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Abstract: A two-step homogenisation model, formulated by the authors for the 
in-plane case, is herein extended for the nonlinear out-of-plane analysis of 
masonry structures. A rectangular running bond elementary cell is discretised 
by 24 elastic CST elements and inelastic zero-thickness interfaces. The 
mechanical meso-scale problem is briefly recalled, whereas the out-of-plane 
homogenised behaviour is evaluated by means of a simple on-thickness 
integration of the in-plane homogenised curves. At a macro-scale, the rigid 
body and spring model is slightly modified to allow both flexural and torsional 
failure mechanisms. The validation of the numerical approach is achieved 
comparing with some full-scale masonry panels tested in two-way bending up 
to failure. A series of nonlinear structural analyses are conducted considering 
different parameters, which have been varied during the experimental 
campaign. The numerical results are promising and demonstrate the capability 
to deal with different failure mechanisms as result of a combination of various 
experimental aspects. 

Keywords: masonry; in-plane loads; out of plane loads; semi-analytical 
approach; compatible model of homogenisation. 
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1 Introduction 

Masonries have been used for centuries to build a variety of different constructions. As 
clearly visible in the damages surveyed after earthquakes, seismic resistant criteria have 
not been considered a prerequisite for the design of load bearing members of a wide 
portion of the built heritage (Brandonisio et al., 2013; Augenti and Parisi, 2010; Çelebi et 
al., 2010; Parisi and Augenti, 2013). As a matter of fact, lateral loads, such as those 
induced by seismic events have been ignored in favour of a simplified design-based only 
on gravity loads. Unfortunately, the high seismic hazard of some European countries (as 
Italy for instance) in addition to the low or negligible tensile strength and high weight of 
the masonry material, had adversely influenced the behaviour of such constructions 
against out of plane loads, and sometimes they had led them to collapse (Augenti and 
Parisi, 2010; Çelebi et al., 2010; Parisi and Augenti, 2013; de Felice and Giannini, 2001; 
Shawa et al., 2012). Ancient constructions often shown to fail due to the progressive 
separation of the whole building into single elements that behave independently one from 
the other. In such a situation, the collapse of the single masonry membranes may 
anticipate the global collapse of the structure. In this framework, the presence of an 
adequate interlocking between perpendicular walls may assume a relevant importance 
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when dealing with such type of constructions. As a matter of fact, lateral play a crucial, 
being the out of plane rocking of facades one of the most frequent failure mechanisms 
exhibited by ancient by ancient masonries (Craig et al., 2004; Griffith and Magenes, 
2003; Wilhelm et al., 2007; Dazio, 2008). Even among more recent constructions, the 
presence of good lateral restraints can significantly modify the failure pattern exhibited 
by such structures. Indeed, masonry walls can be can be subjected to one or two ways 
bending depending on the lateral connections. 

From both experimental experience and post-earthquake surveys, it appears clear that 
out of plane damages are very common for slender walls, for which it is acceptable to 
assume that masonry behaves as a thin Kirchhoff-Love plate (Craig et al., 2004; Griffith 
and Magenes, 2003; Dazio, 2008), so that, at the macro-scale, almost every out of plane 
damage mechanism can be heuristically described as a combination of three fundamental 
mechanisms, namely vertical bending, horizontal bending and torsion. 

Another important issue is the role played by the static vertical compression, mainly 
due to gravity loads. It is well known, indeed, that vertical pre-compression changes 
considerably the moment-curvature nonlinear relationships at a sectional level, and, in 
conjunction with bricks staggering (i.e., the actual masonry texture), has an effect on both 
vertical and horizontal bending. 

Orthotropy is another feature related to texture. Especially for the case of ‘vertical’ 
bending (we define vertical a bending with rotation vector parallel to the vertical axis), 
bed joints tend to contribute on the increase of the load carrying capacity. Mainly, the 
different topology of the continuous horizontal mortar joints when compared to the 
vertical ones, interrupted by the blocks, implies that the tangential stresses arising on 
mortar bed joints tend to play a significant role in the vertical bending increase, while 
they substantially vanish in the horizontal bending response. In addition, it has been 
shown that the masonry texture produces perceivable effects that tend to become more 
and more evident with the progressive degradation of the material. 

In the past 30 years, research focused mostly on experimentation, with the aim of 
suggesting to the designer at least phenomenological rules. Nevertheless, also 
experimental studies have been very limited and concerned solely with measurements of 
the flexural strength mostly for the case when the plane of failure occurs parallel to the 
bed joints, while elastic and inelastic properties have usually been ignored. 

Two ways have been followed until now: 

a To study the overall behaviour of full scale masonry structures by means of 
experimental investigations. Such laboratory tests are frequently costly due to the 
fact that ad hoc set-ups have to be prepared. 

b To test the behaviour of in scale masonry prototypes. Even in this case, the 
experimental investigation may become costly. 

