M/1 queue that can only receive one customer
at a time is no longer relevant. It is a sharing of the resources available at the queue
server level through the customers that come there according to their needs.
The following theorems can be cited. We denote by:
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e P(R =r) the probability distribution of random variable R that indicates the quantity
of occupied resources in the server. It can have a general distribution.
e P(Ri=r) the probability that k customers are using r resources.

Figure 1 System description (see online version for colours)
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Theorem 1: For the case of infinite resources in the queue server, the probability
distribution P(R = r) is:

deo k
P(R:r):exp(—p)-z%P(Rk =r),reN 1)
k=1 -

where p = Mu is the queue load factor, A the customer arrival process intensity, and 1/u
the average service time requested by the customers.

Theorem 2: For the case of finite resources C, Ce N*, in the queue server, the
probability distribution P(R = r) is:

P(R=r)=
s pk +o0 pk
. PP(Re=r)+ ) L P(R=r)|-R
Z = k=515 forr=0... C (@)
1 - o i Pt
= —+
k=1 k! k=s+1 S !Sk_s

c
where P, = ZP(RS =r)-P(R >C-r) is the probability that the queue cannot receive
r=1
more than s customers at the same time.
Proofs of these Theorems 1 and 2 are explicitly described in our paper
(Ravaliminoarimalalason and Randimbindrainibe, 2021).

2.2 Continuous infinite resource sharing

This time, we are going to look at the case of resources whose customer needs are
positive real numbers, with values in R or part of R. The amount of available resources

in the queue server is no longer a natural number, but can be also any positive real
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number. We therefore use a real-valued random variable for the amount of occupied
resources.

2.2.1 General case

Theorem 3: We can extend Theorem 1 in the case of a real-valued random variable. The
probability P(R < r) that the quantity R of occupied resources in the server is less or equal
than 7 is then:

to k
P(R<r)= exp(—p)Z%P(Rk <r) 3)
k=1 :

In other words, the cumulative distribution function F(x) of the quantity of occupied
resources is:

deo k
Fx)=exp(-p)- 3 Lo Fe (@) (4)
k=1 :

where Fi(x) is the cumulative distribution function of the quantity of resources occupied
by k customers. The quantity of resources occupied by k customers is obtained by the
sum of k independent and identically distributed random variables of the occupation by
one customer.

Proof: The demonstration is done by analogy to that of discrete resources. If the queue
has N = k customers, they are all served simultaneously. By denoting 7; the quantity of
resources used by the i customer, we can write:

+oo
P(RSr)zZP(Nzk)P(rl Fotr <r)
k=1
P(N = k) is the k™ element 7 of the stationary distribution 7 of the queueing system:
k
P(N=k)= %exp(—p). And P(r; + ... + ri < r) is the probability that the sum of used

resources by k customers is less or equal to 7, it can be denoted P(R; < 7).
This probability P(R < r) is the cumulative distribution function of the real-valued
random variable R, which will be noted F(r).

O
Theorem 4: The probability density function of the quantity of occupied resources is:
+oo pk
f(X)=eXP(—p)-;Efk(X) )

where fi(x) denotes the probability density function of the quantity of resources occupied
by k customers. It should be noted that the density function fi(x) is obtained by the
convolution product of s probability density functions fi(x) of the quantity of resources
occupied by a single customer: f; (x) = f; *...* fi(x). Indeed, it is due to the sum of real-

valued random variable of the amount of resources occupied by each customer.
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Proof: Theorem 4 is deduced by derivation of the distribution function in equation (4).

2.2.2 Exponential distribution probability of single usage

We will take the particular case of exponential distribution probability of single usage
with parameter ug, i.e., a customer uses an amount R; = r of resources following the
exponential distribution &ur). An elementary property of exponential distribution
(Asmussen, 2003; Kleinrock, 1975) is given in the following Lemma 1 that we will be
used in below theorem.

Lemma 1: The sum of k independent exponential random variables with the same rate
parameters ur is following the gamma distribution probability with parameters k and ug
which we denote I'(k, uz).

Theorem 5: The density probability function of the amount of occupied resources is:

=exp(—p— .MM k-1
S =exp(=p—pax)- Y x ©)

12
=~ k!

Its cumulative distribution function is:

F(x)= P(R<x) = exp(=p)- Zﬁy (k. prx) ()

where y(k, x) =J t*exp(—t)dt is the incomplete gamma function.
0

Proof: By virtue of Lemma 1 and that the gamma I'(k, uz) probability density function is
k-
Je(x) =

uk.exp(—ugx), x>0, so:

(k=1)!
-1
f(x)=exp(—p)- Z m (]: 1)'/uR.CXp(_lqu)
-1
=exp(=p).exp (~uzx) kz k/;R (/j D!

+oo

pUL k-1
=eXP(—p—#RX)-Z( o) e
k=1

k' (k=1)!

oo k
| k(pluR) xkil

paD , x>0

=exp(—p — prx)-
k=1

y(k’ /"Rx)

D)1 , x>0 where

And the cumulative distribution function of I'(k, ug) is Fj(x) =

y(k, x) is the incomplete gamma function y(k, x) = j t"~ exp(~t)dt, then:
0
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_ = p y (ks urx)
F5) = exp(-p) Y > 1)' xp(=p)- Z,w (k. trx), x 20

2.3 Continuous finite resource sharing

Now, let’s put a finite amount of available resources in the queue server.

2.3.1 General case

Theorem 6: The cumulative distribution function F(x) of occupied resources is:

p P
o {; -F(XHIZ‘I”‘ J
F(x)=P(R<x)= Z ias for 0 < x ®)

k

5= P
1 Z.Zs'ss

where P; is the probability that the capacity of the server in terms of number of customers
is equal to s. The load factor p is p = A/u in this expression.

Proof: We use the nomenclature 7, used to denote the element of the stationary
distribution of the queueing system (Gaver et al., 1984) indicating the probability that the
system with capacity s in terms of customers is hosting / customers (whether served or
awaiting). We denote by 4 = k£ + w the hosted customers where & is the number of served
customers and w the number of customers awaiting service.

h
P
!
l_h' — forO0<h<s
s +oo b
DI I
=0 j| i=lglst
Ths =
, h
P
| oh=s
SREY —, forh>s
3+l
Zloll Zzlsls

If the server’s customer capacity is s = 1, the use of resources less than r at this server is
limited to that single customer. Then we have the probability:

ﬂl,s'P(Rl SV)+7T275'P(R| SI")+7T3)S’P(R1 Sl”)'f‘...

+oo
=m0 P(R <r)+ ) my- P(R <)
k=2

If the server’s customer capacity is s = 2, the use of resources less than r at this server is
limited to those two customers at most. Then we have also the probability:
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Ty '})(IQ ) + o '])(IQZ < V) + 736 '])(1?2 < V) +...

zi Rk<r +Z7rks~ (Ry<vr)

And so on... The probability of use of less than r resources is obtained for all possible
values of s from 1 to +oo (s N*). So:

P(R<r)= Z({Znh P(R, <r)+ i 7hs - P(R, Sr)j'PsJ

h=s+1

We deduce the cumulative distribution function:

F(x)=P(R<x)= Z[[Zm, R+ Y -am}—a}

s=1 h=1 h=s+1
m

Remark: Till now, we based the calculation on the resources R; requested by & customers.
It is possible that R, > C, and in this case, all those & customers cannot be served
simultaneously, then we are talking about a blocked system. Anyway, we can consider
fictive occupation: an occupation of resources if the & customers’ requests were accepted
by the server. F(x) mentions this fictive occupation, and the probability of blocking is

F(C)=1-P(R<C)=PR>C).

Real occupation is related to the real amount of resources occupied by the customers. It
can be obtained by considering F(x) between x = 0 and x = C. In this case, a
normalisation factor should be used to have F(C) = 1.

It remains to determine the expression of P,, the probability that the system has a
capacity s in terms of number of customers.

Theorem 7: The probability distribution P of the server capacity in terms of number of
customers is:

p=[ 7 rsda ©)

where fy(x) is the density probability function of the amount of resources used by s
customers: f;(x) = f; *...* fi(x), s consecutive convolution product of fi(x).

c

Proof: For the case of discrete resources of step 1, P, = ZP(RX =r)-P(R >C-r). In
r=1

fact, the current use by s customers is » and if another one wants to use more than C — r

resources, the used resources would exceed the finite capacity C. The queueing system

cannot therefore serve more than s customers in this case, and this, for all the possible

values of » from 1 to C and in steps of 1.

c
Now, let’s consider a step of ¢ > 0. B, = ZP(RS =7r)-P(R >C—r) with r = ¢, 2¢,

3¢, ...,ne=C.
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Cle
P = ZP(RS =ne)-P(R >C—ne)
e=1

However, for any continuous random variable X, the density function is the derivate of
the cumulative distribution function:

lim Fy(t+e)-Fx(?)
€

e—0*

= fx(®)

So, for ¢ infinitely small, we can write that Fx(t + &) — Fx(f) = fx(t)e + o(e) where o(e) is
the little-o function of ¢.
Then we have: Fx(t + &) — Fx(t) =fx(f)e + o(¢) = P(t < X < t + ¢) for ¢ infinitely small.
The continuous case is obtained from the discrete one when the step ¢ of used
resources tends to 0%, and lim P(t < X <t+¢) = P(X =¢), so for e — 0%,

£—0"
P(X =t)= fx(t)e.
For the random variable Ry, P(R, = ) = f{(?)e.