A third option is represented by the possibility to analyse single unreinforced masonry 
elements. In this case, various aspects can be considered during the tests even if in a 
simplified manner. Furthermore, another aspect that should be investigated better from an 
experimental viewpoint is of course the influence of membrane forces (always present in 
actual structures as heavy dead vertical loads). It is evident, in fact, that these actions 
strongly influence the out of plane failure resistance of the brickwork, especially for what 
concerns the horizontal bending. A combined membrane/flexural experimentation has 
been conducted in the past only by few authors. Among these, the contributions by 
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Mojsilovic and Marti (1994) on reinforced pre-stressed wall specimens and by 
Guggisberg and Thürlimann (1990) on masonry walls subjected to vertical normal load 
and combined bending/twisting moments are worth noting. 

The prediction of the behaviour beyond elasticity (and in particular of the ultimate 
load bearing capacity) of masonry walls out of plane loaded is paramount for both the 
design of new structures and the safety assessment of existing masonry buildings. Out of 
plane failures are very common in presence of deformable floors and occur always at 
very low levels of horizontal actions, especially for historical buildings with poor 
mechanical properties of the joints and for slender perimeter walls (Brandonisio et al., 
2013; Augenti and Parisi, 2010; Çelebi et al., 2010; Parisi and Augenti, 2013). 

Only in recent years, some numerical tools based on linear and nonlinear FE and DE 
methods specifically developed for out of plane actions have been presented and tested 
on actual engineering cases, see, e.g., (Milani et al., 2006; Casolo, 1999; Orduña, 2003; 
Johnson, 1996; Milani et al., 2005; Cecchi et al., 2005; Reccia et al., 2014; Lemos, 2007; 
Sincraian, 2001; Baraldi and Cecchi, 2017). 

Basically, three different approaches have been proposed for the design at ultimate 
limit state. They can be classified as: 

1 empirical methods based on experimental evidences 

2 incremental procedures based on nonlinear FE codes (within continuum and/or a 
discrete approach) 

3 yield or fracture line methods based on limit analysis. 

Apart from experimentation, it is worth noting that a FE nonlinear analysis is probably 
the most indicated for a reliable investigation of the problem. 

Nevertheless, it is not yet clear how it is possible to characterise completely (from a 
mechanical viewpoint) an ‘equivalent macro-model’ to introduce as input in a FE code. 
In the same way, a ‘micro-mechanical approach’ seems to be hardly applicable for 
practical purposes, since too many elements are required for the nonlinear analysis even 
for small masonry specimens. The third possibility is represented by homogenisation 
techniques; nevertheless, the advantage of substituting the micro-structure with averaged 
macroscopic quantities can be considered effective only if a FE discretisation at a cell 
level is avoided. 

On the other hand, an approach based on limit analysis seems to be prompt to apply 
in practice. For this reason, it was utilised successfully in the past by several authors, 
such as for instance by Sinha (1978, 1980), de Felice and Giannini (2001), Reccia et al. 
(2014) and Borri (2004), who applied the method as a first evaluation of the damages 
induced by the Umbria-Marche earthquake, 1997. Furthermore, and as already pointed 
out, this method has been introduced in the British Masonry standard, probably for its 
simplicity in practical design combined with the reliability of the results obtained in 
terms of failure load. Nevertheless, its applicability to masonry structures is not 
immediate, since a full mechanical characterisation at a macro-scale is required if we 
want to estimate the internal power dissipated along generic fracture lines and apply the 
limit analysis theorems. For these reasons, homogenisation theory combined with limit 
analysis seems to be a very powerful tool for obtaining the failure polytopes of the 
homogenised material, so making possible a structural analysis at collapse via the 
classical yield-line theory or FE limit analyses (Milani et al., 2006; Casolo, 1999; 



   

 

   

   
 

   

   

 

   

    Validation of a two-step simplified compatible homogenisation approach 269    
 

 

    
 
 

   

   
 

   

   

 

   

       
 

Orduña, 2003; Johnson, 1996; Milani et al., 2005; Cecchi et al., 2005; Capurso, 1971; 
Sab, 2003; de Buhan and de Felice, 1997; Sutcliffe et al., 2001). 

In the present paper, a simplified two-step nonlinear homogenisation model, 
previously formulated by the authors to deal with in-plane loaded masonries, is extended 
to out of plane loads by simple on thickness integration of the in-plane model. Whilst the 
procedure is certainly a simplified one, it proved to be reasonably accurate for 
sufficiently thin walls (i.e., under Kirchhoff-Love hypotheses), and hence suitable for 
running bond masonry. 

For validation purposes, some laboratory tests performed by Griffith and Vaculik 
(2007) on a series of unreinforced masonries in two-way bending have been considered. 
The experimental campaign comprises three groups of panels, called type A, type B and 
type C and differing one each other either for the geometry or the level of vertical in 
plane pre-compression, as it will be discussed in detail in the sequel. 

The paper is organised into three parts. The first sections are devoted to the 
introduction of the in-plane model, which is briefly discussed. In this context, the 
extension of the in-plane homogenisation model to out of plane actions is presented. The 
derivation of the moment-curvature relationships used to describe numerically the out of 
plane nonlinear behaviour is shown with applicative examples. 