So, we can write P as:

C

P, ZZS-fS(ngyP(Rl >C —ne)

ne=¢e

And by applying the definition of Riemann integral in this expression of P,, we have:

C

R=Y ¢ filne) P(R > C—ne)=J.OCfS(x)'P(R1 > C—x)dx

+oo
where P(R; >C—x) =I fi(t)dt is the complementary cumulative distribution
C-x

function of R, at point C — x.
Then:

k= .[ocfs(x)'P(Rl >C—x)dx= ,[chs(x)'“;:fl(l)dljdx
- I OC Lm S5 (x) fi(t)dtdx

2.3.2 Exponential distribution probability of single usage

Let’s take again the particular case of exponential distribution probability of single usage
with parameter uz. As the amount of available resources in the queue server is finite C, to
avoid that the system is blocked eternally, we should have P(R; > C) very small.

Theorem 8: The server’s capacity in terms of number of customers follows the Poisson
distribution with parameter uzC.
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Proof: Using the expression of P, in equation (9), we have:

C
P =j fs(x)-P(R > C—x)dx

C xs‘l
= [ Sk exp () exp (s (C =) e

0 (s—1)!
C xs‘l ( C) d ( C) C xs—l
- s .exp(— dx = ud exp(— . —dx
.[0 (s P Hie SXPte L (s=1)!

x5 ¢ SCS (Iu C)g

R

=ﬂ;exp(—mc>[—} = 2 e (€)= exp (~uxC)
st o s! s!

We obtained the probability distribution of a Poisson random variable with parameter
,LtRC.

O

Theorem 9: The cumulative distribution function F(x) of the amount of occupied
resources is:

F(x)=
< iy = (1) e
- [ e y(k, prx)+ z ‘2 - (s, ,qu)J.S!e R
k=l — p for0<x<C
s=1 ,0 P
+
el ! k;]s!sk’s

Proof: Just to replace Fi(x) by its expression Fj(x)= % for gamma distribution,

and P; by its expression from Theorem 8.

( oo (e x) Pty (s ) | (k€)' e
k' (k=1 &~ slsks (s=1)! | !
k=1 k=s+1
F(x)= Z ST —
VA .
=kl sl

kot < spt (uC)

i [ e 7 (k, ﬂRx)+kzls!2sk’S y(s, tgx) e 1rC
=5+

S +oo
= pL N ok
Z k! Z slgk=s
k=s+1

k=1
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3 Results and discussions

3.1 Validation of the analytical expressions

3.1.1 Infinite resources sharing

To validate our analytical results, we compare the results of simulations obtained with
MATLAB and Simulink. Figure 2 shows the Simulink model we used for the
comparison. We consider a single server queue in the process using resource block with
an infinite amount of resources. We have carried out several scenarios, but we present
below one case. Entities arrived in this queue according to a Poisson process of intensity
A = 1.2 arrivals per second. They asked to be served by a quantity of resources
communicated to the resource acquirer block. The amount of requested resources follows
an exponential distribution of average 1/ur = 5 resources. If the requested amount is
available, the service starts for a duration following an exponential distribution of
average 1/u = 0.8 seconds. Used resources will be released once the service finished. The
server can host simultaneously more than one entity if resources are available to serve
them.

Figure 2 Resource sharing Simulink model

o 1

Resourcs] Instantaneous usnage
| 1 ol resources

Resource Pool

—{; resource Usage

To Workspace
Entity ]
= =) 1 = =]
= |+ | =1 In1 Outl = <,
Entity Ganerator Resource Resource Entity Terminator

Acquirer Process Using Resource Releaser

The codes to generate the entities are given below, where entity.durService and
entity.reqResource are attributes of the created entities indicating respectively the
required service time and the amount of requested resources. pLambda, pMu and pMuR
are mask parameters of Entity Generator block representing respectively the arrival
process intensity, exponential distribution parameter of service time and exponential
distribution parameter of requested resources (see online version for colours).

Entity generation:

arrivalRate = pLambda;

dt = random(‘exp’, 1l/arrivalRate) ;

Event action:

avgDuration = 1/pMu;

entity.durService = random(‘exp’, avgDuration) ;
avgResource = 1/pMuR;

entity.reqResource = random(‘'exp’, avgResource) ;
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In Figure 3, red curve indicates the cumulative distribution function of the amount of
occupied resources that we have just determined the expression. Blue curve indicates the
increasing cumulative frequency of the number of occupied resources observed on the
simulation over a period of 5,000 seconds. We note superposition of the two curves
indicating that the analytical expression of the cumulative distribution function that we
found coincides well with the increasing cumulative frequency obtained during the
simulation, and this, with all the simulations that we have carried out. The analytical
expression could therefore be used to predict the outcome of the system, to dimension the
amount of required resources, ...