The second part is aimed at reviewing the experimental campaign performed by 
Griffith and Vaculik (2007). The pressure-displacement curves as well as the damage 
patterns obtained at failure are recalled for all the examples considered. In the last part of 
the paper, the homogenisation model is benchmarked on such panels. Some sections are 
devoted to the discussion of the results obtained at cell level, with emphasis on the 
moment-curvature relationships deduced using the extended version of the proposed 
procedure. Finally, the numerical results obtained at structural level are comparatively 
assessed with respect to: 

1 deformed shapes at collapse of the panels 

2 global behaviours (i.e., pressure-displacement diagrams) 

3 damage patterns obtained, separately for horizontal, vertical bending and torsion. 

2 In-plane two step simplified compatible homogenised approach 

The proposed in-plane two-step homogenisation approach is herein briefly recalled, for a 
detailed description of the proposed model the reader is referred to Bertolesi et al. (2016) 
and Milani and Bertolesi (2017). The first step of the two-step procedure is applied at the 
meso-scale, where the assemblage of bricks and mortar constituting the unreinforced 
elementary cell is substituted with a macroscopic equivalent material through a so called 
compatible identification, a peculiar homogenisation technique already adopted by the 
authors in a variety of different contexts (see for instance, Bertolesi et al., 2016; Milani 
and Bertolesi, 2017). The unit cell is discretised with 24 elastic constant stress triangles 
used to model the bricks, whereas mortar joints are reduced to zero-thickness inelastic 
interfaces. Holonomic constitutive relationships between micro-stresses (normal σ and 
tangential τ) and total jumps of displacements adopted are multi-linear and the 
homogenisation problem path independent. A coupling between normal and shear 
stresses, typically ruled by a frictional-cohesive law (Mohr-Coulomb criterion) is 
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imposed on interfaces. The tensile and tangential strengths of the mortar material ( I
nf  

and II
tf ) are calibrated in agreement with experimental data provided by Griffith and 

Vaculik (2007), as described in the following sections. 
The in-plane nonlinear homogenised stress-strain relationships are obtained stretching 

the elementary cell horizontally and vertically for the determination of Σxx and Σyy 
respectively, and assuming a homogeneous shear deformation state incremented up to 
failure to evaluate Σxy. 

The second step is performed at a structural level and relies into the implementation 
of the homogenised stress-strain relationships previously determined into a rigid element 
approach (also known as RBSM), where masonry continuum is discretised by 
quadrilateral rigid elements interconnected by shear and normal equivalent inelastic 
homogenised springs. 

Such procedure, already utilised in the past to tackle similar problems in the nonlinear 
static and dynamic case, has the advantage that meso- and macro-scale are fully 
decoupled, i.e., homogenised stress-strain nonlinear relationships of the springs 
connecting rigid elements are evaluated in step 1, without the need of solving new 
boundary value problems at each load step in each Gauss point. 

Figure 1 Micro-mechanical model proposed (a) geometric properties of the elementary cell  
(b) anti-periodicity of the micro-stress field (c) periodic displacement field (see online 
version for colours) 

 

(a) 

 

(b)    (c) 
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3 Extension to the out of plane failure mechanisms 

In the present section, the homogenisation model herein presented is extended to the out 
of plane failure mechanisms. The discrete model is conceived to allow the description of 
three different out of plane failures: horizontal and vertical bending as well as torsion  
(see Figure 2). 

Figure 2 Failure mechanisms allowed in the proposed homogenisation model (a) horizontal 
bending (b) vertical bending (c) torsion (see online version for colours) 

Continuum

 
Discrete model 

  a  b  c  

The extension herein presented is performed starting from the discrete model used to 
study the in plane loaded masonries, so that infinitely resistant quadrilateral elements are 
assumed with deformable interfaces placed along two different angles: 0 and 90 degrees. 
The behaviour of the interfaces is orthotropic with softening, because it derives from the 
homogenisation strategy previously recalled. 

Figure 3 Geometry of the discrete model in case of horizontal bending (see online version  
for colours) 
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Similarly to the in plane case, the identification of the mechanical properties to be used in 
the discrete model is performed adopting an energetic equivalence. 

Let us suppose to apply a horizontal (or vertical) bending to the discrete model as 
depicted in Figure 3. 

The energies stored by the continuum (Πe) and discrete (Πd) models are the 
following: 

21 ( )
2 2yye

H e LD χ +=∏  (1) 

21
2d

K=∏ ϑϑ  (2) 

where ( )
3

212 1
yy

yy
xy

E t
D

v
=

−
 and 

222
2 2t b t b
t t tK θ E A E A

e e
= =ϑ ϑ ϑ.  

Equating the two energies and assuming ( ),χ H e= +ϑ  the homogenised elastic 
modulus in case of horizontal bending Et is obtained as follows: 

( )2 2( )12 1t yy
bxy

te LE E
H e Av

=
+−

 (3) 

It is worth noting that ‘t’ is the thickness of the considered masonry, L and H are the 
geometries of the rigid elements of the discrete model, ‘e’ is the distance between two 
contiguous rigid quadrilateral elements and Ab is the area of each truss elements. An 
analogous procedure can be adopted for vertical bending. 