Figure 3 Cdf amount of occupied resources — case infinite resources (see online version
for colours)
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3.1.2 Finite resources sharing

For the case of finite resources sharing, we consider a queue with a single server in
Figure 2 but now having C = 30 resources. The customer’s arrivals form a Poisson
process of intensity 4 = 1.2 arrivals per second. The service time requested by customers
still follows an exponential distribution with average 1/u = 8 seconds. Customers request
an amount of resources following an exponential distribution with average 1/uz = 5
resources. With it, the probability that a customer will need more than 30 resources is
around 2.5 x 103,

In Figure 4, red curve is from the analytical expression of the distribution function of
the amount of occupied resources (in the current work) and blue curve indicates the
increasing cumulative frequency of the amount of occupied resources observed on the
simulation for a period of 5,000 seconds.

There is also superposition of the two curves indicating that the analytical expression
of the distribution function coincides well with the cumulative frequency obtained during
the simulation. All simulations that we have carried out confirm this result. So, we can
also use the analytical expression in the current work to predict the outcome of the
system, to dimension the amount of required resources, ...
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3.2 Impact of the arrival rate and service time on the probability of blocking

The main objective of t

his paper is to find analytical model to ease the dimensioning of

the server resource capacity. Using the validated analytical expressions, we can build the
following results. We have utilised the exponential distribution of single usage model;
however, the general case can be used for further practice case.

For a fixed capacity C = 30 resources, and average usage 1/uz = 5 resources by a
single customer, we have the impact of arrival rate, or service time in Figure 5. Note that

the load factor p increas

Figure 4 Cdf amount of
for colours)
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probability of certain range of resource occupation is. The system has a high probability



Distribution of occupied resources on a fractional resource sharing 143

to be idle (0 occupied resource) for low value of p, i.c., low arrival rate, or low service
time.

For small value of p, the cdf approaches 1 at a lower amount of resources. It means
that P(R < 17), P(R <25) and P(R < 30) are very similar, we do not need to deploy more
than 17 resources in this example. We have to take an admissible threshold ¢ to read in
the figure that P(R > D) < ¢, D is the quantity of resources to deploy. It is also applicable
for large value of p and the result will be higher quantity of resources.

From the value of cdf at C = 30 in Figure 5, we can have the probability of blocking.
Table 1 lists the values of such probability for each p. It increases with the load factor. It
means that the arrival rate, or the service time impacts on the probability of blocking of
the system. Higher is p, the system has higher probability to be at a blocked state.

Table 1 Cdf amount of occupied resources at point C for each p
p xlirg Fr(x) Blocking probability
0.2 0.9992 0.0008
0.4 0.9979 0.0021
0.6 0.9958 0.0042
0.8 0.9929 0.0071
1 0.9892 0.0108
1.2 0.9846 0.0154

3.3 Impact of the server resource capacity versus blocking point

Let’s vary the capacity C of available resources, and fix the average usage l/u = 5
resources by a single customer, and a load factor p = 0.8. Related cumulative distribution
function of the fictive occupation of resources (cut at the amount C of resources) are
shown in Figure 6.

Figure 6 Cdf by varying resources capacity (see online version for colours)
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We have different probabilities of blocking for each C as listed in Table 2. The
probability decreases when the capacity increases. So, to have less frequent blocked
system, we need to add more resources.

Table 2 Cdf amount of fictive occupied resources at point C for each C
c xlirg Fr(x) Blocking probability
5 0.8148 0.1852
10 0.8873 0.1127
15 0.9404 0.0596
20 0.9699 0.0301
25 0.9853 0.0146
30 0.9929 0.0071

We found that from C = 15, the cumulative distribution functions are similar. They differ
only on the probability of blocking that should be seen at point C of the amount of
resources. So, we can use the graph of C = 30 to do the following dimensioning rule
mentioned in paragraph 3.2: take an admissible threshold ¢ to read in the figure that P(R
> D) < ¢, D is the quantity of resources to deploy. For example, we can read in Figure 6
that, with € = 0.05 (5% of blocking), we should have 17 resources to share.

Thus, the best way is to use the expression on infinite resources, that is more simple.

4 Conclusions

From the above results and conclusion, we conclude that our analytical expressions can
be used for predict or dimension a resources sharing modelled as a queueing system.
They are useful to evaluate the performances such amount of occupied resources, amount
of needed capacity, blocking probability. It is straightforward that the load system factor
impacts the resource usage by the arrival rate or the service time but from this paper we
can evaluate how much it effects the number of resources. The adaptation of these results
with multi-class customers could be a future work.
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