If we suppose to apply a torsion to the model, the following energies are derived: 

21 2 ( )( )
2 t te

D χ H e L e= + +∏  (4) 

( ) ( )( )2 21 2 2
2

t t t t
X Y Y Xd

K K= +∏ ϑ ϑ  (5) 

And hence: 

2 2
3 3

2 2
t t t t
s sY Xd

eL eHE E
t t

= +∏ ϑ ϑ  (6) 

Assuming: 
3 ( ),

12 2
t

t tX
Gt H eD χ += =ϑ  and ( )

2
t

tY
L eχ +=ϑ  we get the following 

expression: 

( )3 2 3 2

4

( ) ( )3
2 ( )( )

t
s
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t H e L e

+ + +
=

+ +
 (7) 

Expression (7) allows determining t
sE  that is the elastic modulus of the homogenised 

torque spring elements. The other geometrical parameters have been defined in the 
previous case, whereas G is the shear modulus of masonry. 
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Such expression can be further simplified when L = H. In this case, equation (7) is 
modified into equation (8), i.e., as follows: 

4

3
1
3

t
s

tE G
eH

=  (8) 

The procedure described in what follows is required to convert the latter information in 
valid input data for the FE package used at a macro scale. To accomplish this, obtaining 
stress and strain curves for each angle of the interface and for each bending moment 
direction is mandatory. Thus, the material orthotropy can be reproduced by defining 
different input stress-strain relationships according to the trusses plane. The conversion 
between bending and torsion moments and stress-strain values has been achieved by the 
following equations: 

2
xx

horizontal bending horizontal bending
by

M H tσ ε
A t e

= = ϑ  (9) 

2
yy

vertical bending vertical bending
bx

M L tσ ε
A t e

= = ϑ  (10) 

2
torsion torsion

bxy

ML Lσ ε
A L t

= = ϑ  (11) 

Here, M is the bending moment, Abx (Aby) is the area of the truss elements placed along x 
direction (y direction) and Abxy is the torque truss area, e is the gap between the rigid 
plates, which ideally should be zero but in practice is assumed small enough to be able to 
place trusses between elements and t is the thickness of the considered masonry wall. 

4 Experimental data used: benchmark panels 

A series of eight full scale walls were tested by Griffith and Vaculik (2007) to investigate 
the out of plane behaviour of existing unreinforced masonry panels. This information is 
briefly described here and used to validate the present numerical procedure. A single leaf 
running bond pattern was obtained using ten-hole cored clay brick units with dimensions 
230 × 76 × 110 mm3 and 10 mm thick mortar joints. All the panels were loaded through 
airbags placed on the outer surface in order to subject the return walls to compression. 
Several parameters were varied during the experimental campaign, such as the overall 
geometry of the walls, the presence of openings, the restraint conditions and finally, the 
level of the vertical pre-compression load. In Figure 4 all the typologies of the as built 
panels are depicted: with the label type A authors refer to the solid walls, windowed 
samples are indicated as type B, whereas type C is used for the square walls. An 
indication of the level of pre-compression used for each sample is even present in  
Figure 4. Panels belonging to type B differ from type A for the presence of an eccentric 
opening with dimensions equal to 1,000 × 1,200 mm2 located at 650 mm from the left 
hand side of the wall. A central window with dimensions of 1,000 × 1,200 mm2 located 
symmetrically with respect to the two ends is provided for panels W7 and W8 (i.e.,  
type C). In the next section, each group of walls is briefly re-analysed from an 
experimental point of view, showing the global pressure vs. displacements curves 
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obtained during the laboratory tests and the crack patterns provided at failure by Griffith 
and Vaculik (2007). 

Figure 4 Typologies of masonry panels tested by Griffith and Vaculik (2007) (see online version 
for colours) 

  

Type A Type B Type C 
W1 σv = 0.10 MPa W3 σv = 0.10 MPa W7 σv = 0.10 MPa 
W2 σv = 0.00 MPa W4 σv = 0.05 MPa W8 σv = 0.00 MPa 

  W5 σv = 0.00 MPa  
  W6 σv = 0.00 MPa   

4.1 Type A panels (without openings) 

A first series of solid panels tested by Griffith and Vaculik (2007) is analysed in the 
present section. Two rectangular shaped replicates with overall dimensions equal to  
4,000 × 2,500 mm2 were experimentally tested. Two different pre-compression loads 
(i.e., 0 MPa and 0.10 MPa), as reported in Figure 4, were applied during the laboratory 
tests. For both walls, simply supported restraints are assumed along the horizontal edges, 
whereas the two vertical return walls are supposed to be fully clamped through some 
specific steel profiles. The experimented panels were monitored through a series of 
displacement transducers located along the walls, whereas the maximum displacement 
was controlled in correspondence of the centroid of the samples. 

The global pressure-displacement curves experimentally obtained are depicted in 
Figure 5 with the crack patterns obtained at failure for both replicates. 

4.2 Type B panels (rectangular shape and eccentric window) 

The second series of walls tested belongs to group type B. Such samples are characterised 
by a rectangular shape with the same global dimensions of type A group, but with an 
eccentric opening located close to the left hand side. Three different levels of  
pre-compression (0, 0.05 and 0.1 MPa) were applied respectively in wall W3, W4 and 
W5. For such replicates, the external restraints as well as the location of the displacement 
transducers were the same as type A samples. 

Panel W6 differs from the others because of the top horizontal edge unsupported. In 
this latter case, the maximum displacement was monitored through a displacement 
transducer placed in the middle of the top free edge. The results in terms of  
pressure-displacement curves for type B replicates are depicted in Figure 6(a), within the 
crack patterns obtained at failure [Figure 6(b)]. As can be noted, the vertical  
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pre-compression load, which was varied from 0 MPa for W5 to 0.10 MPa for W3 had the 
(expected) main beneficial effect of increasing both ductility and peak pressure with a 
global improvement of the out of plane behaviour. As a matter of fact, the peak pressure 
ranges from 3.5 MPa to 5 MPa, but the ultimate displacement at failure varied from  
13 mm to 20 mm. In this latter case a plateau was experimentally observed (only for 
panel W3), which is mainly explicable with the higher redistribution of damages along 
the entire surface of the panel [see for instance the crack pattern of W3 in Figure 6(b)]. 

Figure 5 (a) Experimental pressure vs. displacement curves (b) Crack patterns obtained at failure 
for type A masonry walls (see online version for colours) 

  
(a)    (b) 

Figure 6 (a) Experimental pressure vs. displacement curves (b) Crack patterns obtained at failure 
for type B masonry walls (see online version for colours) 

  
(a) (b) 
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Panel W6 is characterised by the top edge free to move and rotate. In this case, as 
expected, both the peak pressure and initial stiffness were lower than the fully supported 
walls. Even if some diagonal cracks were still present, mainly close to the left hand side 
corner, the failure of this latter was due to the formation of a vertical central crack that 
originated in the middle of the wall in correspondence of the unsupported edge. The 
experimental pressure-displacement curve is shown in Figure 6(a). 

4.3 Type C panels (square shape and central window) 

The last group of panels tested in the aforementioned experimental campaign is 
represented by two square walls with a central opening symmetrically placed  
(see Figure 7). Similarly to the previous groups, the laboratory tests were performed 
applying a distributed pressure throughout a series of air bags. 

Figure 7 (a) Experimental pressure vs. displacement curves (b) Crack patterns obtained at failure 
for type A masonry walls (see online version for colours) 

 
(a) (b) 

Similar crack patterns were experimentally observed in both W7 and W8 walls, meaning 
that the pre-compression load did not influence the collapse mechanism. Indeed, in all 
cases, on the right side of the panels, severe damages were mainly concentrated along the 
two diagonals. Stepped cracks developed from the corners of the walls until reaching the 
central portion of the panel, which failed mainly due to horizontal bending. The presence 
of the eccentric opening strongly affected the failure mechanism experimentally 
observed. As a matter of fact, the left side of the walls showed predominant damages 
close to all corners of the opening, being such zone the weakest. 

5 Numerical analyses 

In this section, the previously presented series of masonry panels tested by Griffith and 
Vaculik (2007) is modelled adopting the proposed homogenisation approach. The aim is 
to verify the accuracy of the two-step homogenisation procedure proposed when dealing 
with masonry panels subjected to out of plane loads. Accordingly to the experimental 
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campaign, boundary conditions as well as the level of the pre-compression load are 
varied. The mechanical properties adopted for bricks and mortar joints are summarised in 
Table 1, whereas in Table 2 the in plane homogenised elastic properties deduced solving 
the homogenisation problem at the REV level are reported. 

Table 1 Mechanical properties adopted for the constituent materials 

Brick E = 52,700 MPa 

ν = 0.2 

Mortar joint E = 1,000 MPa 

ft = 0.175 MPa 

fc = 16 MPa 

c = 1.2 * ft 

Table 2 In plane homogenised mechanical properties: elastic range 

Exx Eyy Gxy 

19,100 MPa 7,515 MPa 2,510 MPa 

The homogenised stress-strain curves obtained and internal stresses on CST elements 1, 2 
and 3, assuming a vertical and a horizontal stretching on the REV, are depicted from 
Figure 8 to Figure 10, respectively. The results, obtained assuming a pure shear 
deformation state, are shown in Figure 11. The final inelastic homogenised stress-strain 
curves are depicted in Figure 12–Figure 13 assuming a biaxial strain state and, in  
Figure 14, imposing a macroscopic shear deformation state to the unit cell. The deformed 
shapes of the REV at three different steps are also shown from Figure 12 to Figure 14, 
respectively for each macroscopic deformation state. 

Figure 8 Homogenised stress-strain curves obtained for (a) horizontal and (b) vertical stretching 
of the REV (see online version for colours) 
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Figure 9 Horizontal stress-strain curves for CST elements 1, 3 and 2 obtained for (a) horizontal 
and (b) vertical stretching of the REV (see online version for colours) 

  
(a)     (b) 

Figure 10 Vertical stress-strain curves for CST elements 1, 3 and 2 obtained for (a) horizontal 
and (b) vertical stretching of the REV (see online version for colours) 
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Figure 11 Tangential stress-strain curves obtained applying a pure shear deformation state on  
the REV, (a) homogenised and (b) on CST 1, 3 elements stresses (see online version 
for colours) 

  
(a)     (b) 

Figure 12 (a) In plane behaviour assuming a horizontal stretching on the REV  
(b) Deformed shapes at different steps (see online version for colours) 
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Figure 13 (a) In plane behaviour assuming a vertical stretching on the REV (b) Deformed shapes 
at different steps (see online version for colours) 
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Figure 14 (a) In plane behaviour assuming a macroscopic shear deformation on the REV  
(b) Deformed shape at failure (see online version for colours) 
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Figure 15 (a) Out of plane behaviour for vertical bending: moment-curvature curves  
(b) Stress-strain curves used in the proposed simulations (see online version  
for colours) 

  
(a)     (b) 

Starting from the homogenised stress-strain curves obtained at the REV level, the 
moment-curvature relationships are deduced by on thickness integration. The proposed 
extension allowed considering both flexural behaviours, such as the vertical and 
horizontal bending, as well as torsion. To this scope, the RBSM model is slightly 
modified in order to suitable describe the allowed out of plane behaviours. The 
identification of the mechanical properties of the out of plane springs has been conducted 
with an energetic equivalence similar to the in-plane case. The resulting  
moment-curvature curves are depicted from Figure 15(a) to Figure 17(a), whereas the 
corresponding stress-strain relationships used at the level of the discrete model are shown 
from Figure 15(b) to Figure 17(b). 

Figure 16 (a) Out of plane behaviour for horizontal bending: moment-curvature curves  
(b) Stress-strain curves used in the proposed simulations (see online version  
for colours) 
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Figure 17 (a) Out of plane behaviour for torsion: moment-curvature curves (b) Stress-strain 
curves used in the proposed simulations (see online version for colours) 

  
(a)     (b) 

6 Numerical results 

In the present section, the proposed homogenisation approach extended to the out of 
plane mechanisms is used to simulate three series of masonry panels out of plane loaded. 
The results obtained, in terms of both global pressure-displacement curves and damage 
patterns at failure are herein presented and critically discussed. The numerical results are 
organised into three groups with respect to the types of panels analysed. The proposed 
distinction is intended to group replicates with the same geometrical features as well as 
restraint conditions, but with various levels of pre-compression load, to underline the 
beneficial effect provided by it. 

6.1 Type A panels (without openings) 

The first group of replicates analysed is represented by type A panels. These walls are 
indicated in what follows with labels W1 and W2. In this case, no openings are present 
on the replicates, but two different levels of the pre-compression load are applied during 
the laboratory tests. An overview of the numerical models and results obtained is 
provided from Figure 18 to Figure 25. The experimental setup adopted for both panels is 
shown in Figure 18(a), with the adopted FE discretisation, see Figure 18(b). As can be 
noted, a coarse mesh is used, namely 851 infinitely resistant quadrilateral elements are 
used. Out of plane displacements are monitored in a mid-height control point for both the 
replicates. The restraint conditions and the distributed pressure are applied in the 
numerical model in agreement with the experimental setup discussed in the previous 
section. The results are depicted in Figure 18(c) for panel W1 and in Figure 23(c) for 
panel W2. As can be noted, a satisfactory agreement is found, especially for the first wall.  
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In this case, both the initial elastic phase as well as the peak pressure are accurately 
described by the proposed model. In the second wall, severe damages are observed at the 
very initial stage of the laboratory test, as clearly visible by the sudden change of stiffness 
of the elastic phase [see Figure 23(c)]. Whilst the numerical model was not able to predict 
such initial change of stiffness, the peak load found numerically resulted to be very close 
to the experimental one [see Figure 23(c)]. In both cases, the deformed shapes were very 
similar. A double curvature response is obtained in both the panels, as depicted, for 
instance, in  
Figure 19(d) for the panel W1. 

Figure 18 (a) Panel W1 experimental set-up (b) Discretisation adopted for the present simulation, 
(c and d) Comparison between experimental and numerical results (see online version 
for colours) 
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Figure 19 Panel W1: deformed shapes at different loading steps (magnified 100 times)  
(see online version for colours) 
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Figure 20 Panel W1 strain patterns at different steps: horizontal bending (magnified 50 times)  
(see online version for colours) 
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Figure 21 Panel W1 strain patterns at different steps: vertical bending (magnified 50 times)  
(see online version for colours) 
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Figure 22 Panel W1 strain patterns at different steps: torsion (magnified 50 times) (see online 
version for colours) 
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In order to allow a better understanding of the failure mechanism, damage patterns for 
both the replicates are depicted at different steps during the analyses. Such patterns, 
referred to panel W1, are provided for horizontal bending (Figure 20), vertical bending 
(Figure 21) and torsion (Figure 22), separately. It is also important to point out that 
inelastic strains are plotted instead of damage parameters available into Abaqus (2006). 
This choice was made essentially because the inelastic strains are related to the damage 
stored by the deformable elements during the analyses and are immediately available. 
Indeed, it is possible to couple the maximum level of damage available into the software 
to the desired inelastic strain independently for compression and tension. Secondly, in 
this way important information is available about the zones where the inelastic strains are 
predominant. 

Figure 23 (a) Panel W2 experimental set-up (b) Discretisation adopted for the present simulation 
(c and d) Comparison between experimental and numerical results (see online version 
for colours) 
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Figure 24 Panel W2 strain patterns at different steps: horizontal bending (magnified 50 times)  
(see online version for colours) 
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Figure 25 Panel W2: displacement profiles at maximum displacement (see online version  
for colours) 

 

In general, the failure mechanism of panel W2 results to be quite similar to the W1 wall. 
Central horizontal damages are visible in both panels as well as torsional damages close 
to the corners. The presence of two return walls allowed providing to the panels a three-
dimensional realistic connection similar to what found in existing buildings. As expected, 
a detachment of the panels from the lateral walls occurred in both replicates. As a matter 
of fact, panel W1, which is characterised by a pre-compression load of 0.10 MPa, shown 
a higher level of redistribution of the damages along the entire surface of the wall. 
Comparing Figure 24(d) with Figure 20(d), it is clearly visible the formation in the first 
case of three distinct horizontal cracks along the panel, whereas in the second case the 
damages spread along the entire central portion. Similar findings are obtained for both 
vertical bending and torsion. Griffith and Vaculik (2007) provided also three 
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displacement profiles obtained at failure for some panels. The comparison between the 
experimental results and numerical prediction for panel W2 is depicted in Figure 25, 
within the position of the displacement transducers used during the laboratory test. As 
can be noted, a global satisfactory agreement is found. From a numerical point of view, 
the wall W2 deflected symmetrically up to the failure, such finding is fully in agreement 
with the experimental evidences. 

6.2 Type B (rectangular shape and eccentric window) 

A second series of analyses are performed on type B panels. The experimental set-up is 
shown in Figure 26(a), whereas in Figure 26(b) the mesh adopted during the nonlinear 
structural analyses is depicted. The panels are discretised with 752 rigid square elements 
with length edge equal to 100 mm. According to the experimental set-up, the external 
action of the airbags is reproduced with a pressure uniformly distributed along the outer 
surface of the walls. The verse of the positive deflections is indicated in Figure 26(a) 
within the position of the control point. It is worth noting that the position of the 
displacement transducer as well as the distributed pressure applied during the simulations 
are maintained for the first three panels. The external restraints are similar to the previous 
set of simulations. 

The numerical results are here compared to the corresponding experimental 
evidences. Only one parameter is varied for the first three panels, whereas the fourth is 
discussed later. 

The numerical results are compared with the experimental ones in  
Figures 26(c), 26(d) and 26(e), respectively for walls W3, W4 and W5. In all cases, a 
satisfactory agreement in terms of initial elastic stiffness and peak load is found. The 
collapse mechanism is studied plotting the inelastic strain developed during the analyses 
along the entire panel at failure for bending and torsion interfaces separately. As 
confirmed by the experimental evidences, the presence of the eccentric opening strongly 
influences the collapse mechanism. High values of inelastic deformations originated 
close to the corners of the opening and propagated towards the wall corners (see  
Figure 27). The failure of the panels is however due to the horizontal flexion of the 
central portion of the walls that undergoes severe inelastic deformations, as confirmed by 
the tensile damage patterns depicted in Figure 27. The progressive damaging mechanism 
is however similar in all the replicates of this group. Considering panel W5 as reference, 
the collapse mechanism is clearly visible: the damages originate in the middle horizontal 
interfaces of the panel and spread towards the lower and upper right-hand side corners, 
indicating a combination of horizontal flexural failure, mainly concentrated in the central 
part of the panel, and torsional failure close to the wall corners (see Figure 27). A partial 
detachment of the front panel with respect to the lateral walls is also observed in all the 
replicates. 
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Figure 26 (a) Experimental set-up (b) Discretisation adopted for the present simulations, 
comparison between experimental and numerical results for (c) W3 (d) W4 (e) W5 
panels (see online version for colours) 
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Figure 27 Damage patterns at failure obtained for W3-W4 and W5 panels (magnified 100 times) 
(see online version for colours) 
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The deformed shape of wall W5 was experimentally monitored using a series of 
displacement transducers placed on the surface of the panel. The resultant experimental 
displacements near failure are reported in Figure 28 and compared with the numerical 
outcomes. As expected, a generally good agreement is found. Larger differences are 
obtained in the lateral regions of the wall. 

Figure 28 Panel W5: experimental and numerical normalised displacement profiles near failure 
(see online version for colours) 

 

The last type of walls analysed in the present group is represented by panel W6. In this 
case, the simple support of the horizontal top edge was removed and left free. The 
experimental set-up of the wall is depicted in Figure 29(a), within the position of the 
control point and the external restraint assumed during the simulations. As can be noted, 
the discretisation adopted in the previous models is maintained. A comparison between 
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the numerical predictions and the experimental results is depicted in Figure 29(b). As 
expected, a satisfactory agreement is found even in this case in terms of peak load. 
Limited differences are observed in the initial phase, being the proposed model stiffer 
than the experimental one. 

Figure 29 (a) Panel W6 experimental set-up (b) Comparison between experimental and numerical 
results (see online version for colours) 
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Even in this case, the failure mechanism is studied plotting the inelastic strains for the 
three types of interfaces employed during the simulations. The corresponding damage 
patterns are depicted in Figure 30, respectively for horizontal bending, vertical bending 
and torsion. As clearly visible, the inelastic strains are localised mainly along a  
vertical central crack [see Figure 30(b)] as well as close to the corners of the wall  
[see Figure 30(b)]. 

Figure 30 Panel W6 strain patterns at failure, (a) horizontal (b) vertical bending (c) torsion  
(see online version for colours) 
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Figure 31 Panel W6: displacement profiles at maximum displacement (see online version  
for colours) 

 

Even in this case, the displacement profiles experimentally found are available for 
comparison purposes. A comparison between the experimental results and the numerical 
outcomes is depicted in Figure 31. A satisfactory agreement is found. The model is able 
to accurately describe not only the global behaviour of such panel, but also the deformed 
shape at maximum displacement. 

Figure 32 (a) Panel W7 experimental set-up (b) Discretisation adopted for the present simulation 
(c and d) Comparison between experimental and numerical results (see online version 
for colours) 
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Figure 32 (a) Panel W7 experimental set-up (b) Discretisation adopted for the present simulation 
(c and d) Comparison between experimental and numerical results (continued)  
(see online version for colours) 
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Figure 33 Damage patterns at failure obtained with the numerical model for W7 and W8 panels 
(magnified 100 times) (see online version for colours) 
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6.3 Type C (square shape and central window) 

The last group of panels is indicated with the label type C. Two square replicates are 
analysed using the proposed homogenisation approach. In agreement with the 
experimental set-up, a uniformly distributed pressure was applied on the outer surface of 
the walls [see Figure 32(a)], whereas the external restraints were maintained unchanged 
with respect to the other cases. The discretisation adopted for both the simulations is 
depicted in Figure 32(b) with the position of the control point. The results found 
experimentally and those obtained with the proposed approach are compared in  
Figure 32(c) and 32(d), respectively for wall W7 and W8. A satisfactory agreement is 
found for the first wall, whereas slight differences are observed for the second one. A 
good correspondence is found in the description of the first elastic phase and the peak 
pressure for both panels. In both cases, the failure mechanism is mainly influenced by the 
detachment of the front panel from the lateral walls (see Figure 33). In addition, damages 
spread in correspondence of the corners towards the opening along the principal 
diagonals (see Figure 33). 

7 Conclusions 

The present paper is intended to assess the accuracy of a proposed homogenisation 
approach extended to out of plane loaded masonry. To this scope, a RBSM model, 
previously formulated to describe in plane loaded masonry structures is slightly modified 
to allow flexural and torsional deformations. The model is benchmarked against a series 
of full scale unreinforced masonry panels tested by Griffith and Vaculik (2007). The 
proposed experimental investigation considered several aspects, in order to match closely 
the conditions of existing buildings. Among the others, the most important aspects are the 
presence of eccentric or symmetrically located openings, the level of pre-compression 
loads and the 2D external restraints. 

All these aspects were properly taken into account in the proposed simulations. In 
particular the walls were subdivided into three groups in order to better understand the 
influence of specific parameters on the global behaviour of such panels. All the proposed 
simulations were performed using the commercial FE software Abaqus. The elastic with 
softening behaviour of the deformable interfaces was modelled using the concrete 
damage plasticity model available in Abaqus. A general satisfactory agreement was 
found comparing the numerical predictions and the experimental results, for all the panels 
analysed. Furthermore, the failure mechanisms were properly described plotting the 
inelastic strains at different steps up to failure and subdividing damages among 
horizontal, vertical bending and torsion. Only for some walls tested, displacement 
profiles near failure were available, the numerical model proving in such cases a good 
fitting with experimental data. In conclusion the adopted homogenisation procedure 
resulted particularly suitable for an accurate description of the failure mechanisms active, 
fitting quite well also the global pressure-displacement curves obtained during the 
laboratory tests. 

At last, it is important to address the possibility of extending the use of the model to 
study random masonry, multi-leaf walls, reinforced masonry or other masonry patterns. 
Likewise, it can be applied to study larger structures in the context of a professional or 
academic purpose. 
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